On general local reciprocity maps

By Ivan B. Fesenko

In this paper we study abelian totally ramified p-extensions of a complete discrete valuation
field with arbitrary residue field of characteristic p > 0 which is not separably p-closed. This is a
generalisation of the theory for the perfect residue field case which is exposed in [2]. At the same
time this is in a certain sense a simplification of multidimensional local class field theory, since
the theory in this paper provides in particular a description of abelian totally ramified extensions
of higher dimensional local fields without using K-groups.

In the first section two reciprocity maps between the group

Gal(L/F)" = Homy, (Gal(F/F), Gal(L/F))

of continuous homomorphisms from the profinite group Gal(ﬁ/F) of the maximal unramified
p-extension to the Galois group Gal(L/F) of a totally ramified finite Galois p-extension L/F
considered as a discrete group and the subquotient group

(U N NpppUs 1p)/NLypUsr

of the group of principal units of F' are established, and their properties are investigated. In
particular, the homomorphism

\IJL/F: (Ul,F mNLﬁ/ﬁULLﬁ)/NL/FULL — (Gal(L/F)ab)~
is surjective and its kernel is
(U,r O Nz, pUs 15 N NLr/FULLF) [Ny pUs L,

where F is any complete discrete valuation field which is an extension of F' with ramification
index being equal to 1 and with residue field being equal to the perfection of the residue field
of F' (Proposition (1.6)). If L/F' is a cyclic extension, then this kernel is trivial and Wy, /p is an
isomorphism (Theorem (1.9)).

We apply this theorem in (1.10) to show that the norm groups Ny ,rU; 1 are in bijection with
subextensions L/F' of an abelian totally ramified p-extension.

The first section in the revised form appeared in sect. 5 Ch. V of the online version of the book
[18]. The main revision was the use of the maximal unramified extension instead of the maximal
abelian unramified extension. | am grateful to Christopher Hall for his recent valuable comments
and corrections on section 1, see also Remark (1.11).

One should mention a result of Miki [14] (see Remark in (1.9)), which in the case of cyclic
extensions can be treated as a predecessor of the theory in this paper; | found that paper after
the principal ideas and results in this paper had been formulated.

It remains a problem to understand for an arbitrary abelian totally ramified p-extension is ¥,/
injective. The main obstruction is that in the case of imperfect residue field it is not obvious at
all that one can argue by induction on the degree of extensions contrary to the perfect residue



field case or multidimensional class field theory. It is also of interest to investigate a general
problem when “norm — geometric” points of A(F) N NLﬁ/ﬁA(Lﬁ) N Npr;rA(LF) coincide
with Nz pA(L) for an abelian variety A over F.

The second section deals with extensions for which a fixed prime element is a norm. We
deduce from the theory of section 1 that the compositum of two such extensions is a totally
ramified extension. Then an application of Theorem (1.10) provides an “elementary” proof of
Theorem (2.2): for a complete discrete valuation field F* with non-separably-p-closed residue field
the norm group Ny pL* is uniquely determined by an abelian totally ramified p-extension L/F.

The third section contains discussions on the existence theorem. In the general case of imperfect
residue field one needs additional information in comparison with the perfect residue field case
about the structure of norm subgroups. This is natural in view of the description of the norm
groups in multidimensional class field theory ([4], [5], [6]). In this paper the existence theorem for
cyclic extensions is established for the fields with small absolute ramification index (< p —1). It
implies a connection between Witt vectors and cyclic p-extensions which has been earlier discovered
by Kurihara [11] who employed a very different approach. This connection is explicitly described
using the theory of fields of norms.

1. Reciprocity maps

Let F be a complete (or Henselian) discrete valuation field with a residue field F’ of characteristic
p > 0. It will be assumed that F has a nontrivial separable p-extension. If F is separably p-closed,
then class field theory of F' is the limit of the theories for subfields £}, with non-separably-p-closed
residue fields when F, tends to F'. Denote by F the maximal abelian unramified p-extension of

. e . . . . . —abp
F, i.e. the unramified extension corresponding to the maximal abelian p-extension F' of the
residue field F'. It is known (due to Witt theory) that Gal(Fabp/F) is a free abelian profinite p-
group on k = dimg, F/o(F) generators, where p(X) = X? — X. Then there is a non-canonical
isomorphism Gal(ﬁ/F) ~ [I..Z,, we have a canonically defined generator of this group, the
Frobenius automorphism, only when the residue field is finite.

Denote by F' the maximal unramified p-extension of F'. It is well known that the Galois group
of ﬁ/F is a free pro-p-group. The group Gal(ﬁ/F) is its maximal abelian quotient. The residue
field of I does not have nontrivial separable p-extensions.

Let Ur be the group of units of the ring of integers of F' and let U; r denote the subgroup of
principal units = 1 mod 7% with a prime element 75 of F. For an element 6 of Ur by 6 we will
denote its residue in F.

1.1. Let L/F be a Galois totally ramified p-extension. Then Gal(L/F) can be identified with
Gal(L/F) and with Gal(L/F), and Gal(L/F) is isomorphic with Gal(L/F) x Gal(L/L).

Let Gal(L/F)~ = Homg, (Gal(ﬁ’/F), Gal(L/F)) denote the group of continuous homomor-
phisms from the profinite group Gal(F/F) which is a Zy-module (a -0 = 0%, a € Zj,) to the
discrete Z,-module Gal(L/F'). This group is isomorphic (non-canonically) with &, Gal(L/F).

Denote Gal(L/F)" = Hom(Gal(ﬁ/F),Gal(L/F)) the group of continuous homomorphisms
from the profinite group Gal(ﬁ/F) to the discrete group Gal(L/F).

We have the natural injective homomorphism Gal(L/F)~ — Gal(L/F) which is surjective if

L/F is abelian.
Now let L/F' be of finite degree. For x € Gal(L/F')" denote by 3, the fixed field of all

o, € Gal(L/F), where Uw‘ﬁ = w‘ﬁ,a¢‘L = x(¢)|r and ¢ runs over all elements (or just a
topological basis) of Gal(ﬁ/F). Then 3, N F=F, e, Y, /F is a totally ramified p-extension.
For a prime element 7, of 3, put
Yr/r(x) = Ns /pm Nypry! mod Ny pUy,

where 77, is a prime element in L. We call T, a generalised Neukirch’s map as a generalisation
of constructions in [15].
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Note that the field X, is a subfield of L if and only if L/F is abelian. So in the definition of
Y, for abelian L/F one can work with L/[" instead of L/F.

1.2. Lemma. The map Y p: Gal(L/F)" — (Ur N Nz ,pUz)/Nr/pUL is well defined.

/F
Proof. T,/ does not depend on the choice of 7. Let M be the compositum of X, and L.
Then M/¥, is unramified and a prime element in 3, can be written as TNy, € for a suitable
e € Uy. Since Nyype = Npyp(Nagjre) € NpypUr, we complete the proof. [

Note that if € = Ni/ﬁﬁ with 8 € Uz, then one can write 8 = 0n with 6 € Ur,n € U, ; and
then ¢/ = Nf/ﬁn ceUp,rnN Ni/ﬁ 1\ is uniquely defined mod Ny ,pUy . Thus, the quotient
group (Up N NE/ﬁUE)/NL/FUL is mapped isomorphically onto (U; p N NE/ﬁU1 7)/No/pUs L
by e — £’

Hence Ty p induces Gal(L/F)" — (Ur,r N NE/ﬁU1 7)/Nr/rUr 1 and we denote this new
map by the same notation.

Put

U(L/F)=Uir N Ng,5U, 7, N(L/F)=Nr/pUsz

and denote the map Gal(L/F)"— U(L/F)/N(L/F) by the same notation T /.
Denote
Yr/p: Gal(L/F) — Gal(L/F) — U(L/F)/N(L/F)

nd
i T;‘;F : (Gal(L/F)*)” — (Gal(L/F)*)"— U(L/F)/N(L/F).

1.3. Proposition.

(1) Let L/F, Ly/Fy be totally ramified Galois p-extensions, and Fy/F, Ly1/L be totally
ramified. Then the diagram

Gal(Ly /LY~ U(Ly/F)/N (L1 /Fy)

! Jre

Gal(L/FY" —Ty  U(L/F)/N(L/F)

is commutative, where the left vertical homomorphism is induced by the natural restrictions
Gal(L, /F,) — Gal(L/F) and Gal(F,/F\) =~ Gal(F/F).

(2) Let L/F be a totally ramified Galois p-extension, and let o be an automorphism. Then
the diagram

Yo/F

Gal(L/FY U(L/F)/N(L/F)

Gal(oL/oFY —X", U(aL/oF)/N(oL/oF)

is commutative, where (o x)(cpo™1) = ox(p)o~t.
(3) Let F'/F (F/F' resp.) be an unramified extension of degree p". Let L/F (L'/F" resp.)
be a totally ramified Galois p-extension. Let L' = LF' (resp. L = L'F).
Then the diagram

Cal(L/FY —*"y  U(L/F)/N(L/F)

l |

Gal(L'/F'Y 215 U (L' JF') N (L /)



is commutative, where the left vertical homomorphism is multiplication by p" (resp. iden-
tity map) and the right vertical homomorphism is induced by inclusion (resp. by the norm
map).

(4) Let F'/F (F/F' resp.) be an extension of degree p" with purely inseparable extension of
the residue fields of the same degree. Let L/F (L'/F’ resp.) be a totally ramified Galois
p-extension. Let L' = LF' (resp. L = L'F'). Then the diagram

Tr/F

Gal(L/F) U(L/F)/N(L/F)

| !

T / /
Gal(L'/F'Y —55 UL/ /F')/N(L'JF")
is commutative, where the left vertical homomorphism is identity map (resp. multiplication
by p") and the right vertical homomorphism is induced by inclusion (resp. by the norm
map).

Proof. For (1) apply the arguments of the proof of ([2], Proposition (1.8)) together with the
following commutative diagram

(Ur N Ng 35Uz )/Neyyp U, — U(L1/F1)/N(L1/Fy)

J{NFl/F J{NFMF

(Ur N Ng,pUp /NLypUL)  —— U(L/F)/N(L/F)
U
1.4. Let § be a complete discrete valuation field which is an extension of F' such that e(F|F) = 1

and the residue field of § is the perfection of the residue field of ﬁ ie. = Unﬁp
Let L/F be a finite totally ramified Galois p-extension. Put £ = L. Denote by I(L|F)
the intersection of Ul,Z and the subgroup of U; ¢ generated by the elements e 1o () with € €
Uig, 0 € Gal(L/F).
For o € Gal(L/F') put
c(o) =7 tory, mod I(L|F),
where 7, is a fixed prime element in L. Note that ¢ does not depend on the choice of prime

element.
Then the sequence

N~ ~
1 — Gal(L/F)*™ 5 U, 3 /I(L|F) — Ng ,zU, 7 — 1

is exact (this follows from the case of perfect residue field, see [7], Ch. V sect. 4, [2]; [9], section
4; [10], (2.2)).
Now we introduce a reciprocity map acting in the converse direction with respect to T, /p.

Let ¢ € U,rp NNz, pU, 1 and ¢ € Gal(F/F). Let € U, 3 be such that N zn = e. Since

Nf/ﬁ(rflé(n)) — 1 for an extension ¢ € Gal(L/F) of ¢, it follows that n=1¢(n) = (o™ })
for a suitable o € Gal(L/F)®", where 77, is a prime element in L. Set x(p) = o. Then

x(p192) = 0109, i.e. x € (Gal(L/F)* ) = (Gal(L/F)®)~. Put \I/L/F(E) =x.
Lemma. The map ¥ ,r: U(L/F)/N(L/F) — (Gal(L/F)*)~ is well defined and a homo-
morphism.

Proof. If Ni pp =€, then for u = n~'p the element u=tp(u) belongs to I(L|F). If ¢ = 169,

then one may assume 7 = 717, consequently o = g0y in Gal(L/F)*. Thus, Uy p(ere2) =
Vi p(e)¥rp(e2). O

We call ¥y, a generalized Hazewinkel’s homomorphism as a generalisation of constructions
in [9].
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1.5. Proposition. Let L/F be a Galois totally ramified p-extension. The composition of the
map
Yy p: Gal(L/F)” — U(L/F)/N(L/F)

and the map
Vpp: U(L/F)/N(L/F) — (Gal(L/F)™)~

is the identity on (Gal(L/F)*")~. Thus, the homomorphism V|, is surjective and ker Y, p =
Gal(L/L N Fab)~,
Proof. Indeed, let m, = mn with n € Uz. Let ¢ = ¢|5 € Gal(F/F) with ¢ € Gal(L/L) and

Ty € Gal(E/F) be such that Tq,‘ﬁ =, TQD‘L = 0 = x(¢). Since the extension X, /F is totally
ramified, one can write n = 6n; with 6 € Up, n1 € U; 7. Then

o

R 77‘12’_1 mod I(L|F)
and N7 ,zm = Ny /pm Np p(0mr)". Therefore, the image of x € Gal(L/F)™ in Gal(L N
Fab/F)™ coincides with ¥, (Y r, r(x)). O

1.6. Denote by F a complete discrete valuation field which is an extension of F' such that

e(F|F) = 1 and the residue field of F is the perfection F*" = F " of the residue field of F
(F isn't uniquely defined if the residue field of F' is not perfect).

Let L/ be a totally ramified finite Galois p-extension. Put £ = LF. The maps Y., and
U, 7 (see [7], Ch. V sect. 4 and [2]) are compatible with their descendants for L/F": the
diagrams

Cal(L/FY —“*s U(LJF)/N(L/F)

l P

T
Gal(L/F) —2 Ui z/NeyrUsc

and (Az/p is induced by the inclusion)

U(L/F)/N(L/F) —2%5 (Gal(L/F)™)~

e l

\\ ~
Ur7/Ney7Use —22 (Gal(L/F))

are commutative.
Since W, r is injective, we deduce that Ap,p is surjective and

ker\I/L/F = ker)\L/F = (UI,F mNZ/ﬁUl,E mNL/]—‘Ul,L)/NL/FUl,L-

In other words, we get

Proposition. Let L/F' be a totally ramified finite Galois p-extension. Then ¥y, induces an
isomorphism

(U,r NNz 50U, 2)/(Unr N Ng Uy £ 0N U e) = (Gal(L/F)™) ™.



1.7. Put N.(L/F)=UrN Ni pUy 3 O NLyrUs .
For a Galois subextension M /F in L/F from the exact sequence
1 — Gal(L/M)” — Gal(L/F)” — Gal(M/F)” — 1
we obtain the following commutative diagram:

NZ*W/F

U(L/M)/N.(L/M) U(L/F)/No(L/F) —— U(M/F)/N,(M/F)

| | |

N*
Ui m/NejaUne —5 Unz/NeypUie —— UnLr/NayrUim
We conclude that
(1) AL e (N FULM) = Nagyp(U(L/M))NL(L/F).
If the extension L/F' is abelian, then the exact sequence above corresponds to the exact

sequence

N*
1= Ui p/NeymUn e —5 Urx/NeyrUse = Us 7 /NatyrUi i — 1

In particular,

(2) ker Naoyr € NeymUi e,

and

3) U(L/F) N N.(M/F) = Ny r(U(L/M))N(L/F).

1.8. The previous considerations are useful in the proof of the following
Proposition. The following properties of a totally ramified finite abelian p-extension L/F' are
equivalent:
(1) Y1 p and Y, p are isomorphisms.
(2) Y F is a monomorphism.
(3) U r NNz 5U, g N NLyrUs e = NpyjpUs L.
(4) for everyn € Uz ifn?=t € I(L|F) for all ¢ € Gal(E/L) then n¥=t € I(L|F)*~! for
all p € Gal(L/L).
(5) Yr,r is surjective.

6) U(L/F) coincides with the set of elements in the form Nx, ,pm, /Ny ,pmy, where 3,
x/ X / X
Ty, g, are as in (1.1) and x runs Gal(L/F)~.

Proof. Thanks to Proposition (1.5) the properties (1), (2), (5) are equivalent. According to (1.6)
the property (2) is equivalent to (3), and according to the description of the map Y, (5) is
equivalent to (6).

Now we verify that (2) and (4) are equivalent. Let n¥~! belongs to I(L|F) for all ¢ €

Gal(L/L). Then
Vrp(Ngpn) =1,

therefore by (2) N3, gn € NpypUsL and n?=t e I(L|F)#~! for all ¢ € Gal(L/L). Conversely,
let e = Ny zn € U(L/F) and ¥, p(e) =1, then n?~1 belongs to I(L|F) for all ¢ € Gal(L/L),
and hence (4) implies n € I(L|F)L,, where L, is the fixed field with respect to ¢ in the
completion of L. We conclude that € € Np_/pnr, Uiz, Induction on k then leads to the
desired e € N(L/F). O

Remark. Let L/F be an abelian totally ramified p-extension. Assume that Vg /5 is an
isomorphism for all F C M C E C L. Then N(M/F)NU(E/F) = Nyyp(U(E/M)). To see
this, use (3) in (1.7).



1.9. Now we consider the following corollary of the previous theory.

Theorem. Let L/F be a cyclic totally ramified p-extension. Then the map Y, is an isomor-
phism and the homomorphism W, is the inverse isomorphism. Moreover, Uy N NE/ﬁU1 7=

Ur NNz 5UL £

Loe, where

Proof. The group I(L|F') in this case consists of the elements of U, 7 of the form e~
o is a generator of Gal(L/F) and ¢ runs Uy ¢. This implies that I(L|F) = Ufil. Among
many ways to see that, one is to use Proposition (4.3) Ch. IV of [7]. The latter proves the
existence of elements o, € L, k > 0, such that vy (ax) = k, vp(ocar — ag) = k + ¢ and
k + cj, are all distinct, where ¢, = UL(Wzlak(TrL) — 1) and vy, is the surjective discrete valuation

with a prime element 7. Choose representatives of the residue field of F in F and extend
this set to the set of representatives of the residue field of § in §. Write the element ¢ as
[T550(1 + Orag) with 6 in this set of representatives of the residue field of § in §. Then

e loe = Hk>0(1+0k(aak—ak)/(1+0kak)) € U, 7 and we deduce that all 6 are representatives
of the residue field of F, hence e 1o¢ € Uf%l.

For a ¢ € Gal(L/L) the group U, 7 is (¢ — 1)-divisible, and, thus, I(L|F) is. It remains to
apply Proposition (1.8).

Since the image of Y/ isin (U1,F0Nz/ﬁU1 7)/Nr/rUi, L, the second assertion follows. [

Remark. Miki in [14] has shown without explicit introduction of reciprocity maps that for a
totally ramified cyclic extension F’/F of degree m and for a finite abelian unramified extension
E/F of exponent m the group

(FNNgpgUgpr')/Np jpUp

is canonically isomorphic to the character group of Gal(E/F).

1.10. Theorem. Let L1 /F, Lo/ F and their compositum be abelian totally ramified p-extensions.
Then
Np,/pU1,L, € N, rpUr,L, ifandonly if Ls 2D L.

Proof. Let M/F be a cyclic subextension in Li/F. Then
N(Ly/F) C N(M/F) = N,(M/F).

Sin
- N, (LoM/F) CU(L2M/F)N N, (M/F),
we get
Ny, /r(U(LeM/Ls))N,(LsM/F) C U(LyM/F) N N,(M/F)
= Nayp(U(L2M/M))Ny (Lo M/F)

by (3) in (1.7). This inclusion and (1) in (1.7) show that

Aoinry (N 7ULES) © AL 0w (Nt #UL M)

From here we deduce that M C Ly. Thus, Ly O L. O

1.11. Remark. Suppose we are in the case when the residue field of F' is imperfect. It remains
an open problem for which abelian extensions L /I the homomorphism W,/ is injective, i.e. for
which non-cyclic extensions Wy, is an isomorphism. For recent investigations in this directions
see results of C. Hall [20].



2. Extensions with a fixed prime element as a norm

2.1. Proposition. Let F' be a complete discrete valuation field with arbitrary residue field of
characteristic p. Let L1/F, Ly/F be abelian totally ramified p-extensions and m € Ny, /p L] N
Np, rL3 for a prime element m of F. Then L1 Ly/F is a totally ramified extension.

Proof. If F is algebraically p-closed, then the assertion is evident. If F is perfect and not alge-
braically p-closed, then L;Ly/F is totally ramified by [2], (3.3). If F is imperfect, then let F be
as in (1.6).

In the case of positive characteristic of F' the field F can be chosen as a purely inseparable
extension of F', and then L1 F N Lo F = (L1 N Ly)F.

If F is of characteristic 0, then for any extension F’ of F and for any 6 € F \ﬁp there
exists @ € Ups such that @ = 0 and L1 LoF' (o) # LiLoF' for o = a. Indeed, otherwise
one would deduce that Uy pr C (L1L2F’)P which is impossible, since LyLoF'/F’ is of finite
degree and ULF//U{”F/ is of infinite order. Assume that L1 F’' N LoF’ = (Ly N Lo)F’, then if
LiF'(a1) N Lo F' (1) # (L1 F' N Lo F') (1), one would have My (a1) = Ma(aq) for a suitable
extensions Ml/(Ll N LQ)F/ in LlF//(Ll N LQ)F/ and Mg/(Ll N LQ)F/ in LQF//(Ll N LQ)F, of

degree p. Then it would be M;(ay) = MMy C L1 LyF’, a contradiction. Thus, proceeding in

this way, one can construct F/F with the property L1 F N Lo F = (L1 N L) F and F = Fperf.

Now, Li Ly F/F is totally ramified (as the residue field of F is perfect) of degree

|L1L2f: (L1 ﬂLQ).F’ ‘(Ll ﬂLg)]: : f|
= |L1]:Z (Ll ﬁLz)J—"| ‘Lg,/—"I (Ll ﬂLg)JT"| |(L1 OLQ)}':]:|
:|L1ILlﬁLQHLQZL1ﬂL2HL10L21F|:’L1L21F|.

Therefore L1 Lo/ F is totally ramified. [

Remark. If the residue field of F' is perfect, then under assumptions of the proposition m €
Np,p,/p(L1L2)* (see [2], section 3). If the residue field is imperfect, this doesn’t hold in general.
Indeed, for a cyclic totally ramified extension L/F of degree p put s(L|F) = v (7} 'ory — 1)
for a generator o of the Galois group, where vy, if the surjective discrete valuation of L. Let
L, /F, Ly/F be totally ramified Galois extensions of degree p such that p < s(L1|F') < s(Ls|F).
Assume that L1 L/ F'is totally ramified and m € Ny, ,/r(L1L2)* is a prime element of I'. Then

(1+67)P =1+ 0P7P 4 ... belongs to Ny, /rUy 1, and Ny, ,pUy 1, and for 6 ¢ " doesn't

2
belong to Ny, 1,,rU1,L,L,, since (Np,1,/rU1,L,L, N Up p)Upi1,r/Upi1,r = F” . The prime
element 7(1 + 67)? belongs to Ny, /gL N Ny, ,p L3, and does not to Ny, 1, /p(L1L2)*.

2.2. Theorem. Let F' be a complete discrete valuation field with a residue field of characteristic
p which isn't separably p-closed. Let Ly /F, Ly/F be totally ramified abelian p-extensions. Then
Np,/pLi = N, pL5 if and only if L1 = Lo.

Proof. According to the previous proposition Lj Lo /F is totally ramified. Theorem (1.10) implies
now that L1 = Ly. O

Remark. A weaker assertion (for the case when the residue field if contained in an extension
of fields of type k((t1))...((tn))/k with a perfect not-p-closed field k) has been proved in [3] by
using higher local class field theory. Note that if one replaces the words “totally ramified abelian
p-extensions” by either “totally ramified abelian extensions”, or by “abelian p-extensions”, or by
“totally ramified p-extensions”, then the assertion of the theorem doesn’t hold in general (see [3]).

3. On existence theorem

Let F' be a complete discrete valuation field with residue field of characteristic p.
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3.1. In the general case of imperfect residue field it seems difficult to describe norm subgroups
of a cyclic totally ramified p-extensions of I’ (for the perfect case see [2], section 3).

For example, in the case of a Galois totally ramified extension L/F' of degree p take a prime
element 77, of L and mp = Ny, ,pmr, and let 7r£107rL = 1+ Op7; with 6y having a nonzero
residue. Let vp be the discrete valuation of F. Let e;(X) = XP +a, 1 XP" ' +--- + ag be an
irreducible polynomial of 7% over F' for i prime to p. After some calculations one deduces that
m(i) = minggi<p vr(ar) = vp(a;) with ij = —s mod p and a; = 2.8_198—1”?37(3“])/;) +....
Moreover, one can show that there exists an element o = 7% + --- € L satisfying the equation
gi(a) =0, where g;(X) = XP +b; X7 + by, vp(b;) = vr(a;), vr(by) =i (see, for instance, [1]).
This implies that

Npjp(l—00) =1+b;077 +bo0”, wvp(b;) =m(i), vr(b) =i

for 6 in the ring of integers of F. In the case of perfect residue field these formulas show that
there is a polynomial g;(X) such that

1 +(97TZF —ng(e)ﬂ'f: S NL/FUl,L

for any 6 in the ring of integers of I (see [7], Chapter V section 3).
If the absolute ramification index of F'is > p — 1, this isn't the case for imperfect residue field:
one can't expect that there is a polynomial g;(X) such that for all ¢

1 +9p7'('§7 +gz(0)7rf; S NL/FUI,L‘

Certainly, instead of this one can take an expression of the form

n (i) i

1+9p 7TF+hi(€9)7T%€NL/FU17L

with some n(i) (even with n(i) < 2). As a direct generalization of the description of norm
subgroups in the perfect residue field case (see [2], (3.1)), one would have expected the following:
let 7 be a prime element of F. Then subgroups N in Uy ¢ which are norm groups of cyclic totally
ramified extension L/F of degree p with 7 € Ny, pL* are characterized as (1) N is open; (2)
for any i > 0 there exists a polynomial f;(X) with coefficients in the ring of integers O of F
such that its residue f, is nonzero F-decomposable and 1 + fi(9p"(l))7ri C N for 6 € Op; (3)
for any i > 0 the image of (U; r N N)U;;1 F under the projection U; p — U; /Uisv1.r — F,
1+ 67" — 0, is equal to p;(F), where p;(X) = XP for i < s, p;(X) = X for i > s, and
ps(X) = X? 00 ' X.

However, there exist subgroups N satisfying these properties which are not norm subgroups.
For example, for e = 3, p = 3, s = 4, and an imperfect residue field the subgroup N' C Uy p
defined by the relations

1+60Prt e N, for i<s, 0eOp
1+ (P -6 ') e N, for i=s, 6ecOp
14+0rteN, for i>s, 0¢eOp

isn't a norm subgroup of every cyclic extension L/F with 7 € N /pL* (in this case g1(X) =
X34+ 73X 40/, vp(n') = 1).

If F'is an n-dimensional local field, then one can deduce the following. If L/F is a cyclic
totally ramified extension of degree p, then ¢ € N ,pU; 1 if and only if for every choice of
local parameters t,,_1,...,t; in F' the symbol {&,t,_1,...,t1} belongs to Np,p K °P(L). This
way one obtains a description of the norm subgroups Ny, ,rU; 1 from the existence theorem in
higher-dimensional class field theory ([4], Theorem (5.2) and [5], Theorem (4.2)). However, this
description is very unexplicit.
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3.2. Thereis a complete description of the norm subgroups of cyclic totally ramified p-extensions
when p > 2 and the absolute ramification index e(F') is < p — 1.

For the fields of characteristic 0 introduce a function
Enmp Wn(F) ® -+ & W, (F) = U p/Ul p

Vv
ep times

by the formula

- n—1—1 . i
Enmp (00,55 -+ On—1,5)1<j<er) = 11 B(@); mp),

where E(X) = exp(X + X?/p+ XT’Z/p2 +...) is the Artin—Hasse function, and a; ; is a lifting
of a;; € F in the ring of integers of an inertia subfield Fy (e(Fp) =1, Fg = F) of F.

Theorem. Let F' be a complete discrete valuation field of characteristic 0 with residue field of
characteristic p. Cyclic totally ramified extensions L/F' of degree p", such that np € N /pL*,
are in one-to-one correspondence with subgroups

Enmp(FWo(F) & - @ oW, (F)F(ag -, an_15) ®Wn(F) @ ... )U{’f;

in Uy p, where 1 < j < ep, (agj,--.,an—1;) is invertible in W,,(F), o = F — 1, and F is the
Frobenius map.

Proof. First, let L/F be a cyclic totally ramified extension of degree p™. Let mp = N, p7r

with a prime element 7, of L. For a generator o of Gal(L/F) put s; = UL(O'pl (rp) /7 — 1),
0 <! < n—1. The Eisenstein polynomial e;(X) = XP" 4 apn_lXpn‘l + -+ +ag of w¢ for
(7, p) = 1 satisfies the property: vp(ar) > s1+(n—1—wv,(t))er, where v, is the p-adic valuation.

This implies that Ni/ﬁ 1 7 coincides with

Enmn EWL(F) @ @ W, (F ) & ...),

where Wn(Fabp) stand at the places starting from the s;th one.

Now since N zU, 7 N U1 r/Ny pUs, is isomorphic to &, Gal(L/F) according to Theo-
rem (1.9), one obtains that N, pU, 1 is of the type described in the assertion of the theorem.

Second, for the case of perfect residue field F' it follows from the existence theorem ([2],
Theorem (3.5)) that any subgroup of Uy r of the type indicated in the assertion of the theorem
is Np/pUi, L for some cyclic totally ramified p-extension L/F with 7r € N pL*.

Thus, it remains to treat the case of imperfect residue field. Let F be as in (1.6). Denote by
N the subgroup in Uy p indicated in the assertion of the theorem. For an extension E/F with
e(E|F) =1 denote by Ng the subgroup in the group of principal units of E of the form

enmr FWL(E)® - ® oW, (E)F(ag, - an_15) @ Wo(E) @ ... )Uf’;.

According to the previous considerations there exists a totally ramified p-extension F’/F such
that Nz xzUy 7 = Nx and 1p € Np/f]:’*. In fact this extension F’/F is defined over a finite
extension of F', so it is sufficient without loss of generality to treat the case when 7' = E'F,
E'/E is a totally ramified cyclic extension of degree p and E = F(0),0» =6, € F, E C F.

One has Ng// gUy,gr € NN Uy g, and the description of N together with injectivity of the
homomorphism ULE/U{’:;E — UL;/U{);;_- imply that Nz NUy g = Ng. Therefore Ng/ ) gUy g =
Ng by Theorem (1.9).
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Denote the degree of the extension F((,)/F by l. There exists a prime element of F((,)
such that W%(CP) = mr. Then the element 7p( ) belongs to Ngi ¢,y () E'((p)*. In addi-
tion, Tp(c,) € Nokr(c,)/E(c,)(0E ((p))* for any imbedding o of E'((,) in E'((,)™e over F((p).
By Proposition (2.1) E'((,)0E'(¢p)/E((p) is a totally ramified extension. Since the extension
E'(¢p)/E is abelian, and the norm map Ngc,)/e maps Ui g(c,) onto Uy g, it follows from (1.3)
and (1.9) that the group Ngr(¢,)/E(c,)U1,E/(c,) is equal to Ng(lcp)/E(NE).

F// E/(Cp)

F’ E’
F(G) E(G)

F E

Keeping in mind the specific structure of Ny one obtains €7~ ! € Nere,y ec,)Ut,ec,) for

any e € Nm)/g(\c:)Ul,m) NUy e(,)- The last conclusion together with (1.3) and (1.9) imply

that E'((,)/F(¢p) is an abelian extension. It isn't cyclic, since otherwise easy calculations show
that

= ()T = N me (777 £ 1,
(where Tr,) = Nei(¢,)/E(c,)(T)) for a generator o of Gal(E'((,)/F((p) which is impossible.
Hence, there exists a cyclic totally ramified extension F”’/F((,) such that F"E((,) = E'({p).
We deduce that

Nenjee)Urr € Neve,)/e6)Unee,) N F(G) = Niie, (N,

and the inclusion can be replaced by equality.

Again, by (1.3) and (1.9) we conclude that F'/F' is an abelian extension, and there exists
a cyclic totally ramified extensions F’/F such that F" = F'(¢,). Finally Np/,pUy = N,
TR € NF//FF/* as desired. [

Remark. The correspondence between Witt vectors of length n and cyclic totally ramified
extension of degree p™ for the case ey = 1 has been established by M. Kurihara ([11]): there
exists an exact sequence

1 — HYF,Z/p")pr — HY(F,Z/p") — W, (F) — 1

with nice functorial properties (in this case any cyclic p-extension has separable residue field
extension, see [13]). The approach of Kurihara is based on the study of the sheaf of the etale
vanishing cycles on the special fiber of a smooth scheme over the ring of integers of F' and of
filtrations on Milnor's K-groups of local rings. If we take p as a prime element of F', then the
exactness of the sequence above follows from (4.2).

3.3. One can ask, generalizing a question of Kurihara set in [11], what is an explicit description
of the extension L/F corresponding to

N = gn,ﬂp (FWn(F) D---D an(F)F(a()’j, oo ,an_Lj) D Wn(F) D... )

according to Theorem (3.2).
The answer is known for n = 1:

L = F(a) with p(a) =af —a= (dg7j7%’)_1
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(see e.g. [7], Chapter Il section 2).

Now let n > 1. Then, first of all, it isn't true that L/ F' can be defined as a Witt extension. Some
information can be extracted from the theory of fields of norms due to Fontaine and Wintenberger
(see [8], [19], or [7] Chapter Il section 5).

Consider a tower of fields F; = F;_;(m;) with 7¥’ = m;_1, my = 7mp. Let M be the union of all
F;. Then M/F for F asin (2.2) and M = MF is an arithmetically profinite extension (see [8]).

Denote by M the corresponding field of norms. The preimage N in U; nm of N is equal to

Enrnt FWo(FP) @ - @ oW (F ) F (a0 g, - s anorg) @ Wa(F™F) @ . )UP o,

where myp = () is a prime element of M.
The group N coincides with Ny /vUr,me for a cyclic extension

n

M = M(pfl(((fg’j, e ,aﬁ_u)*l(ﬂg/f,o, )
This has been proved for the case of quasi-finite residue field by Sekiguchi [17], the same arguments
and p-class field theory of [2] provide the proof for the case of perfect residue field. Finally, the
arguments similar to those in the proof of Theorem (4.2) show that in the case of imperfect residue
field (when one can take F as a purely inseparable extension of F') the situation is the same.

M’ M’
M M
F F!
Fz ]:z
F/ f/
F F

This cyclic extension corresponds to a cyclic extension M’/M of the same degree according
to the general theory of fields of norms. Even more, by the theory of field of norms, see the proof
of ([7], Chapter Ill, Theorem 5.7), it originates from an extension F!/F; for a sufficiently large 1.

The preimage of Ngr/p,Ur rr in U v coincides with N, since class field theory is compatible
with the theory of fields of norms (for the case of finite residue field see [12] or [7], Chapter IV
section 6). Hence Np//r, Uy p/ = N;l/F(N) By using similar arguments with ones of the proof of
the theorem, one can deduce that Fj/F; originates from a cyclic extension F'/F' and Np: ) pU; pr
coincides with V.

Note, that F/ = Fi(p_l((&gz, . &5117]')_1(7%—]" 0,...))). In other words, extensions F!/F;
are Witt extensions for ¢ > i(n). For instance, i(1) = 0 (Artin—Schreier extensions in characteristic
0), and i(2) = 1 (see [18], section 3).

By using the previous description one can develop an analogue of Witt duality for complete
discrete valuation fields of characteristic 0.
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