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Introduction

This volume is a result of the conference on higher local fields in Miinster, August 29—
September 5, 1999, which was supported by SFB 478 “Geometrische Strukturen in
der Mathematik”. The conference was organized by I. Fesenko and F. Lorenz. We
gratefully acknowledge great hospitality and tremendous efforts of Falko Lorenz which
made the conference vibrant.

Class field theory as developed in the first half of this century is a fruitful generaliza-
tion and extension of Gauss reciprocity law; it describes abelian extensions of number
fields in terms of objects associated to these fields. Since its construction, one of the
important themes of number theory was its generalizations to other classes of fields or
to non-abelian extensions.

In modern number theory one encounters very naturally schemes of finite type over
Z. A very interesting direction of generalization of class field theory is to develop a
theory for higher dimensional fields — finitely generated fields over their prime subfields
(or schemes of finite type over Z in the geometric language). Work in this subject,
higher (dimensional) class field theory, was initiated by A.N. Parshin and K. Kato
independently about twenty five years ago. For an introduction into several global
aspects of the theory see W. Raskind’s review on abelian class field theory of arithmetic
schemes.

One of the first ideas in higher class field theory is to work with the Milnor K -groups
instead of the multiplicative group in the classical theory. It is one of the principles of
class field theory for number fields to construct the reciprocity map by some blending of
class field theories for local fields. Somewhat similarly, higher dimensional class field
theory is obtained as a blending of higher dimensional local class field theories, which
treat abelian extensions of higher local fields. In this way, the higher local fields were
introduced in mathematics.

A precise definition of higher local fields will be given in section 1 of Part I; here
we give an example. A complete discrete valuation field K whose residue field is
isomorphic to a usual local field with finite residue field is called a two-dimensional
local field. For example, fields F,((7))((S)), Q,((S)) and

Q. {T}H = {ZaiTi s a; € Qp,infvy(a;) > —oo, ilin vp(a;) = +oo}
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(vp 1s the p-adic valuation map) are two-dimensional local fields. Whereas the first
two fields above can be viewed as generalizations of functional local fields, the latter
field comes in sight as an arithmetical generalization of Q,,.

In the classical local case, where K is a complete discrete valuation field with finite
residue field, the Galois group Gal(K? /K) of the maximal abelian extension of K is
approximated by the multiplicative group K*; and the reciprocity map

K* — Gal(K®/K)

is close to an isomorphism (it induces an isomorphism between the group K* /Ny, /5 L*
and Gal(L/K) for a finite abelian extension L/K, and it is injective with everywhere
dense image). For two-dimensional local fields K as above, instead of the multiplicative
group K™, the Milnor K -group K»(K) (cf. Some Conventions and section 2 of Part I)
plays an important role. For these fields there is a reciprocity map

K>(K) — Gal(K® /K)

which is approximately an isomorphism (it induces an isomorphism between the group
K>(K)/Np/kK>(L) and Gal(L/K) for a finite abelian extension L/K, and it has
everywhere dense image; but it is not injective: the quotient of K, (K) by the kernel of
the reciprocity map can be described in terms of topological generators, see section 6
Part I).

Similar statements hold in the general case of an n-dimensional local field where
one works with the Milnor K,,-groups and their quotients (sections 5,10,11 of Part I);
and even class field theory of more general classes of complete discrete valuation fields
can be reasonably developed (sections 13,16 of Part I).

Since K(K) = K*, higher local class field theory contains the classical local class
field theory as its one-dimensional version.

The aim of this book is to provide an introduction to higher local fields and render
the main ideas of this theory. The book grew as an extended version of talks given at the
conference in Miinster. Its expository style aims to introduce the reader into the subject
and explain main ideas, methods and constructions (sometimes omitting details). The
contributors applied essential efforts to explain the most important features of their
subjects.

Hilbert’s words in Zahlbericht that precious treasures are still hidden in the theory of
abelian extensions are still up-to-date. We hope that this volume, as the first collection
of main strands of higher local field theory, will be useful as an introduction and guide
on the subject.

The first part presents the theory of higher local fields, very often in the more
general setting of complete discrete valuation fields.

Section 1, written by I. Zhukov, introduces higher local fields and topologies on their
additive and multiplicative groups. Subsection 1.1 contains all basic definitions and is
referred to in many other sections of the volume. The topologies are defined in such a
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way that the topology of the residue field is taken into account; the price one pays is
that multiplication is not continuous in general, however it is sequentially continuous
which allows one to expand elements into convergent power series or products.

Section 2, written by O. Izhboldin, is a short review of the Milnor K -groups and
Galois cohomology groups. It discusses p-torsion and cotorsion of the groups K,,(F)
and K!(F) = K,(F)/ Mi>1 K, (F'), an analogue of Satz 90 for the groups K,,(F") and
K! (F), and computation of H, ;‘;’1 (F) where F' is either the rational function field in
one variable F' = k(t) or the formal power series F' = k((%)).

Appendix to Section 2, written by M. Kurihara and I. Fesenko, contains some
basic definitions and properties of differential forms and Kato’s cohomology groups
in characteristic p and a sketch of the proof of Bloch—Kato—Gabber’s theorem which
describes the differential symbol from the Milnor K -group K, (F)/p of a field F' of
positive characteristic p to the differential module Q.

Section 4, written by J. Nakamura, presents main steps of the proof of Bloch—Kato’s
theorem which states that the norm residue homomorphism

K (K)/m — HU(K,Z/m(q))

is an isomorphism for a henselian discrete valuation field K of characteristic 0 with
residue field of positive characteristic. This theorem and its proof allows one to simplify
Kato’s original approach to higher local class field theory.

Section 5, written by M. Kurihara, is a presentation of main ingredients of Kato’s
higher local class field theory.

Section 6, written by 1. Fesenko, is concerned with certain topologies on the Milnor
K -groups of higher local fields K which are related to the topology on the multiplicative
group; their properties are discussed and the structure of the quotient of the Milnor
K -groups modulo the intersection of all neighbourhoods of zero is described. The latter
quotient is called a topological Milnor K -group; it was first introduced by Parshin.

Section 7, written by I. Fesenko, describes Parshin’s higher local class field theory
in characteristic p, which is relatively easy in comparison with the cohomological
approach.

Section 8, written by S. Vostokov, is a review of known approaches to explicit
formulas for the (wild) Hilbert symbol not only in the one-dimensional case but in
the higher dimensional case as well. One of them, Vostokov’s explicit formula, is of
importance for the study of topological Milnor K -groups in section 6 and the existence
theorem in section 10.

Section 9, written by M. Kurihara, introduces his exponential homomorphism for
a complete discrete valuation field of characteristic zero, which relates differential
forms and the Milnor K -groups of the field, thus helping one to get an additional
information on the structure of the latter. An application to explicit formulas is discussed
in subsection 9.2.

Section 10, written by I. Fesenko, presents his explicit method to construct higher
local class field theory by using topological K -groups and a generalization of Neukirch—
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Hazewinkel’s axiomatic approaches to class field theory. Subsection 10.2 presents
another simple approach to class field theory in the characteristic p case. The case
of characteristic 0 is sketched using a concept of Artin—Schreir trees of extensions (as
those extensions in characteristic 0 which are twinkles of the characteristic p world).
The existence theorem is discussed in subsection 10.5, being built upon the results of
sections 6 and 8.

Section 11, written by M. SpieB3, provides a glimpse of Koya’s and his approach
to the higher local reciprocity map as a generalization of the classical class formations
approach to the level of complexes of Galois modules.

Section 12, written by M. Kurihara, sketches his classification of complete discrete
valuation fields K of characteristic O with residue field of characteristic p into two
classes depending on the behaviour of the torsion part of a differential module. For
each of these classes, subsection 12.1 characterizes the quotient filtration of the Milnor
K -groups of K, for all sufficiently large members of the filtration, as a quotient of
differential modules. For a higher local field the previous result and higher local class
field theory imply certain restrictions on types of cyclic extensions of the field of
sufficiently large degree. This is described in 12.2.

Section 13, written by M. Kurihara, describes his theory of cyclic p-extensions of an
absolutely unramified complete discrete valuation field K with arbitrary residue field
of characteristic p. In this theory a homomorphism is constructed from the p-part of
the group of characters of K to Witt vectors over its residue field. This homomorphism
satisfies some important properties listed in the section.

Section 14, written by I. Zhukov, presents some explicit methods of constructing
abelian extensions of complete discrete valuation fields. His approach to explicit equa-
tions of a cyclic extension of degree p™ which contains a given cyclic extension of
degree p is explained. An application to the structure of topological K -groups of an
absolutely unramified higher local field is given in subsection 14.6.

Section 15, written by J. Nakamura, contains a list of all known results on the
quotient filtration on the Milnor K -groups (in terms of differential forms of the residue
field) of a complete discrete valuation field. It discusses his recent study of the case of
a tamely ramified field of characteristic O with residue field of characteristic p by using
the exponential map of section 9 and a syntomic complex.

Section 16, written by 1. Fesenko, is devoted to his generalization of one-dimensional
class field theory to a description of abelian totally ramified p-extensions of a complete
discrete valuation field with arbitrary non separably- p-closed residue field. In particular,
subsection 16.3 shows that two such extensions coincide if and only if their norm groups
coincide. An illustration to the theory of section 13 is given in subsection 16.4.

Section 17, written by 1. Zhukov, is a review of his recent approach to ramification
theory of a complete discrete valuation field with residue field whose p-basis consists
of at most one element. One of important ingredients of the theory is Epp’s theorem on
elimination of wild ramification (subsection 17.1). New lower and upper filtrations are
defined (so that cyclic extensions of degree p may have non-integer ramification breaks,
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see examples in subsection 17.2). One of the advantages of this theory is its compatibility
with the reciprocity map. A refinement of the filtration for two-dimensional local fields
which is compatible with the reciprocity map is discussed.

Section 18, written by L. Spriano, presents ramification theory of monogenic exten-
sions of complete discrete valuation fields; his recent study demonstrates that in this case
there is a satisfactory theory if one systematically uses a generalization of the function
1 and not s (see subsection 18.0 for definitions). Relations to Kato’s conductor are
discussed in 18.2 and 18.3.

These sections 17 and 18 can be viewed as the rudiments of higher ramification
theory; there are several other approaches. Still, there is no satisfactory general ramifi-
cation theory for complete discrete valuation fields in the imperfect residue field case;
to construct such a theory is a challenging problem.

Without attempting to list all links between the sections we just mention several
paths (2 means Section 2 and Appendix to Section 2)

1—-6—7 (leading to Parshin’s approach in positive characteristic),
2—54—-5—=11 (leading to Kato’s cohomological description

of the reciprocity map and generalized class formations),
83 —-6—10 (explicit construction of the reciprocity map),
5—=+12—=13 =15, (structure of the Milnor K-groups of the fields
1— 10— 14,16 and more explicit study of abelian extensions),
8,9 (explicit formulas for the Hilbert norm symbol

and its generalizations),
1—-+10— 17,18 (aspects of higher ramification theory).

A special place in this volume (between Part I and Part II) is occupied by the work of
K. Kato on the existence theorem in higher local class field theory which was produced
in 1980 as an IHES preprint and has never been published. We are grateful to K. Kato
for his permission to include this work in the volume. In it, viewing higher local fields
as ring objects in the category of iterated pro-ind-objects, a definition of open subgroups
in the Milnor K -groups of the fields is given. The self-duality of the additive group of
a higher local field is proved. By studying norm groups of cohomological objects and
using cohomological approach to higher local class field theory the existence theorem
is proved. An alternative approach to the description of norm subgroups of Galois
extensions of higher local fields and the existence theorem is contained in sections 6
and 10.

The second part is concerned with various applications and connections of higher
local fields with several other areas.

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



viii Invitation to higher local fields

Section 1, written by A.N. Parshin, describes some first steps in extending Tate—
Iwasawa’s analytic method to define an L-function in higher dimensions; historically
the latter problem was one of the stimuli of the work on higher class field theory. For
generalizing this method the author advocates the usefulness of the classical Riemann—
Hecke approach (subsection 1.1), his adelic complexes (subsection 1.2.2) together
with his generalization of Krichever’s correspondence (subsection 1.2.1). He analyzes
dimension 1 types of functions in subsection 1.3 and discusses properties of the lattice
of commensurable classes of subspaces in the adelic space associated to a divisor on an
algebraic surface in subsection 1.4.

Section 2, written by D. Osipov, is a review of his recent work on adelic constructions
of direct images of differentials and symbols in the two-dimensional case in the relative
situation. In particular, reciprocity laws for relative residues of differentials and symbols
are introduced and applied to a construction of the Gysin map for Chow groups.

Section 3, written by A.N. Parshin, presents his theory of Bruhat-Tits buildings over
higher dimensional local fields. The theory is illustrated with the buildings for PG L(2)
and PGL(3) for one- and two-dimensional local fields.

Section 4, written by E.-U. Gekeler, provides a survey of relations between Drinfeld
modules and higher dimensional fields of positive characteristic.

Section 5, written by M. Kapranov, sketches his recent approach to elements of
harmonic analysis on algebraic groups over functional two-dimensional local fields.
For a two-dimensional local field subsection 5.4 introduces a Hecke algebra which
is formed by operators which integrate pro-locally-constant complex functions over a
non-compact domain.

Section 6, written by L. Herr, is a survey of his recent study of applications of
Fontaine’s theory of p-adic representations of local fields (® — I'-modules) to Galois
cohomology of local fields and explicit formulas for the Hilbert symbol (subsections 6.4—
6.6). The two Greek letters lead to two-dimensional local objects (like O¢ (k) introduced
in subsection 6.3).

Section 7, written by I. Efrat, introduces recent advances in the zero-dimensional
anabelian geometry, that is a characterization of fields by means of their absolute
Galois group (for finitely generated fields and for higher local fields). His method
of construction of henselian valuations on fields which satisfy some K -theoretical
properties is presented in subsection 10.3, and applications to an algebraic proof of the
local correspondence part of Pop’s theorem and to higher local fields are given.

Section 8, written by A. Zheglov, presents his study of two dimensional local skew
fields which was initiated by A.N. Parshin. If the skew field has one-dimensional residue
field which is in its centre, then one is naturally led to the study of automorphisms of
the residue field which are associated to a local parameter of the skew field. Results on
such automorphisms are described in subsections 8.2 and 8.3.

Section 9, written by I. Fesenko, is an exposition of his recent work on noncommu-
tative local reciprocity maps for totally ramified Galois extensions with arithmetically
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profinite group (for instance p-adic Lie extensions). These maps in general are not
homomorphisms but Galois cycles; a description of their image and kernel is included.

Section 10, written by B. Erez, is a concise survey of Galois module theory links
with class field theory; it lists several open problems.

The theory of higher local fields has several interesting aspects and applications
which are not contained in this volume. One of them is the work of Kato on applica-
tions of an explicit formula for the reciprocity map in higher local fields to calculations
of special values of the L-function of a modular form. There is some interest in
two-dimensional local fields (especially of the functional type) in certain parts of math-
ematical physics, infinite group theory and topology where formal power series objects
play a central role.

Prerequisites for most sections in the first part of the book are small: local fields and
local class field theory, for instance, as presented in Serre’s “Local Fields”, Iwasawa’s
“Local Class Field Theory” or Fesenko—Vostokov’s “Local Fields and Their Extensions”
(the first source contains a cohomological approach whereas the last two are cohomology
free) and some basic knowledge of Milnor K -theory of discrete valuation fields (for
instance Chapter IX of the latter book). See also Some Conventions and Appendix to
Section 2 of Part I where we explain several notions useful for reading Part I.

We thank P. Schneider for his support of the conference and work on this volume.
The volume is typed using a modified version of osudeG style (written by Walter
Neumann and Larry Siebenmann and available from the public domain of Department
of Mathematics of Ohio State University, pub/osutex); thanks are due to Larry for his
advice on aspects of this style and to both Walter and Larry for permission to use it.

Ivan Fesenko  Masato Kurihara September 2000
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Some Conventions

The notation X C Y means that X is a subset of Y.

For an abelian group A written additively denote by A/m the quotient group
A/mA where mA = {ma : a € A} and by ,,,A the subgroup of elements of order
dividing m. The subgroup of torsion elements of A is denoted by Tors A.

For an algebraic closure F%2 of F' denote the separable closure of the field F
by F5P; let Gp = Gal(F*P/F) be the absolute Galois group of F. Often for a
G r-module M we write H'(F, M) instead of H'(Gr, M).

For a positive integer [ which is prime to characteristic of F' (if the latter is non-zero)
denote by p; = ((;) the group of [th roots of unity in F*°P.

If [ is prime to char (F'), for m > 0 denote by Z/I(m) the G p-module p®™ and
put Z;(m) = @T Z]1"(m); for m < 0 put Zi;(m) = Hom(Z;, Z;(—m)).

Let A be a commutative ring. The group of invertible elements of A is denoted
by A*. Let B be an A-algebra. Q}B /A denotes as usual the B-module of regular
differential forms of B over A; Q% /A= /\”Q}g e In particular, Q) = Q") JZ14
where 1,4 is the identity element of A with respect to multiplication. For more on
differential modules see subsection A1 of the appendix to the section 2 in the first part.

Let K, (k) = Kflw (k) be the Milnor K -group of a field k& (for the definition see
subsection 2.0 in the first part).

For a complete discrete valuation field K denote by O = O its ring of integers,
by M = Mg the maximal ideal of O and by k = ki its residue field. If k is of
characteristic p, denote by R the set of Teichmiiller representatives (or multiplicative
representatives) in 0. For 6 in the maximal perfect subfield of £ denote by [6] its
Teichmiiller representative.

For afield k£ denote by W (k) the ring of Witt vectors (more precisely, Witt p-vectors
where p is a prime number) over k. Denote by W,.(k) the ring of Witt vectors of
length r over k. If char(k) = p denote by F: W (k) — W(k), F: W,.(k) — W,.(k)
the map (ag, ...) — (af, -..).

Denote by vy the surjective discrete valuation K* — 7 (it is sometimes called the
normalized discrete valuation of K ). Usually m = mx denotes a prime element of K:
UK(T('K) =1.

Denote by Ky the maximal unramified extension of K. If ki is finite, denote by
Froby the Frobenius automorphism of K/ K.

For a finite extension L of a complete discrete valuation field K Dy, /i denotes
its different.

If char (K) =0, char(kg) = p, then K is called a field of mixed characteristic. If
char (K) = 0 = char (kg), then K is called a field of equal characteristic.

If kg is perfect, K is called a local field.
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1. Higher dimensional local fields

Igor Zhukov

We give here basic definitions related to m-dimensional local fields. For detailed
exposition, see [P] in the equal characteristic case, [K1, §8] for the two-dimensional
case and [MZ1], [MZ2] for the general case. Several properties of the topology on the
multiplicative group are discussed in [F2].

1.1. Main definitions

Suppose that we are given a surface S over a finite field of characteristic p, a curve
C C S, and a point & € C such that both S and C' are regular at . Then one can

"

attach to these data the quotient field of the completion (6 s,2)¢ of the localization at C

of the completion 65@ of thelocalring Og , of S at x. Thisis atwo-dimensional local
field over a finite field, i.e., a complete discrete valuation field with local residue field.
More generally, an n-dimensional local field F' is a complete discrete valuation field
with (n — 1)-dimensional residue field. (Finite fields are considered as O-dimensional
local fields.)

Definition. A complete discrete valuation field K is said to have the structure of an
n-dimensional local field if there is a chain of fields K = K,,, K,,_1, ..., Ki, Ky
where K, is a complete discrete valuation field with residue field K; and Kj is a
finite field. The field kx = K,,_1 (resp. Ky) is said to be the first (resp. the last)
residue field of K.

Remark. Most of the properties of n-dimensional local fields do not change if one
requires that the last residue K is perfect rather than finite. To specify the exact
meaning of the word, K can be referred to as an n-dimensional local field over a finite
(resp. perfect) field. One can consider an n-dimensional local field over an arbitrary
field Ky as well. However, in this volume mostly the higher local fields over finite
fields are considered.
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6 1. Zhukov

Examples. 1. F, ((X1))...((Xy)). 2. k((X1))...((X,—-1)), k a finite extension of
Qp-

3. For a complete discrete valuation field F' let

+0o0
K=F{T}} = {Z a;T" : a; € F, inf vp(a;) > —oco, lim vp(a;) = +oo}.
i——00
Define vx (>~ a;T%) = min vr(a;). Then K is a complete discrete valuation field with
residue field kg ((t)).
Hence for a local field & the fields

A} . T} (Tne2) - (), 0<m<n—1

are n-dimensional local fields (they are called standard fields).
Remark. K (X)) {{Y'}} isisomorphicto K ((Y))((X)).

Definition. An n-tuple of elements ¢y, ...,t, € K is called a system of local param-
eters of K, if t,, is a prime element of K,,, t,_; isaunitin O but its residue in
K, 1 is a prime element of K, 1, and so on.

For example, for K =k {T1}} ... {{Tmn}} (T1n+2)) - .. ((T},)), a convenient system
of local parameter is 11, ..., Ty, ™, Ty42, - .., 1y, Where 7 is a prime element of k.

Consider the maximal m such that char (K,,) = p; we have 0 < m < n. Thus,
there are n+ 1 types of n-dimensional local fields: fields of characteristic p and fields
with char (K,,,;1) =0, char(K,,) =p, 0 < m < n—1. Thus, the mixed characteristic
case is the case m =n — 1.

Suppose that char (k) = p, i.e., the above m equals either n — 1 or n. Then the
set of Teichmiiller representatives R in O is a field isomorphic to K.

Classification Theorem. Let K be an n-dimensional local field. Then

(1) K isisomorphic to Fq((X1))...((X})) if char(K) =p;

(2) K isisomorphic to k((X1))...((X,_1)), k isalocal field, if char (K;)=0;

(3) K is a finite extension of a standard field k {{T\}} ... {Tm}} (Tr+2)) - - - ((T3))
and there is a finite extension of K which is a standard field if char (K,,+1) =0,
char (K,,) = p.

Proof. In the equal characteristic case the statements follow from the well known
classification theorem for complete discrete valuation fields of equal characteristic. In
the mixed characteristic case let ko be the fraction field of W (IF) andlet 11, ...,T,,_1, 7
be a system of local parameters of K. Put

K =ko{{Th}} .. . {T1}}-

Then K’ is an absolutely unramified complete discrete valuation field, and the (first)
residue fields of K’ and K coincide. Therefore, K can be viewed as a finite extension
of K’ by [FV, I1.5.6].
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Part I. Section 1. Higher dimensional local fields 7

Alternatively, let ¢, ..., t,_1 beany liftings of a system of local parameters of k.
Using the canonical lifting h;, .. ; , defined below, one can construct an embedding
K’ — K which identifies T; with ¢;.

To prove the last assertion of the theorem, one can use Epp’s theorem on elimination
of wild ramification (see 17.1) which asserts that there is a finite extension [/ky such
that e (IK/IK') = 1. Then [K’ is standard and (K is standard, so K is a subfield of

IK. See [Z] or [KZ] for details and a stronger statement. 0
Definition. The lexicographic order of Z™: i= (i1, ...,i,) <j=(1, --.,Jn) ifand
only if
0 < Jis U4l = Jiely - o5 in = Jn forsome [ < n.
Introduce v = (vy, ...,v,): K* — Z" as v, = vg,, Vp—1(a@) = vk, _ (0,_1)

where «,,_ is the residue of at,, vn(@) in K, 1, and so on. The map Vv is a valuation;
this is a so called discrete valuation of rank n. Observe that for n > 1 the valuation
v does depend on the choice of ¢, ...,¢,. However, all the valuations obtained this
way are in the same class of equivalent valuations.

Now we define several objects which do not depend on the choice of a system of
local parameters.

Definition.
Ok ={ae K:v(a) 20}, Mg = {a € K:v(a) >0}, so Ox/Mg ~ K.
The group of principal units of K with respect to the valuation v is Vg =1+ M.

Definition.

P, .o sin) = Pr (i, ... yin) = {a € K : (), ..., v0(@)) = (i, ... ,in)}

In particular, O = P(0, ...,0), Mg = P(1,0,...,0), whereas Ox = P(0),
N e’ N e’

n n—1
Mg = P(1). Note that if n > 1, then

NniMj; = P(1,0,...,0),
2

since tp = tﬁ_l(tz/t’i_l).
Lemma. The set of all non-zero ideals of Oy consists of all
{P Gy v yin): Gy oenyin) 2(0,...,0), 1<1<n}.

The ring Ok is not Noetherian for n > 1.
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8 1. Zhukov

Proof. Let J be a non-zero ideal of Og. Put i, = min{v,(a) : a« € J}. If
J = P (i,), then we are done. Otherwise, it is clear that

in_1 =inf{v, (@) : a € J,v,(@) =i, } > —00.

If ¢,, = 0, then obviously 7,,_1; > 0. Continuing this way, we construct (¢, ...,%,) =
0, ...,0), where either [ =1 or

i—1 =inf{y_1(a) : @ € Jyvu(a) =ip, ..., v(a) =19} = —o0.
In both cases it is clear that J = P (4, ..., 1,).
The second statement is immediate from P(0,1) C P(—1,1) C P(—2,1).... O

For more on ideals in O see subsection 3.0 of Part II.

1.2. Extensions

Let L /K be a finite extension. If K is an n-dimensional local field, then so is L.

Definition. Let ¢, ... ¢, be a system of local parameters of K and let tll, . ,t;l
be a system of local parameters of L. Let v, v’ be the corresponding valuations. Put
€1 0 e 0
o I ) 0
BULIK) = (o) ;= | 0 7 g |
€n

where ¢; = ¢;(L|K) = e(L;|K;), i =1, ...,n. Then e; do not depend on the choice
of parameters, and |L : K| = f(L|K) ], e,(L|K), where f(L|K)=|Lo : Ko .

The expression “unramified extension” can be used for extensions L/K with
en(L|K) =1 and L, /K, separable. It can be also used in a narrower sense,
namely, for extensions L/K with [, e;(L|K) = 1. To avoid ambiguity, sometimes
one speaks of a “semiramified extension” in the former case and a “purely unramified
extension” in the latter case.

1.3. Topology on K

Consider an example of n-dimensional local field

Expanding elements of &k into power series in m with coefficients in Ry, one can write
elements of K as formal power series in n parameters. To make them convergent power
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Part I. Section 1. Higher dimensional local fields 9

series we should introduce a topology in K which takes into account topologies of the
residue fields. We do not make K a topological field this way, since multiplication is
only sequentially continuous in this topology. However, for class field theory sequential
continuity seems to be more important than continuity.

1.3.1.

Definition.

(a) If F has a topology, consider the following topology on K = F'((X)). For a
sequence of neighbourhoods of zero (U;);c7 in F', U; = F for ¢« > 0, denote
U,y = {Z a; X" a; € Ui}. Then all Uyy,; constitute a base of open neigh-
bourhoods of 0 in F'((X)). In particular, a sequence u™ = > agn)X i tends to 0
if and only if there is an integer m such that u™ e X™F[[X]] for all n and the
sequences a§") tend to O for every 1.

Starting with the discrete topology on the last residue field, this construction is used
to obtain a well-defined topology on an n-dimensional local field of characteristic
p.

(b) Let K, be of mixed characteristic. Choose a system of local parameters ¢, ..., ¢,
=7 of K. The choice of ¢y, ...,t,_; determines a canonical lifting
h = htl,...,tn71 : anl — OK

(see below). Let (U;);cz be a system of neighbourhoods of zero in K,,_1,
Ui = K, for i > 0. Take the system of all U,y = {Z h(a;)7t, a; € Ui} as
a base of open neighbourhoods of 0 in K. This topology is well defined.

(¢) In the case char(K) = char(K,_;) = 0 we apply constructions (a) and (b) to
obtain a topology on K which depends on the choice of the coefficient subfield of
Kn_ 1 in O K-

The definition of the canonical lifting ;. ; _, israther complicated. In fact, itis
worthwhile to define it for any (n — 1)-tuple (1, ...,t,_1) such that v;(¢;) > 0 and
v;(t;) =0 for @ < j < n. We shall give an outline of this construction, and the details
can be found in [MZ1, §1].

Let F = Ko((t1))...((t,—1)) C K,_1. By alifting we mean a map h: F' — Ok
such that the residue of h(a) coincides with a for any a € F'.

Step 1. An auxiliary lifting Hy, . ; _, is uniquely determined by the condition

ch ot <Z Z tl R 1n la?h '>in,]>

Z‘1_0 Z“n 1=

_Z Z £ t" {Hyy o (@i )P

i1=0 iy 1=
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10 L. Zhukov

Step 2. Let ko be the fraction field of W (Ky). Then K’ = ko{{T1}}... {T0n-1}}
is an n-dimensional local field with the residue field F'. Comparing the lifting H =
Hr, ... 1, _, withthe lifting h defined by

(Y 6T T ) = > 16T T
I‘GZ"‘_I I‘GZ"_I
we introduce the maps \;: F' — F' by the formula
ha) = H(a) + pH(\1(@)) + p* H\o(a)) + . ..
Step 3. Introduce hy,,.. ¢, . F' — O by the formula

hiy,...t, (@)= Hy, ¢ (@) +pHy ¢ (Ai(a)) +p2Ht1,...,tn,1()\2(a)) + ...
Remarks. 1. Observe that for a standard field K =k {{71}} ... {{T,.—1}}, we have

TN SV AR AL N ) /A Mt

where Tj is the residue of 7} in kg, j=1,...,n—1.

2. The idea of the above construction is to find a field ko{{t1}} ... {{t,—1}} isomor-
phic to K’ inside K without a priori given topologies on K and K’. More precisely,
let ¢y, ...,t,—1 beasabove. For a = > p'h(a;) € K, let

o
ft ..... t (a) = piht ..... t (a;)
1 n—1 1 n—1
Then f;,, .+ K " — K is an embedding of n-dimensional complete fields such
that

ftl,...,tn,I(Tj):tju j:l’ 7n_1

(see [MZ1, Prop. 1.1]).

3. In the case of a standard mixed characteristic field the following alternative
construction of the same topology is very useful.

Let K = E{{X}}, where E is an (n — 1)-dimensional local field; assume that the
topology of E is already defined. Let {V;};cz be a sequence of neighbourhoods of
zero in E such that
(i) there is ¢ € Z such that Pg(c) C V; for all i € Z;

(ii) for every [ € Z we have Pg(l) C V; for all sufficiently large <.

Put

Vivy ={D _ biX’: b € Vi}.
Then all the sets Vy; form a base of neighbourhoods of 0 in K. (This is an easy but
useful exercise in the 2-dimensional case; in general, see Lemma 1.6 in [MZ1]).

4. The formal construction of Ay, . , works also in case char(K) = p, and
one need not consider this case separately. However, if one is interested in equal
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Part I. Section 1. Higher dimensional local fields 11

characteristic case only, all the treatment can be considerably simplified. (In fact, in

this case hy, .. ; _, isjust the obvious embedding of I’ C kg into Ox = kx|[[t,]].)

1.3.2. Properties.

(1) K is atopological group which is complete and separated.

(2) If n > 1, then every base of neighbourhoods of 0 is uncountable. In particular,
there are maps which are sequentially continuous but not continuous.

(3) If n > 1, multiplication in K is not continuous. In fact, UU = K for every open
subgroup U, since U D P(c) for some ¢ and U ¢ P(s) for any s. However,
multiplication is sequentially continuous:

o= a, 0#8; = B#0= ;57! = ap™ !

(4) Themap K — K, « > ca for ¢ #0 is a homeomorphism.

(5) For afinite extension L/K the topology of L = the topology of finite dimensional
vector spaces over K (i.e., the product topology on K%K Using this property
one can redefine the topology first for “standard” fields

ET - T (Toe) - (1)

using the canonical lifting h, and then for arbitrary fields as the topology of finite
dimensional vector spaces.

(6) For a finite extension L/K the topology of K = the topology induced from L.
Therefore, one can use the Classification Theorem and define the topology on K
as induced by that on L, where L is taken to be a standard n-dimensional local
field.

Remark. In practical work with higher local fields, both (5) and (6) enables one to use
the original definition of topology only in the simple case of a standard field.

1.3.3. About proofs. The outline of the proof of assertions in 1.3.1-1.3.2 is as follows.
(Here we concentrate on the most complicated case char (K) = 0, char (K,_1) = p;
the case of char (K) = p is similar and easier, for details see [P]).

Step 1 (see [MZ1, §1]). Fix first n — 1 local parameters (or, more generally, any
elements ¢y, ...,%,_1 € K such that v;(¢;) > 0 and v;(t;) =0 for j > 7).

Temporarily fix m; € K (i € Z), vp(m;) =14, and e; € Px(0), 7=1,...,d, so
that {@}?:1 is a basis of the F'-linear space K,,_;. (Here F' is asin 1.3.1, and &
denotes the residue of « in K,,_1.) Let {U,};cz be a sequence of neighbourhoods of
zeroin F', U; = I for all sufficiently large ¢. Put

d
u{Ui} = {Z T Zejhtl,...,tn,l(aij) tai; € Ugyig € Z}~

i>ig j=1

The collection of all such sets Uy, ) is denoted by By .
Step 2 (IMZ1, Th. 1.1]). In parallel one proves that
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12 1. Zhukov

— the set By has a cofinal subset which consists of subgroups of K; thus, By is
a base of neighbourhoods of zero of a certain topological group K ... , with the
underlying (additive) group K;

— Ky,,...+, , does not depend on the choice of {7;} and {e;};

— property (4) in 1.3.2 is valid for Ky, .

Step 3 (IMZ1, §2]). Some properties of K, .; |
(1) in 1.3.2, the sequential continuity of multiplication.

Step 4 (IMZ1, §31). The independence from the choice of ¢, ...,¢,_ is proved.

are established, in particular,

We give here a short proof of some statements in Step 3.

Observe that the topology of Ky, . ; _, is essentially defined as a topology of a
finite-dimensional vector space over a standard field ko{{¢;}} ... {{t,—1}}. (It will be
precisely so, if we take {me; : 0 <i < e— 1,1 < j < d} as a basis of this vector
space, where e is the absolute ramification index of K, and m;. = pm; for any <.)
This enables one to reduce the statements to the case of a standard field K.

If K is standard, then either K = E((X)) or K = E{{X}}, where E is of smaller
dimension. Looking at expansions in X, it is easy to construct a limit of any Cauchy
sequence in K and to prove the uniqueness of it. (In the case K = E{{X}} one should
use the alternative construction of topology in Remark 3 in 1.3.1.) This proves (1) in
1.3.2.

To prove the sequential continuity of multiplication in the mixed characteristic case,
let «; — 0 and 3; — 0, we shall show that «;3; — 0.

Since a; — 0, 8; — 0, one can easily see that there is ¢ € Z such that v,(a;) > ¢,
vo(B;) = ¢ for ¢ > 1.

By the above remark, we may assume that K is standard, i.e., K = E{{t}}. Fix an
open subgroup U in K; we have P(d) C U for some integer d. One can assume that
U =Vyv,y, Vi are open subgroups in £. Then there is mg such that Pp(d—c) C Vi,
for m > my. Let

oo oo
o= atr, Bi=> v, b € B
— 00 — 00

Notice that one can find an ry such that agr) € Pg(d — c¢) for r < rg and all 3.
Indeed, if this were not so, one could choose a sequence r; > 7, > ... such that

agj) ¢ Pg(d — c) for some ;. Itis easy to construct a neighbourhood of zero V' in
E such that Pg(d —c) C Wj, agj ) ¢ V,,. Now put V! = E when r is distinct from
any of r;, and U’ = Viy.y. Then a;; ¢ U’, j=1,2,... Theset {i;} is obviously
infinite, which contradicts the condition «; — 0.

Similarly, b € Pg(d — ¢) for [ < Iy and all i. Therefore,

mo mo
aifi =Y alt"- > bt mod U,

T=r) =l
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Part I. Section 1. Higher dimensional local fields 13

and the condition agr)bgl) — 0 for all » and [ immediately implies «;3; — O.
1.3.4. Expansion into power series. Let n = 2. Then in characteristic p we have
F, (X)((Y)) ={>.6,;X7Y"}, where 0;; are elements of F, such that for some i
we have 0;; = 0 for 7 < ¢¢ and for every 7 thereis j(¢) such that 6;; =0 for j < j(7).
On the other hand, the definition of the topology implies that for every neighbourhood
of zero U there exists iy and for every i < i there exists j(i) such that §X7Y* € U
whenever either ¢ > i or ¢ < ig,J = j(2).
So every formal power series has only finitely many terms 0X7Y" outside U.
Therefore, it is in fact a convergent power series in the just defined topology.

Definition. Q C Z" iscalled admissible if forevery 1 <! < n andevery ji i, -, Jn
there is ¢ = 2(ji41, - - ., jn) € Z such that

(ila "'7/L-7L) € Qv il+1 :jl+1a "'77:71 :jn = Z'l = I.
Theorem. Let ti, ...,t, beasystem of local parameters of K. Let s be a section of

the residue map Ok — Ok /My such that s(0) = 0. Let Q be an admissible subset
of Z". Then the series

Z bi17,,,7inti‘ ...t converges (biy,....in, € S(Ox/Mk))
(0] yeeestn)EQ

and every element of K can be uniquely written this way.

Remark. In this statement it is essential that the last residue field is finite. In a more
general setting, one should take a “good enough” section. For example, for K =
E{T1} .. T (Thh2)) - - . (Th)), where k is a finite extension of the fraction
field of W (Kj) and K| is perfect of prime characteristic, one may take the Teichmiiller
section Ko — K01 = k{{T1}} ... {{T\n}} composed with the obvious embedding
Km+1 — K.

Proof. We have

Z bil,...,intzll ...t,Zn” = Z (b Z tzll ...t%"),
(9 5ee0rin)EQ bes(Ok /Mk) (315eeerin)EQy
where Qy = {(i1, ...,i,) € Q : b;, ., = b}. In view of the property (4), it
is sufficient to show that the inner sums converge. Equivalently, one has to show
that given a neighbourhood of zero U in K, for almost all (iy, ...,i,) € Q we
have tll' ...tin € U. This follows easily by induction on n if we observe that

i Tl 1 — 3
tll .. 'tn—l = htlw--»tn—l(tlzl .. .tn,IZ"_l).
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14 1. Zhukov

To prove the second statement, apply induction on n once again. Let r = v, (),
where « is a given element of K. Then by the induction hypothesis

o= Y B @) )

where Q, C Z"! is a certain admissible set. Hence
o= Z biy ity ot Al
(7:]7"'77;717])697'
where v,,(a’) > r. Continuing this way, we obtain the desired expansion into a sum

over the admissible set Q = (Q, X {r}) U Q41 x {r+1}H)U ...
The uniqueness follows from the continuity of the residue map Ox — K, _;. O

1.4. Topology on K*

1.4.1. 2-dimensional case, char (kx) = p.

Let A be the last residue field K if char(K) = p, and let A = W(K,) if
char (K) = 0. Then A is canonically embedded into O, and it is in fact the subring
generated by the set R.

For a 2-dimensional local field K with a system of local parameters ¢,,t; define a
base of neighbourhoods of 1 as the set of all 1 + téOK + t{A[[tl,tz]], 121, 5 > 1.
Then every element o« € K* can be expanded as a convergent (with respect to the just
defined topology) product

a =270 [ [0 +0it5t)
with 0 € R*,0;; € R,a1,a, € Z. The set S = {(j,4) : 6,; #0} is admissible.

1.4.2. 1In the general case, following Parshin’s approach in characteristic p [P], we
define the topology 7 on K* as follows.

Definition. If char (K,,_;) = p, then define the topology 7 on
K* ~ Vg x (t;) X -+ X (ty) x R*

as the product of the induced from K topology on the group of principal units Vi and
the discrete topology on (t1) X --- X (t,) x R*.

If char (K) = char (K,,+1) =0, char(/K,,) = p, where m < n — 2, then we have a
canonical exact sequence

1 =1+ Pg(1,0,...,0) = O} = Of  —1.
\ ; m+

n—m-—2
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Part I. Section 1. Higher dimensional local fields 15

Define the topology 7 on K* o~ O} x (t1) x --- x (t,,) as the product of the discrete

topology on (f1) X --- x (t,,) and the inverse image of the topology 7 on Oj .
Then the intersection of all neighbourhoods of 1 is equal to 1+ P (l, 0,...,0 ) which
——
n—m-—2

is a uniquely divisible group.

Remarks. 1. Observe that K,,,; is a mixed characteristic field and therefore its
topology is well defined. Thus, the topology 7 is well defined in all cases.
2. A base of neighbourhoods of 1 in Vi is formed by the sets

hUg) + WUty + ... + WU, DtE™" + Pre(0),

where ¢ > 1, Uy is a neighbourhood of 1in Vy,, Uy, ...,U._ are neighbourhoods
of zero in kg, h is the canonical lifting associated with some local parameters, t,, is
the last local parameter of K. In particular, in the two-dimensional case 7 coincides
with the topology of 1.4.1.

Properties.

(1) Each Cauchy sequence with respect to the topology 7 converges in K*.

(2) Multiplication in K* is sequentially continuous.

(3) If n < 2, then the multiplicative group K™ is a topological group and it has a
countable base of open subgroups. K* is not a topological group with respect to
7 if m > 3.

Proof. (1) and (2) follow immediately from the corresponding properties of the topol-
ogy defined in subsection 1.3. In the 2-dimensional case (3) is obvious from the
description given in 1.4.1. Next, let m > 3, and let U be an arbitrary neighbourhood
of 1. We may assume that n = m and U C Vk. From the definition of the topology
on Vi weseethat U D 1+ h(U))t, + h(Uz)t%, where Uj, U, are neighbourhoods of
0 in kg, t, aprimeelementin K, and h the canonical lifting corresponding to some
choice of local parameters. Therefore,

UU + P(4) O (1 + h(U)t,)(1 + h(U2)t2) + P(4)
= {1 + h(a)t, + h(O)t2 + h(ab)t2 :a € Uy, b e Uy} + P(4).
(Indeed, h(a)h(b) — h(ab) € P(1).) Since U1U; = ki (see property (3) in 1.3.2), it
is clear that UU cannot lie in a neighbourhood of 1 in Vi of the form 1 + h(kg)t,, +

h(k)t2 + h(U")t3 + P(4), where U’ # kg is a neighbourhood of 0 in kx. Thus, K*
is not a topological group. O

Remarks. 1. From the point of view of class field theory and the existence theorem
one needs a stronger topology on K* than the topology 7 (in order to have more open
subgroups). For example, for n > 3 each open subgroup A in K* with respect to the
topology 7 possesses the property: 1+ t%OK c(1+ t;’LOK)A.
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Atopology A. whichis the sequential saturation of 7 isintroduced in subsection 6.2;
it has the same set of convergence sequences as 7 but more open subgroups. For
example [F1], the subgroup in 1+ ¢,0f topologically generated by 1 + 0tin ... tﬁl
with (i1, ...,%,) #(0,0, ...,1,2), i, > 1 (i.e., the sequential closure of the subgroup
generated by these elements) is open in A\, and does not satisfy the above-mentioned
property.

One can even introduce a topology on K* which has the same set of convergence
sequences as 7 and with respect to which K™* is a topological group, see [F2].

2. For another approach to define open subgroups of K* see the paper of K. Kato
in this volume.

1.4.3. Expansion into convergent products. To simplify the following statements
we assume here char kx = p. Let B be a fixed set of representatives of non-zero
elements of the last residue field in K.

Lemma. Let {o; :i € I} be a subset of Vi such that
(%) ai=1+ ) b0t
reQ;
where b € B, and Q; C 7} are admissible sets satisfying the following two conditions:
() Q =,c; Qi is an admissible set;
(i1) mje] Q; =0, where J is any infinite subset of 1.
Then [];c; a; converges.

Proof. Fix a neighbourhood of 1 in Vg ; by definition it is of the form (1 + U) N
Vi, where U is a neighbourhood of 0 in K. Consider various finite products of

b(r")t?l"1 ...tr» which occur in (*). It is sufficient to show that almost all such products
belong to U'.

Any product under consideration has the form
(%) y= b3 bRl gl
with [, > 0, where B = {b;, ...,bs}. We prove by induction on j the following
claim: for 0 < j < n and fixed /41, ...,[, the element v almost always lies in U

(in case j = n we obtain the original claim). Let
Q:{rl + o+t > 1y, ., € QL

It is easy to see that Q is an admissible set and any element of Q can be written as a
sum of elements of Q in finitely many ways only. This fact and condition (ii) imply
that any particular n-tuple (ly, ...,[,) can occur at the right hand side of (*x) only
finitely many times. This proves the base of induction (j =0).

For j7 > 0, we see that [; is bounded from below since (I1, ...,l,) € Q and
i1, ..., 1y, are fixed. On the other hand, v € U for sufficiently large [; and arbitrary
ki, ... ks l1, ..., lj—1 in view of [MZI1, Prop. 1.4] applied to the neighbourhood of
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Part I. Section 1. Higher dimensional local fields 17

—1; . . .
zero t. "' ... t-!"U in K. Therefore, we have to consider only a finite range of values

j+l
¢ <l < . Forany [; in this range the induction hypothesis is applicable. 0

Theorem. For any r € ZI! and any b € B fix an element

arp = E VoLt
SEQr b

such that b5 = b, and b5® = 0 for s < r. Suppose that the admissible sets
{Qrp:reQ,,be B}

satisfy conditions (i) and (ii) of the Lemma for any given admissible set Q..
1. Every element a € K can be uniquely expanded into a convergent series

a= E ar‘,brv

reQ,

where b. € B, Q, C 7Z,, is an admissible set.
2. Every element o € K* can be uniquely expanded into a convergent product:

a=te 7 [ (1+ars,),
reQ,

where by € B, b, € B, Q, C Z} is an admissible set.

Proof. The additive part of the theorem is [MZ2, Theorem 1]. The proof of it is parallel
to that of Theorem 1.3.4.

To prove the multiplicative part, we apply induction on n. This reduces the statement
to the case a@ € 1+ P(1). Here one can construct an expansion and prove its uniqueness
applying the additive part of the theorem to the residue of ¢, "»(®~D(a—1) in kg . The
convergence of all series which appear in this process follows from the above Lemma.
For details, see [MZ2, Theorem 2]. O

Remarks. 1. Conditions (i) and (ii) in the Lemma are essential. Indeed, the infinite

products [T(1 +¢} + tfitz) and [](1+t% +t,) do not converge. This means that the
i=1 i=1

statements of Theorems 2.1 and 2.2 in [MZ1] have to be corrected and conditions (i)

and (ii) for elements €. 9 (r € Q,) should be added.

2. If the last residue field is not finite, the statements are still true if the system
of representatives B is not too pathological. For example, the system of Teichmiiller
representatives is always suitable. The above proof works with the only ammendment:
instead of Prop. 1.4 of [MZ1] we apply the definition of topology directly.
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Corollary. If char (K, _1) = p, then every element o« € K* can be expanded into a
convergent product:

(x%%)  a=tin. .t‘fleH(l +0;, ), 0 ERT 6 . €R,

with {(i1, ..., in) : Qi in # 0} being an admissible set. Any series (* x %) converges.

References

[F1] I Fesenko, Abelian extensions of complete discrete valuation fields, Number Theory
Paris 1993/94, Cambridge Univ. Press, 1996, 47-74.

[F2] I Fesenko, Sequential topologies and quotients of the Milnor K -groups of higher local
fields, preprint, www.maths.nott.ac.uk/personal/ibf/stgk.ps

[FV] 1. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence, 1993.

[K1] K. Kato, A generalization of local class field theory by using K -groups I, J. Fac. Sci.
Univ. Tokyo Sec. IA 26 No.2, 1979, 303-376.

[K2] K. Kato, Existence Theorem for higher local class field theory, this volume.

[KZ] M. V. Koroteev and I. B. Zhukov, Elimination of wild ramification, Algebra i Analiz 11
(1999), no. 6, 153-177.

[MZ1] A. I Madunts and I. B. Zhukov, Multidimensional complete fields: topology and other
basic constructions, Trudy S.-Peterb. Mat. Obshch. (1995); English translation in Amer.
Math. Soc. Transl. (Ser. 2) 165 (1995), 1-34.

[MZ2] A.I. Madunts and I. B. Zhukov, Additive and multiplicative expansions in multidimen-
sional local fields, Zap. Nauchn. Sem. POMI (to appear).

[P] A.N. Parshin, Local class field theory, Trudy Mat. Inst. Steklov (1984); English translation
in Proc. Steklov Inst. Math. 165 (1985), no. 3, 157-185.

[Z] L. B. Zhukov, Structure theorems for complete fields, Trudy S.-Peterb. Mat. Obsch. (1995);
English translation in Amer. Math. Soc. Transl. (Ser. 2) 165 (1995), 175-192.

Department of Mathematics and Mechanics St. Petersburg University
Bibliotechnaya pl. 2, Staryj Petergof

198904 St. Petersburg Russia

E-mail: igor@zhukov.pdmi.ras.ru

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



ISSN 1464-8997 (on line) 1464-8989 (printed) 19

Geometry & Topology Monographs
Volume 3: Invitation to higher local fields
Part I, section 2, pages 19-29

2. p-primary part of the Milnor K -groups and
Galois cohomologies of fields of characteristic p

Oleg Izhboldin

2.0. Introduction

Let I be a field and F*P be the separable closure of . Let F?® be the maximal
abelian extension of F. Clearly the Galois group G® = Gal(F®/F) is canonically
isomorphic to the quotient of the absolute Galois group G = Gal(F*P /F) modulo the
closure of its commutant. By Pontryagin duality, a description of G is equivalent to
a description of

Homcom(Gab,Z/m) = HomCOm(G,Z/m) = HY(F Z/m).

where m runs over all positive integers. Clearly, it suffices to consider the case where
m is a power of a prime, say m = p*. The main cohomological tool to compute the
group H'(F,7/m) is a pairing

C, I HY(F, Z/m) @ K, (F)/m — HX(F)

where the right hand side is a certain cohomological group discussed below.

Here K, (F') for a field F' is the nth Milnor K -group K, (F') = Kﬁ/f (F") defined
as

(F*®™/)J
where J is the subgroup generated by the elements of the form a; ® ... ® a,, such that
a; +a; = 1 for some ¢ # j. We denote by {aj,...,a,} the class of a; ® ... ® a,.
Namely, K, (F") is the abelian group defined by the following
generators: symbols {ay,...,a,} with ay,...,a, € F*
and relations:
{ay, ..., a;a, ...an} ={ay,...;a;,...an} +{ay,....,a;, ..a,}

{a1,...;a,} =0 ifa; +a; =1 for some i and j with ¢ # j.

We write the group law additively.
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20 O. Izhboldin

Consider the following example (definitions of the groups will be given later).

Example. Let F' be a field and let p be a prime integer. Assume that there is an
integer n with the following properties:

(i) the group HI’}”(F) is isomorphic to Z/p,

(ii) the pairing

() H(F,Z/p) ® Kn(F)/p — HIY(F) = Z/p

is non-degenerate in a certain sense.
Then the Z/p-linear space H'(F,Z/p) is obviously dual to the Z/p-linear space
K,(F)/p. On the other hand, H'(F,Z/p) is dual to the Z/p-space G /(G¥)P.
Therefore there is an isomorphism

Yt Kn(F)/p ~ G™ /(G

It turns out that this example can be applied to computations of the group G /(G2b)P
for multidimensional local fields. Moreover, it is possible to show that the homomor-
phism Wr, can be naturally extended to a homomorphism Yr: K, (F) — G®™ (the
so called reciprocity map). Since G2 is a profinite group, it follows that the homomor-
phism ¥Yg: K, (F) — G2 factors through the homomorphism K, (F)/DK,(F) —
G® where the group DK, (F) consists of all divisible elements:

DK, (F) = Np>1mK, (F).
This observation makes natural the following notation:

Definition (cf. section 6 of Part I). For a field F' and integer n > 0 set
K}(F) = Kn(F)/ DK, (F),
where DK, (F) = ﬂm>1 mK,(F).

The group K (F) for a higher local field F' endowed with a certain topology (cf.
section 6 of this part of the volume) is called a topological Milnor K -group K'"P(F’)
of F.

The example shows that computing the group G is closely related to computing
the groups K, (F), K!(F), and HQL“(F). The main purpose of this section is to
explain some basic properties of these groups and discuss several classical conjectures.
Among the problems, we point out the following:

e discuss p-torsion and cotorsion of the groups K, (F) and K'(F),
e study an analogue of Satz 90 for the groups K,,(F) and K'(F),
e compute the group H™'(F) in two “classical” cases where I is either the rational

function field in one variable F' = k(t) or the formal power series F' = k((%)).

We shall consider in detail the case (so called “non-classical case”) of a field F' of
characteristic p and m = p.
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2.1. Definition of H/**!(F") and pairing ( , ),

To define the group H™'(F) we consider three cases depending on the characteristic
of the field F'.

Case 1 (Classical). Either char (F') =0 or char (F) = p is prime to m.
In this case we set

H77711+1( ) Hn+l(F H@n)
The Kummer theory gives rise to the well known natural isomorphism F™*/F*™ —

H'(F, jt,,,). Denote the image of an element a € F* under this isomorphism by (a).
The cup product gives the homomorphism

F*® - @ F* — H"(F,u®™), a® - -Qan, — (ar, ...,an)
%,_/
n
where (ai, ...,ay) :=(a)U ---U(ay). Itis well known that the element (aq, ..., ay)

is zero if a; + a; = 1 for some ¢ # j. From the definition of the Milnor K -group we
get the homomorphism

N K (F)/m — H™(F, u2"), {ay, ...,an} — (ay, ..., ap).

Now, we define the pairing ( , )., as the following composite

H'\(F,Z/m) @ Kp(F)/m “LE0 HY(E, Z/m) @ H'(F, u&) % HY(EF, u®m).

Case 2. char(F)=p#0 and m is a power of p.
To simplify the exposition we start with the case m = p. Set

H"™(F) = coker(Q % Qpp /dQE")

where
d(adby A\ ---ANdby)=daNdby A\ --- A\ db,,

pla—— A - A—") = @ -2 Ab—+d§z;*‘

(p = C~'—1 where C~! is the inverse Cartier operator defined in subsection 4.2).
The pairing ( , ), is defined as follows:

(s dpt F/p(F) x Kn(F)/p — Hy*'(F),

db db,,
(a,{by, ...,bp}) —a i
by by,

where I'/p(F) is identified with H'(F,Z/p) via Artin-Schreier theory.
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To define the group H;‘f'l (F) for an arbitrary ¢ > 1 we note that the group H, ;”1 (F)
is the quotient group of Q%. In particular, generators of the group H;}”(F) can be
written in the form adb; A --- A db,,. Clearly, the natural homomorphism

db db,
FRF'® - @F — H(F), a®b1®'”®b”Hab71/\"'/\b7
%,—/ 1 n

n

is surjective. Therefore the group Hg*l(F) is naturally identified with the quotient
group FRF*® ---@F*/J. Itis not difficult to show that the subgroup J is generated
by the following elements:

(@’ —a)@b1 ® -+ @ by,

aRa@by® - X by,

a®b ® ---® by, where b; = b; for some ¢ # j.

This description of the group H, ;”1 (F) can be easily generalized to define H;Li*] (F)
for an arbitrary ¢ > 1. Namely, we define the group H;i“(F) as the quotient group

WiF)QF*® --- @ F*|J
—_——

where W;(F') is the group of Witt vectors of length ¢ and J is the subgroup of
Wi(F)® F*® ---® F* generated by the following elements:
Fw) —w) @b @ -+ @ by,
(@,0,...,00aRb® - by,
w®b ® - ® by, where b; = b; for some 7 # j.
The pairing (, ),: is defined as follows:

(. )p: WilB)/p(Wi(F)) x K (F)/p' — HIF(F),

(w,{b1, ..., 0, P WRbL ® - R,
where p = F —id: Wi(F) — W;(F) and the group W;(F)/p(W;(F)) is identified
with H'(F,7/p") via Witt theory. This completes definitions in Case 2.

Case3. char(F)=p+#0 and m = m'p’ where m’ > 1 is an integer prime to p and
1> 1.

The groups H%TI(F) and H;ﬁ-”(F) are already defined (see Cases 1 and 2). We
define the group H. ]jjl(F) by the following formula:

ng—l(F) = Hn+1(F) @ H;;T—I(F)

m/’

Since H'(F,Z/m) ~ HY(F,Z/m'y ® H'(F,Z/p") and K,(F)/m ~ K,(F)/m' ®
K, (F)/ p’, we can define the pairing ( , ),, as the direct sum of the pairings ( , ),
and (, ),:. This completes the definition of the group H™!(F) and of the pairing
(s dm-
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Remark 1. In the case n = 1 or n = 2 the group H (F') can be determined as
follows:

H) (F)~H'(F,Z/m) and  H2(F)~,,Br(F).

Remark 2. The group H"*!'(F) is often denoted by H"*'(F,Z/m (n)).

2.2. The group H"*!(F)

In the previous subsection we defined the group H*!(F) and the pairing ( , ),, for
an arbitrary m. Now, let m and m/ be positive integers such that m’ is divisible by
m. In this case there exists a canonical homomorphism

b HEWF) — HYY(F).
To define the homomorphism 4, ,,,/ it suffices to consider the following two cases:

Case 1. Either char (F) =0 or char(F) = p is prime to m and m/’.
This case corresponds to Case 1 in the definition of the group HQL”(F) (see sub-
section 2.1). We identify the homomorphism i, ,,,» with the homomorphism

H™UE, ") = H™ N E, i)
induced by the natural embedding fi,, C -

Case 2. m and m’ are powers of p = char (F).

We can assume that m = p’ and m/ = pi/ with 4 < 4’. This case corresponds to
Case 2 in the definition of the group H, }}L” (F'). We define %y, ,, as the homomorphism
induced by

W)@ F*® ...F* > Wy(F)® F* & ... F",
(ag, ...,0) b1 ® - Rby, — (0, ...,0,a1, ...,0;) R ® -+ R by

The maps %, (where m and m' run over all integers such that m' is divisible
by m) determine the inductive system of the groups.

Definition. For a field F' and an integer n set

Hn+1(F) - h_n;lm H7Trll+](F)

Conjecture 1. The natural homomorphism H™*'(F) — H™\(F) is injective and the
image of this homomorphism coincides with the m-torsion part of the group H™'(F).
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This conjecture follows easily from the Milnor—Bloch—Kato conjecture (see subsec-
tion 4.1) in degree n. In particular, it is proved for n < 2. For fields of characteristic
p we have the following theorem.

Theorem 1. Conjecture 1 is true if char (F)=p and m = p'.

2.3. Computing the group H/:!(F) for some fields

We start with the following well known result.

Theorem 2 (classical). Let F' be a perfect field. Suppose that char (F') = 0 or char (F)
is prime to m. Then

HYYF (1)) ~ HEN(F) @ HL(F)
HEWF®)~HM Ee [ HL(FIO//0).

monic irred f(t)

It is known that we cannot omit the conditions on F' and m in the statement of
Theorem 2. To generalize the theorem to the arbitrary case we need the following nota-
tion. For a complete discrete valuation field K and its maximal unramified extension
Ky define the groups Hy, . (K) and H" M (K) as follows:

Hy, (K = ker (H;;(K) — H, (Kur)) and H” m(K) = Hy (K)/Hy, (K.

Note that for a field K = F'((t)) we obviously have K = F*P((¢)). We also note that
under the hypotheses of Theorem 2 we have H"(K) = Hy, (K) and H"(K) = 0.
The following theorem is due to Kato.

Theorem 3 (Kato, [K1, Th. 3 §0]1). Let K be a complete discrete valuation field with
residue field k. Then
H?’L+lr(K) Hn+1(k’) EB Hn (kf)

In particular, H'HL (F () ~ HXP(F) @ HL(F).

This theorem plays a key role in Kato’s approach to class field theory of multidi-
mensional local fields (see section 5 of this part).

To generalize the second isomorphism of Theorem 2 we need the following notation.
Set

HHo(F(®) = ker (H (F(t) — H (F¥P(#))) and
HEF (@) = HEP (F(®)/H e (F(©)).

If the field F' satisfies the hypotheses of Theorem 2, we have
HHo(F() = HiF (F(t) and HPY(F (1) =0
In the general case we have the following statement.
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Theorem 4 (Izhboldin, [12, Introduction]).

L Py~ Yo [ HEL (FI/f0),

monic irred f(t)

Hp (F @) ~ [[HE (F@))
where v runs over all normalized discrete valuations of the field F(t) and F(t),
denotes the v-completion of F(t).

2.4. On the group K, (F)

In this subsection we discuss the structure of the torsion and cotorsion in Milnor
K -theory. For simplicity, we consider the case of prime m = p. We start with the
following fundamental theorem concerning the quotient group K, (F)/p for fields of
characteristic p.

Theorem 5 (Bloch—-Kato—Gabber, [BK, Th. 2.1]). Let F be a field of characteristic p.
Then the differential symbol

d da,
dr: Ko(F)/p— QF,  {a, ...,an}H%/\ op Ban

1 Gn,
is injective and its image coincides with the kernel v, (F') of the homomorphism ¢ (for
the definition see Case 2 of 2.1). In other words, the sequence

dr

0 —— Ku(F)/p Q. —2— Qp/dQp!

is exact.

This theorem relates the Milnor K -group modulo p of a field of characteristic p
with a submodule of the differential module whose structure is easier to understand.
The theorem is important for Kato’s approach to higher local class field theory. For a
sketch of its proof see subsection A2 in the appendix to this section.

There exists a natural generalization of the above theorem for the quotient groups
K, (F)/p* by using De Rham—Witt complex ([BK, Cor. 2.8]).

Now, we recall well known Tate’s conjecture concerning the torsion subgroup of the
Milnor K -groups.

Conjecture 2 (Tate). Let F' be a field and p be a prime integer.
(i) If char(F)#p and (, € F, then ,K,,(F)={(p} - Kn_1(F).
(ii) If char (F) =p then K, (F)=0.

This conjecture is trivial in the case where n < 1. In the other cases we have the
following theorem.
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Theorem 6. Let F be a field and n be a positive integer.

(1) Tate’s Conjecture holds if n <2 (Suslin, [S]),
(2) Part (ii) of Tate’s Conjecture holds for all n (Izhboldin, [11]).

The proof of this theorem is closely related to the proof of Satz 90 for K -groups.
Let us recall two basic conjectures on this subject.

Conjecture 3 (Satz 90 for K,,). If L/F is a cyclic extension of degree p with the
Galois group G = (o) then the sequence

Kn(L) =% KoL) 25 K, (F)

is exact.

There is an analogue of the above conjecture for the quotient group K,,(F')/p. Fix
the following notation till the end of this section:

Definition. For a field F' set
kn(F) = Kn(F)/p.

Conjecture 4 (Small Satz 90 for k, ). If L/F is a cyclic extension of degree p with
the Galois group G = (o), then the sequence

ip,L®(l—0o
—— 5

ko (F) ® k(L) L k(L) 2 b (F)

is exact.
The conjectures 2,3 and 4 are not independent:

Lemma (Suslin). Fix a prime integer p and integer n. Then in the category of all
fields (of a given characteristic) we have

(Small Satz 90 for k,, ) + (Tate conjecture for ,K, ) <= (Satz 90 for K, ).
Moreover, for a given field F' we have
(Small Satz 90 for k) + (Tate conjecture for ,K,) = (Satz 90 for K,,)
and

(Satz 90 for K, ) = (small Satz 90 for k).

Satz 90 conjectures are proved for n < 2 (Merkurev-Suslin, [MS1]). If p = 2,
n = 3, and char (F) # 2, the conjectures were proved by Merkurev and Suslin [MS]
and Rost. For p = 2 the conjectures follow from recent results of Voevodsky. For fields
of characteristic p the conjectures are proved for all n:
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Theorem 7 (Izhboldin, [I1]). Let F' be a field of characteristic p and L/F be a cyclic
extension of degree p. Then the following sequence is exact:

l—0o Np/r n+l n+l
0— Ky (F) = Kp(L) — Ky(L) —— Ky(F) = H,;7 (F) = H;" (L)

2.5. On the group K};(F)

In this subsection we discuss the same issues, as in the previous subsection, for the
group K (F).

Definition. Let F' be a field and p be a prime integer. We set
DK, (F)= (| mKn(F) and D,K,(F)=()p Kn(F).

m>1 120
We define the group K!(F') as the quotient group:
K}(F) = Kn(F)/DK,(F) = Kn(F)/ () mEn(F).

m>1

The group K (F) is of special interest for higher class field theory (see sections 6,
7 and 10). We have the following evident isomorphism (see also 2.0):

KE(F) ~ im (Kn(F) — lim, Kn(F)/m) .

The quotient group K (F)/m is obviously isomorphic to the group K, (F)/m. As
for the torsion subgroup of K (F), it is quite natural to state the same questions as for
the group K, (F).

Question 1. Are the K!-analogue of Tate’s conjecture and Satz 90 Conjecture true for
the group K (F)?

If we know the (positive) answer to the corresponding question for the group K, (F)),
then the previous question is equivalent to the following:

Question 2. Is the group DK,,(F') divisible?

At first sight this question looks trivial because the group D K,,(F') consists of all
divisible elements of K, (F'). However, the following theorem shows that the group
DK, (F) is not necessarily a divisible group!

Theorem 8 (Izhboldin, [13]). For every n > 2 and prime p there is a field F' such
that char (F)) #p, (, € F and
(1) The group DK, (F') is not divisible, and the group D,K,(F’) is not p-divisible,
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(2) The K'-analogue of Tate’s conjecture is false for K. :
p K (F) # {Gp} - K,y (B).
(3) The K'-analogue of Hilbert 90 conjecture is false for group K (F).

Remark 1. The field F' satisfying the conditions of Theorem 8 can be constructed as
the function field of some infinite dimensional variety over any field of characteristic
zero whose group of roots of unity is finite.

Quite a different construction for irregular prime numbers p and F' = Q(y,,) follows
from works of G. Banaszak [B].

Remark 2. If F is afield of characteristic p then the groups D, K,,(F) and DK, (F)
are p-divisible. This easily implies that , K (F) = 0. Moreover, Satz 90 theorem
holds for K7, in the case of cyclic p-extensions.

Remark 3. If F' is a multidimensional local fields then the group K/ (F) is studied in
section 6 of this volume. In particular, Fesenko (see subsections 6.3—6.8 of section 6)
gives positive answers to Questions 1 and 2 for multidimensional local fields.
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A. Appendix to Section 2

Masato Kurihara and Ivan Fesenko

This appendix aims to provide more details on several notions introduced in section 2,
as well as to discuss some basic facts on differentials and to provide a sketch of the
proof of Bloch—-Kato—Gabber’s theorem. The work on it was completed after sudden
death of Oleg Izhboldin, the author of section 2.

Al. Definitions and properties of several basic notions
(by M. Kurihara)

Before we proceed to our main topics, we collect here the definitions and properties of
several basic notions.

Al.1. Differential modules.

Let A and B be commutative rings such that B is an A-algebra. We define Q}B /A
to be the B-module of regular differentials over A. By definition, this B-module
Q}g /A is a unique B-module which has the following property. For a B-module
M we denote by Dera(B, M) the set of all A-derivations (an A-homomorphism
@:B — M is called an A-derivation if o(zy) = xp(y) + ye(x) and p(x) = 0 for
any z € A). Then, ¢ induces : Q}B/A — M (p =@ od where d is the canonical

derivation d: B — 9}3 /A ), and ¢ +— & yields an isomorphism
Der (B, M) = Homp(Qp 4, M).

In other words, Q}B /A is the B-module defined by the following
generators: dz forany z € B
and relations:

d(zy) = xdy + ydx

dr=0 forany x € A.
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If A=7Z, we simply denote Q}B/Z by Q}3.

When we consider QL‘ for alocal ring A, the following lemma is very useful.
Lemma. If A is a local ring, we have a surjective homomorphism

Ay A — Q)

db
a®b>—>adlogb:a?.

The kernel of this map is generated by elements of the form

k !
D @i ®a) =Y (b @by)
i=1 i=1

for a;, b; € A* such that Zf;lai = Zézlbi.

Proof. First, we show the surjectivity. It is enough to show that zdy is in the image of
the above map for z, y € A. If y isin A*, zdy is the image of zy ® y. If y is not
in A*, y is in the maximal ideal of A, and 1+ y isin A*. Since zdy = zd(1 +y),
xdy is the image of z(1 +y) ® (1 +y).

Let J be the subgroup of A ® A* generated by the elements

k !
D @i ®a) =Y (b @by)
i=1 i=1

for a;, b; € A* such that X% a; =X!_b;. Put M = (A ®z A*)/J. Since it is clear
that J is in the kernel of the map in the lemma, a ® b — adlogb induces a surjective
homomorphism M — Ql,, whose injectivity we have to show.

We regard A ® A* as an A-module via a(z ® y) = ax @ y. We will show that J
is a sub A-module of A ® A*. To see this, it is enough to show

k !
Z(wai ® a;) — Z(.rb@ ®b)eJ
i=1 i=I
forany x € A. If x € A*, x can be written as x = y + z for some y, z € A*, so we
may assume that x € A*. Then,

k !
Z(f’?ai ® a;) — Z(-Tbi ® b;)
i=1 i=1

k !
= Z(xai ® ra; — xa; QT) — Z(xbi ® xb; — xb; @ x)
i=1 i=1
k !
=) (@a; ®xa;) — > _(xh; @ xby) € J.
i=1

1=1
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Thus, J is an A-module, and M = (A ® A*)/J is also an A-module.
In order to show the bijectivity of M — Q!,, we construct the inverse map
Qh — M. By definition of the differential module (see the property after the defini-
tion), it is enough to check that the map
i A— M r—rxx (fxe A"
r—=(l+x)0+x) (fzdgAY)
is a Z-derivation. So, it is enough to check p(zy) = zp(y) + yp(x). We will show this
in the case where both x and y are in the maximal ideal of A. The remaining cases
are easier, and are left to the reader. By definition, xp(y) + yp(x) is the class of
z(l+y) A +y)+y(l+2)R(1+x)
=(l+2) 0+ @0 +y) —(1+y)@(1+y)
+(1+yd+2)(0+x)—(1+2)R (1 +2)
=(l+2)(1+y@+2)(1+y)—(1+2) @1 +x)
-+ +y).

But the class of this element in M is the same as the class of (1+xy)® (1+xy). Thus,
 is a derivation. This completes the proof of the lemma. O

By this lemma, we can regard Q! as a group defined by the following
generators: symbols [a,b} for a € A and b € A*
and relations:

[a; +ap, b} = [ay, b} + [ap, b}

[a,b1b2} =T[a, b1} +[az, by}
K

! k !
Z[ai, a;} = Z[bi’ b;} where a;’s and b;’s satisfy Z a; = Z b;.

i=1 i=1 i=1 i=1
Al.2. n-th differential forms.

Let A and B be commutative rings such that B is an A-algebra. For a positive
integer n > 0, we define Q'% /A by

73/,4 = /\QIB/A'
B

Then, d naturally defines an A-homomorphism d: Q' /A = 9%7{4, and we have a
complex
n—1 1
e QL — Qg — QFT —

which we call the de Rham complex.
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For a commutative ring A, which we regard as a Z-module, we simply write Q"
for QZ/Z. For a local ring A, by Lemma Al.1, we have Q7% = A\"}(A ® A*)/J),
where J is the group as in the proof of Lemma A1.1. Therefore we obtain

Lemma. If A is a local ring, we have a surjective homomorphism
A®AHP" — Q%7
db db
AR @ .. @by > At A A
bl bn
The kernel of this map is generated by elements of the form
k l
Y i®a; @b .. ®@by_)— Y (b @b @b & ... ®bp_y)
=1 =1
(where Zleai = Zézlbi)
and

a®b ®..Qb, with b;=0b; for some i+ j.

A1.3. Galois cohomology of Z/p"(r) for a field of characteristic p > 0.

Let F' be a field of characteristic p > 0. We denote by F*°P the separable closure
of F' in an algebraic closure of F'.

We consider Galois cohomology groups H%(F, —) := H%(Gal(F*® /F), —). For an
integer r > 0, we define

HYF,Z/p(r)) = HI~"(Gal(F*P/F), QFpsep 1og)
where Q}sep’log is the logarithmic part of Q7.p, namely the subgroup generated by
dlogaj A ... Ndloga, forall a; € (F5P)*.
We have an exact sequence (cf. [I, p.579])
0 — Qe oy — Lppser ——1 Dpep /dQch — 0

where F is the map
db db, dby db,
Fla—AN...A =aP— A ... .
(@ b)Y, s
Since Q'.p is an F'-vector space, we have

Hn(F, Q%sep) = 0

forany n > 0 and r > 0. Hence, we also have
H"(F, Qe /dQhey) = 0
for n > 0. Taking the cohomology of the above exact sequence, we obtain

Hn(F, QTFsep’log) =0
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for any n > 2. Further, we have an isomorphism

H'(F, Qpep 1) = cOker(Qf —— Q. /dQ} ")
and

HO(F, Qep 10p) = ker(Qfp ——5 Q7 /dQ5 ).
Lemma. For a field F' of characteristic p > 0 and n > 0, we have

H™\(F,Z,/p(n)) = coker(Q == Q1 /dQn")
and
H™(F,Z,/p(n)) = ker(Q) ——5 QI /dQy").

Furthermore, H™(F,7Z/p (n — 1)) is isomorphic to the group which has the following
generators: symbols [a,by,...,b,_1} where a € F, and by,...,b,_1 € F*
and relations:

[a1 +a2,b1, ...,bn,l} = [al,b],...,bn,]} + [az,bl, ...,bnfl}

[a,byy .o, b}y b1} =[a, by, ooy by b1} + [a, by, o, O b1 }
la,a,by,....;b, 1} =0

[a? —a,by,by,y.ccc;byy1} =0

la,b1,....;bp—1} =0 whereb; = b; for some i # j.

Proof. The first half of the lemma follows from the computation of H"(F, Q" )

FseP log
above and the definition of HY(F,Z/p (r)). Using
H™F,Z/p(n — 1)) = coker(Q ' £ or1 /qqn-2)
and Lemma A 1.2 we obtain the explicit description of H™(F,Z/p (n — 1)). O

We sometimes use the notation H'(F') which is defined by
Hy(F) = H(F,Z/p(n — 1)),

Moreover, for any i > 1, we can define Z/p’(r) by using the de Rham-Witt
complexes instead of the de Rham complex. For a positive integer ¢ > 0, following
Mlusie [11, define HY(F,Z/p"(r)) by

HIYF,Z/p'(r) = HI™"(F, Wi 1og)

where WiQ}sepylog is the logarithmic part of W;Q%ep.
Though we do not give here the proof, we have the following explicit description of
H™(F,7Z/ p’ (n — 1)) using the same method as in the case of i = 1.
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Lemma. For a field F' of characteristic p > 0 let W;(F') denote the ring of Witt
vectors of length i, and let F: W;(F) — W;(F) denote the Frobenius endomorphism.
Forany n >0 and i >0, HW(F,Z/p' (n — 1)) is isomorphic to the group which has
the following

generators: symbols [a,by,...,b,_1} where a € Wi(F), and by,...,b,_| € F*

and relations:

[ay +a2,b1,...., 01} =[a1,b1, ..., b1} + a2, b1, .ccibp_1}
[0, D1, coeey by by 1} = @b, oy by ool 1 } 410, D1, ey U by 1}
[,...,0,a,0,...,0),a,bp,..... b1} =0
[F(a) —a,by,byy.c;bpy_1} =0
[a,b1,.....0,—1} =0 where bj = by, for some j # k.
We sometimes use the notation

Hy (F) = H"(F, Z[p' (n — 1).

A2. Bloch-Kato—Gabber’s theorem (by I. Fesenko)

For a field k of characteristic p denote

Un = vn(k) = H™(k, Z/p (n)) = ker(p: QF — QF /dQy~"),

dby dby, db db,, .
=F-L(a—A--AN—) =@ —a)— AN - AN—+dQ}" .
© (a b b ) (a a) b b +dQy;
Clearly, the image of the differential symbol
d da,
de: Kn(B)/p— QF,  {a1, ... an} > —L A oo p 20
aq QA

is inside v, (k). We shall sketch the proof of Bloch—Kato—Gabber’s theorem which
states that dj; is an isomorphism between K, (k)/p and v, (k).
A2.1. Surjectivity of the differential symbol dj: K,,(k)/p — v, (k).

It seems impossible to suggest a shorter proof than original Kato’s proof in [K, §1].
We can argue by induction on n; the case of n =1 is obvious, so assume n > 1.

Definitions—Properties.
(1) Let {b;}ics bea p-base of k (I is an ordered set). Let S be the set of all strictly
increasing maps
s:{l,...,n} — I
For two maps s,t: {1, ...,n} — I write s < t if s(i) < t(7) for all ¢ and
s(i) # t(¢) for some 1.
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(2) Denote dlog a := a~'da. Put
ws = dlog by A -+ A dlog by).

Then {w; : s € S} is a basis of Q] over k.
(3) Foramap 6:1 — {0,1, ...,p— 1} such that 0(i) = 0 for almost all 7 set

bo = [ 67

Then {bgws} is a basis of Q} over kP.
(4) Denote by Qj'(0) the kP-vector space generated by byws,s € S. Then Q7(0) N
dQZ‘l = 0. For an extension [ of k, such that k¥ D [P, denote by an/k the
module of relative differentials. Let {b;};c; be a p-base of | over k. Define
Q;‘/k(ﬁ) foramap 6:1 — {0,1, ...,p — 1} similarly to the previous definition.
The cohomology group of the complex

Q)7 0) = Qf1.(0) — L 0)

is zero if # # 0 and is Qf/k(O) if 0 =0.
We shall use Cartier’s theorem (which can be more or less easily proved by induction
on |l : k|): the sequence
0= I"/k* = Q. — Q) /dl

is exact, where the second map is defined as b mod k£* — dlog b and the third map is
the map adlog b +— (a? — a)dlog b+ dl.

Proposition. Let Q}}(<s) bethe k-subspace of Q] generated by all w; for s >t € S.
Let kP~ = k and let a be a non-zero element of k. Let I be finite. Suppose that

(@ — a)ws € Qp(<s) + dQZ_l.
Then there are v € Q7 (<s) and

z; € KP({b; 1 g <s(@)}) for 1<i<n

such that

aws =v+dlog xy A--- Adlog x,,.
Proof of the surjectivity of the differential symbol. First, suppose that kP~! = k and
I is finite. Let S = {sy, ..., 8y, } with sy > -+ > s,,,. Let so:{1,...,n} — I

be a map such that sy > s;. Denote by A the subgroup of QF generated by
dlog xy A --- Ndlog x,. Then A C v,. By induction on 0 < j < m using the
proposition it is straightforward to show that v,, C A + Q}(<s;), and hence v,, = A.
To treat the general case put c(k) = coker(k, (k) — v,(k)). Since every field is the
direct limit of finitely generated fields and the functor ¢ commutes with direct limits, it
is sufficient to show that c(k) = O for a finitely generated field k. In particular, we may
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assume that k has a finite p-base. For a finite extension &’ of k there is a commutative
diagram
kn(k,) —_— Vn(k/)

Nk,/kl Trk//kl

kn(k) —— vp(k).

Hence the composite c(k) — c(k') M c(k) is multiplicationby |k’ : k|. Therefore,
if |k’ : k| is prime to p then c(k) — c(k’) is injective.

Now pass from k to a field [ which is the compositum of all I; where [;;; =
Li(*/l;_1), lo=k. Then [ =IP~!. Since I/k is separable, [ has a finite p-base and
by the first paragraph of this proof c(l) = 0. The degree of every finite subextension in
[/k is prime to p, and by the second paragraph of this proof we conclude c(k) =0, as
required. O

Proof of Proposition. First we prove the following lemma which will help us later for
fields satisfying kP~! = k to choose a specific p-base of k.

Lemma. Let | be a purely inseparable extension of k of degree p and let k:pfll = k.
Let f:1 — k be a k-linear map. Then there is a non-zero ¢ € | such that f(c*) =0
forall 1 <t <p—1.

Proof of Lemma. The [-space of k-linear maps from [ to £ is one-dimensional, hence
f =ag for some a € [, where g:1 = k(b) — Qll/k/dl =k, x— xdlog b mod dl for
every z € [. Let a = gdlog b generate the one-dimensional space Qll Ik /dl over k.
Then there is h € k such that gPdlog b — ha € dl. Let z € k be such that 2P~ = h.
Then ((g/2)? —g/z)dlog b € dl and by Cartier’s theorem we deduce that there is w € [
such that (g/z)dlog b = dlog w. Hence o = zdlog w and Qll/k =dlUkdlog .

If f(1) = adlog b #0, then f(1) = gdlog c with g € k,c € [* andhence f(c') =0
forall 1 <i<p—1. J

Now for s:{1, ...,n} — I asin the statement of the Proposition denote
ko=kP({b; 1 i <s()}), ki1 =kP{{b; :i <s(D)}), ky=EkP{b; :i<s(n)}).

Let ‘kz : k1| =p".

Let a =), xhby. Assume that a ¢ k;. Then let 6, j be such that j > s(n) is the
maximal index for which 6(j) #0 and xy # 0.

Q7 (0)-projection of (a” — a)w, is equal to —zhbows € QP (<s)(0) + dQZ_l(H).
Log differentiating, we get

—2h (D 0(i)dlog b;)by A w, € dQR(<s)(0)
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which contradicts —xeﬁ(j)bgdlog bj Nws & dQ}(<s)(0). Thus, a € k.
Let m(1) < -+ < m(r —n) be integers such that the union of m’s and s’s is
equal to [s(1), s(n)] NZ. Apply the Lemma to the linear map

frky = Qg /dQ;;/lkO Sko, b baws A d10g bty A -+ - A d10g bp(r_n)-
Then there is a non-zero ¢ € k; such that

claws A dlog bty A - -+ A d10g byy(r—n) € dQ), /lk for 1 <ig<p—1.

Hence sz/kO(O)-projection of claw, A dlog by A - - Adlog byyr—py for 1 < i <
p — 1 is zero.
If ¢ € ko then sz/kO(O)—projection of aws A dlog b,y A -+ A dlog byyr—p) 1S
zero. Due to the definition of ky we get
B = (@’ — aws A d10g bty A=+ A d10g by € dQ .
Then Q) 2 ko (0)-projection of 3 is zero, and so is Q /k (0)-projection of
aPws A dlog bm(]) A -+ Adlog bm(rfn)a

a contradiction. Thus, ¢ ¢ k.
From dky C ZKS(])debi we deduce dkg A QZ_I C Qp(<s). Since ko(c) =

ko(bs(1y), there are a; € ko such that by = Zf—_ol a;c’. Then
adlog bgy A+ - - ANdlog by = a’dlog bs2) - - Adlog bsy Adlog ¢ mod Q(<s).
Define s": {1, ...,n— 1} — I by s'(j) = s(j + 1). Then
aws = vy +ad'wg Adlog ¢ with v € QF(<s)

and c'a’wy A dlog c A dlog b1y A -+ - A d1og byyr—py € A2, The set

I'={c} U{b; : s(1) < i< s(n)}

is a p-base of ky/ko. Since c'a’ for 1 <i < p — 1 have zero k»(0)-projection with
respect to I’, there are ay € ko, a} € ®gnkiby with by =[] )i b’ such
that a’ = a;, + a].

The image of aw, A dlog by,1y A -+ - A dlog byy—py with respect to the Artin—
Schreier map belongs to QZZ Jko and so is

k/k

(a'p — a’)d log ¢ A wg A dlog bm(l) A---Adlog bm(r_n)
which is the image of
a'dlog ¢ Awg A d1og by A+ -+ A d10g biyr—n)-

Then o'’ — aj), as ko(0)-projection of a’” — @', is zero. So a’ — a’” = a].

Note that d(ajwy) A dlog c € dQ} K/ ko (<s) = Qz/kl (<s) Adlog c.
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Hence d(a)ws) € ko/k (<s)+dlog c A ko/k Therefore d(ajws) € ko/k (<s)
and ajwy = o+ with a € Qk/k (<s), B € ker(d: QZ/kl — QZ/kl)

Since k(0)-projection of a is zero, QZ /kl (0)-projection of ajw, is zero. Then
we deduce that 3(0) = thekl tes ThWe, 80 ajwy = a+ B(0) + (B — 5(0)). Then
B—B(0) € ker(d: Qg/k} — Q)50 f-5(0) € Q2 i - Hence (a/—a"")wyr = djwy
belongs to Qk/k (<s') +dQ;~ 2. By induction on n, there are v/ € Q" l(<s),
x; € kP{b; : j < s(i)} such that d'wy = v' +dlog 3 A --- A dlog x,,. Thus,
awszvlidlogcAv’:tdlogc/\dlogxg/\"-/\dlog:cn. O

A2.2. Injectivity of the differential symbol.

We can assume that £ is a finitely generated field over [F),. Then there is a finitely
generated algebra over IF,, with a local ring being a discrete valuation ring O such that
O/M is isomorphic to k and the field of fractions E of O is purely transcendental
over [F),.

Usmg standard results on K,,(I(¢)) and Q‘l(t) one can show that the injectivity of d
implies the injectivity of d;;). Since dp, is injective, sois dg.

Define k,(0) = ker(k,(FE) — k,(k)). Then k,(O) is generated by symbols and
there is a homomorphism

kn(0) = kn(k), {ay,...,an} —{ai, ...,an}t,

where @ is the residue of a. Let k,(O, M) be its kernel.
Define v,(0) = ker(Q{ — Qg/dﬂgfl), vn (0, M) = ker(v,,(0) — v, (k)). There
is a homomorphism k,(O) — v,(O) such that

{ay, ...,a,} — dlog a; A --- ANdlog a,.
So there is a commutative diagram

0 — k,(OOM) —— k,(O) —— k,(k) ——— 0

N

0 — 1, (O, M) —— 1,(O) —— v,(k)

Similarly to A2.1 one can show that ¢ is surjective [BK, Prop. 2.4]. Thus, dj is
injective. U
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4. Cohomological symbol
for henselian discrete valuation fields
of mixed characteristic

Jinya Nakamura

4.1. Cohomological symbol map

Let K beafield. If m is prime to the characteristic of K, there exists an isomorphism
hy g K*/m — HY(K, i)
supplied by Kummer theory. Taking the cup product we get
(K*/m)? — HUK, Z/m(q))
and this factors through (by [T])
hg ki Ko(K)/m — HYK,Z/m(q)).
This is called the cohomological symbol or norm residue homomorphism.

Milnor-Bloch-Kato Conjecture. For every field K and every positive integer m
which is prime to the characteristic of K the homomorphism hy i is an isomorphism.

This conjecture is shown to be true in the following cases:
(i) K is an algebraic number field or a function field of one variable over a finite field
and ¢ = 2, by Tate [T].
(ii) Arbitrary K and ¢ =2, by Merkur’ev and Suslin [MS1].
(iii) ¢ = 3 and m is a power of 2, by Rost [R], independently by Merkur’ev and
Suslin [MS2].
(iv) K is a henselian discrete valuation field of mixed characteristic (0, p) and m is a
power of p, by Bloch and Kato [BK].
(v) (K, q) arbitrary and m is a power of 2, by Voevodsky [V].
For higher dimensional local fields theory Bloch—Kato’s theorem is very important
and the aim of this text is to review its proof.
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Theorem (Bloch—Kato). Let K be a henselian discrete valuation fields of mixed char-
acteristic (0,p) (i.e., the characteristic of K is zero and that of the residue field of K
is p>0), then

hq x: K (K)/p" — HUK,Z/p"(q))

is an isomorphism for all n.

Till the end of this section let K be as above, k = kg the residue field of K.

4.2. Filtration on K (K)

Fix a prime element 7 of K.

Definition.

K, (K), m =0
({1+M%} Ko 1(K)), m > 0.
Put gr,,, K((K) = Up, Ky(K) /U1 Ky (K).

UK (K) = {

Then we get an isomorphism by [FV, Ch. IX sect. 2]
Ky(k) @ K, 1(k) 2% grg K (K)
0 ({xl, oo xgt {yns ...,yq_l}) ={z1, ....,xg} +{y1, ..., Yg—1,7}

where 7 is alifting of . This map pg depends on the choice of a prime element 7 of
K.
For m > 1 there is a surjection

Qg Q17 Ly or K (K)

defined by
d dyg— N __
(xyl/\.../\ Ya 1,0>»—>{1+7Tm33,y1,...,yq_1},
1 Yq—1
d dyq— N .
(0,:Uyl/\ ---/\yqz> — {1+ 72, Y1, ., Yg—2, T}
1 Yg—2
Definition.

kq(K) = K(K)/p, he(K) = HY(K, Z/p(q)),
Umkq(K) = lm(Uqu(K)) in kq(K)a Umhq(K) = hq,K(Umkq(K))a
grmhq(K) = Umhq(K)/Umth(K)-
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_ -1
Proposition. Denote vy(k) = ker(Q] 1=, Ql/ dQZ_l) where C~' is the inverse
Cartier operator:

d d d d
xﬂ/\ -~-/\ﬁr—>xpﬂ/\ .../\&_
Y1 Yq Y1 Yq
Put ' =pe/(p — 1), where e = vk (p).

(i) There exist isomorphisms vy,(k) — kq(k) for any q; and the composite map
denoted by py

po: Vg(k) @ vg_1(k) = kq(k) @ kq_1(k) = groky(K)

is also an isomorphism.
() If 1 <m <e€ and ptm, then p,, induces a surjection

ﬁm:Qz_l — gk (K).
(i) If 1 <m <€ and p | m, then p,, factors through
P QU287 G Q722977 = gry kg (K)
g+l

and Dy, is a surjection. Here we denote Z| = Z1Q] =ker(d: Q] — Q™).
(iv) If m=¢' € Z, then p factors through

P QI /(140028 @ QI /(1 +aC) 2872 = groky(K)

and p.: is a surjection.

Here a is the residue class of pm=°

, and C is the Cartier operator

d d d d
W dyg o dy o dyy

Y1 Yq n Yq
(V) If m > €, then gr,,kq,(K)=0.

, deit 0.

Proof. (i) follows from Bloch—Gabber—Kato’s theorem (subsection 2.4). The other
claims follow from calculations of symbols. O

Definition. Denote the left hand side in the definition of p,, by GZ,. We denote

h
the composite map G, Loy g kg (K) —f, gr,,hi(K) by pn; the latter is also
surjective.
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4.3

In this and next section we outline the proof of Bloch—Kato’s theorem.

4.3.1. Norm argument.

We may assume ¢, € K to prove Bloch—-Kato’s theorem.
Indeed, |K((p) : K| is a divisor of p — 1 and therefore is prime to p. There exists
a norm homomorphism Ny x: K,(L) — Ky (K) (see [BT, Sect. 5]) such that the
following diagram is commutative:

K" —— KDt 5 K

[run [ [run

HYK,Z/p"(q) ——— HIUL,Z/p"(q)) —— HUK,Z/p"(q))

where the left horizontal arrow of the top row is the natural map, and res (resp. cor)
is the restriction (resp. the corestriction). The top row and the bottom row are both
multiplication by |L : K|, thus they are isomorphisms. Hence the bijectivity of h, x
follows from the bijectivity of h, 7 and we may assume ¢, € K.
4.3.2. Tate’s argument.

To prove Bloch—Kato’s theorem we may assume that n = 1.

Indeed, consider the cohomological long exact sequence

= HINK, Z/p(g)) > HUK, Z/p" " \(q) B HYK,Z/p"(@) = ...

which comes from the Bockstein sequence

0—2Z/p" ' Bz/pm 2% 7/ 0.
We may assume ¢, € K, so Hq*I(K, Z/p(q)) =~ hg—1(K) and the following diagram

is commutative (cf. [T, §2]):

{*:Cp} mod p

kg 1(K) —2% K K)/p*! —F— K (K)/p" — ky(K)

J{hqfl,K hq,KJ( hq,Kl hq’Kl

mod p

hi-NK) —" HIYK,Z/p" (q)) —2— HUK,Z/p"(q)) ——> hi(K).

The top row is exact except at K (K)/ p"~! and the bottom row is exact. By induction
on n, we have only to show the bijectivity of hg x: kq(K) — h9(K) forall ¢ in order
to prove Bloch—Kato’s theorem.
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4.4. Bloch-Kato’s Theorem

We review the proof of Bloch—Kato’s theorem in the following four steps.
I Do grmkqe(K) — grp, h9(K) is injective for 1 <m < €.

IT  po: groky(K) — groh?(K) is injective.

I hY9(K)=Uphi(K) if k is separably closed.

IV hi(K) = Uyhi(K) for general k.

4.4.1. Step L.

Injectivity of p,, is preserved by taking inductive limit of k. Thus we may assume
k is finitely generated over I, of transcendence degree r < oco. We also assume
Cp € K. Then we get

gt h2(K) = Ug h(K) # 0.

For instance, if 7 = 0, then K is a local field and U, h*(K) = pBr(K) =Z/p. If
r > 1, one can use a cohomological residue to reduce to the case of » = 0. For more
details see [K1, Sect. 1.4] and [K2, Sect. 3].

For 1 < m < €/, consider the following diagram:

PmXPel _m

G1, x G g hA(K) @ grer ™27 9(K)

Pm l cup productl

Qe - G s gro W2 (K)

where o, is, if p{m, induced by the wedge product QZ_I X Qzﬂ_q — Qr /i,
and if p | m,
-1 -2 +1— —
Ql Ql y QT ot
—1 -2 +1— r—q
Z ot ot 4
(1,22, Y1,Y2) — x1 Adys + 22 N dyi,

m 71
£, Q1 /40y

and the first horizontal arrow of the bottom row is the projection
Q1/dQI" — QF /(1 +a Q) Z] = GLF2

since Q};‘”l =0 and dQZ_l C (I+aC)Z{. The diagram is commutative, Qj / dQ};_l
is a one-dimensional kP-vector space and ¢,, is a perfect pairing, the arrows in the
bottom row are both surjective and gr..h"*?(K) # 0, thus we get the injectivity of B,.
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4.4.2. Step IL

Let K’ be a henselian discrete valuation field such that K C K', e(K'|K) =1
and kg = k(t) where t is an indeterminate. Consider

Ul+nt

grohg(K) = grih®™ (K.
The right hand side is equal to QZ(t) by (I). Let ¢) be the composite

va(k) @ vg_1 (k) 2% groh?(K) 2 gr ha* I (K') ~ QF .
Then
d d d d
¢<“A ...A%O) N
Tl Lgq T1 Lq
d dx,_ d dz,_
1/}(07'%1/\ .../\qu) ::I:dt/\ﬂ/\ .../\M_
T Tg—1 X Tg—1

Since ¢ is transcendental over k, % is an injection and hence p is also an injection.

4.4.3. Step III.
Denote sh(K) = Uph?(K) (the letter s means the symbolic part) and put

C(K) = h%(K)/shi(K).

Assume ¢ > 2. The purpose of this step is to show C'(K) =0. Let K bea henselian
discrete valuation field with algebraically closed residue field k- such that K C K,

k C kz and the valuation of K is the induced valuation from K. By Lang [L], K
is a C]-field in the terminology of [S]. This means that the cohomological dimension
of K is one, hence C(f( ) = 0. If the restriction C'(K) — C’(f( ) is injective then we
get C(K) = 0. To prove this, we only have to show the injectivity of the restriction
C(K) — C(L) forany L = K(b'/?) such that b € O% and b ¢ k?..

We need the following lemmas.

Lemma 1. Let K and L be as above. Let G = Gal(L/K) and let shi(L)% (resp.

sh4(L)g ) be G-invariants (resp. G-coinvariants ). Then
res or

(i) shi(K) — sh4(L)¢ BN shi(K) is exact.
res cor

(i) sh4(K) — shi(L)g — shi(K) is exact.

Proof. A nontrivial calculation with symbols, for more details see ([BK, Prop. 5.4]. ]

Lemma 2. Let K and L be as above. The following conditions are equivalent:
Ies cor

i) hTNK) = (D) =5 b YK) is exact.

Ies

(i) he 1K) 25 ha(K) % ha(L) is exact.
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Proof. This is a property of the cup product of Galois cohomologies for L/K. For
more details see [BK, Lemma 3.2]. 0

By induction on ¢ we assume sh?~'(K) = h9~!(K). Consider the following
diagram with exact rows:

ht= 1 (K)
ub

0 —— shi(K) —— h1(K) —— CK) —— 0

I‘CSJ( res resl

0 —— shi(L) —— hIL)°E —— CO)°

cor J{ cor

0 —— shi(K) —— hiK).

By Lemma 1 (i) the left column is exact. Furthermore, due to the exactness of the
sequence of Lemma 1 (ii) and the inductional assumption we have an exact sequence

res

h N EK) = k(D) — hN(EK).
So by Lemma 2
res

RN 25 ha(K) 5 he(L)

is exact. Thus, the upper half of the middle column is exact. Note that the lower half of
the middle column is at least a complex because the composite map cor o res is equal to
multiplication by |L : K| = p. Chasing the diagram, one can deduce that all elements
of the kernel of C'(K) — C(L)¢ come from h?~!(K) of the top group of the middle
column. Now h9~1(K) = sh?~1(K), and the image of

sha=1(K) 2 he(K)

is also included in the symbolic part sh?(K) in h?(K). Hence C(K) — C(L)“ isan
injection. The claim is proved.

4.4.4. Step IV.
We use the Hochschild—Serre spectral sequence
H"(Gg, h{(Ky)) = hT7(K).
For any ¢,
Qlip ~ Qf @y k*P, 21 Qep =~ 219} @y (¥ PP
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Thus, gr,, h9(Ky) =~ gr,,h1(K) Qe (K5P)? for 1 < m < €’. This is a direct sum of
copies of k5P, hence we have

HO(Gy, Uy (Kw)) ~ Urh?(K)/Ues h*(K),

Hr(Gka Urh1(Ky)) =0

for 7 > 1 because H"(Gy, k*P) =0 for r > 1. Furthermore, taking cohomologies of
the following two exact sequences

0 — U1h%(Ky) — hi(Ky) — vl @ vy — 0,

C 1-c!
0 — Vi = Z1Q) ey —— Qlep — 0,

we have
H%Gr, MUK u)) ~ sh?(K) /U hUK) ~ kUK) /Ue k9(K),
HY(Go, () = H (G, Viep © Vi)
~ Q)1 -0ZQ) Q)1 -0z,
H" (G, h9(Kur) = 0

for r > 2, since the cohomological p-dimension of Gy, is less than or equal to one (cf.
[S, I1-2.2]). By the above spectral sequence, we have the following exact sequence

0— Q1 -0z e @I/ - 0217 — hi(K)
— kq(K)/Uerkg(K) — 0.

Multiplication by the residue class of (1 — (,)?/ e gives an isomorphism
@ /a-ozihe @ /a -0z
— QI /(1 +a0Z8H ® QI /(1 +aC) 27 ?) = groky(K),
hence we get h9(K) ~ ky(K).
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5. Kato’s higher local class field theory

Masato Kurihara

5.0. Introduction

We first recall the classical local class field theory. Let K be a finite extension of Q,
or F,((X)). The main theorem of local class field theory consists of the isomorphism
theorem and existence theorem. In this section we consider the isomorphism theorem.

An outline of one of the proofs is as follows. First, for the Brauer group Br(X), an
isomorphism

inv: Br(K) > Q/Z
is established; it mainly follows from an isomorphism
H'\(F,Q/Z) = Q/Z

where F’ is the residue field of K.
Secondly, we denote by )£ Kk = Homeoni(Gi, Q/7Z) the group of continuous homo-
morphisms from G = Gal(K/K) to Q/Z. We consider a pairing

K* x X — Q/Z

(a,x) — inv(x,a)

where (x,a) is the cyclic algebra associated with y and a. This pairing induces a
homomorphism

Wi K* — Gal(K®/K) = Hom(X i, Q/7Z)

which is called the reciprocity map.
Thirdly, for a finite abelian extension L/K, we have a diagram

L* —Y . Gal(L*/L)

Jl l

K* —2%, Gal(K™/K)
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54 M. Kurihara

which is commutative by the definition of the reciprocity maps. Here, IV is the norm
map and the right vertical map is the canonical map. This induces a homomorphism

Wk K*/NL* — Gal(L/K).

The isomorphism theorem tells us that the above map is bijective.
To show the bijectivity of ¥y, we can reduce to the case where |L : K| is a
prime £. In this case, the bijectivity follows immediately from a famous exact sequence

L & K 2% Br(K) =5 Br(L)
for a cyclic extension L/K (where Uy is the cup product with y, and res is the
restriction map).
In this section we sketch a proof of the isomorphism theorem for a higher dimensional
local field as an analogue of the above argument. For the existence theorem see the
paper by Kato in this volume and subsection 10.5.

5.1. Definition of H9(k)

In this subsection, for any field k£ and ¢ > 0, we recall the definition of the cohomology
group H9(k) ([K2], see also subsections 2.1 and 2.2 and A1 in the appendix to section 2).
If char (k) = 0, we define H9(k) as a Galois cohomology group

H(k) = H(k,Q/Z(q — 1))
where (¢ — 1) is the (¢ — 1) st Tate twist.
If char (k) = p > 0, then following Tllusie [1] we define

HY Kk, Z/p"(q — D) = H'(k, W Qi o,):

We can explicitly describe H%(k,Z/p"(q — 1)) as the group isomorphic to
Wak) @ (k@D /]

where W, (k) is the ring of Witt vectors of length n, and J is the subgroup generated
by elements of the form
w®b ® -+ ®by_1 such that b; = b; for some i # j, and
©,...,0,a,0,...,00®a®b; ®---by_2, and
F-D(w) @by @---®bg—1 (F is the Frobenius map on Witt vectors).
We define HY(k,Q,/Z,(q — 1)) = lilllHq(k, Z/p"(q — 1)), and define

H(k) = @ HI(k, Qe/Zy (g — 1))
4

where ¢ ranges over all prime numbers. (For ¢ # p, the right hand side is the usual
Galois cohomology of the (¢ — 1) st Tate twist of Qy/Z;.)
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Then for any k£ we have

Hl(/c) =Xy (X}, is as in 5.0, the group of characters),
H?(k) = Br(k) (Brauer group).

We explain the second equality in the case of char (k) = p > 0. The relation between
the Galois cohomology group and the Brauer group is well known, so we consider only
the p-part. By our definition,

H2(k, Z/p™(1)) = H" (k, Wy Qe jog)-

From the bijectivity of the differential symbol (Bloch—Gabber—Kato’s theorem in sub-
section A2 in the appendix to section 2), we have

H2(k, Z/p™ (1) = H' (k, (5P)* J(R5P)*P").
From the exact sequence
0 — (5P)" 25 (R5PY" — (BP)" /(RPY P — 0
and an isomorphism Br(k) = H?(k, (k%P)*), Hz(k:,Z/p"(l)) is isomorphic to the
p"-torsion points of Br(k). Thus, we get H 2(k) = Br(k).

If K isahenselian discrete valuation field with residue field F', we have a canonical
map

% HI(F) — HY(K).
If char(K) = char (F'), this map is defined naturally from the definition of H? (for
the Galois cohomology part, we use a natural map Gal(K5P/K) — Gal(Ky/K) =
Gal(F*?/F)) . If K is of mixed characteristics (0, p), the prime-to- p-part is defined
naturally and the p-part is defined as follows. For the class [w ® by ® --- ® by_1] in
HY(F,Z/p"(q — 1)) we define i&([w® by ® -+ @b,_1]) as the class of

W) @b ® - @by

in H'(K,Z/p"(q — 1)), where i: W, (F) — HY\(F,Z/p") — H'(K,Z/p") is the
composite of the map given by Artin—Schreier—Witt theory and the canonical map, and
b; is a lifting of b; to K.

Theorem (Kato [K2, Th. 3]). Let K be a henselian discrete valuation field, © be a
prime element, and F' be the residue field. We consider a homomorphism

i= %8 Un): H(F)© H7Y(F) — HYK)
(a,b) = i@ +ik® U
where % (b) U is the element obtained from the pairing

HIY(K) x K* — HY(K)
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which is defined by Kummer theory and the cup product, and the explicit description
of HY(K) in the case of char (K) > 0. Suppose char (F') = p. Then 1 is bijective in
the prime-to-p component. In the p-component, i is injective and the image coincides
with the p-component of the kernel of H1(K) — HY(Ky:) where Ky is the maximal
unramified extension of K.

From this theorem and Bloch—Kato’s theorem in section 4, we obtain

Corollary. Assume that char (F) = p > 0, |F : FP| = p®~!, and that there is an
isomorphism HY(F) = Q/Z.
Then, i induces an isomorphism

H™(K) =S Q/Z.

A typical example which satisfies the assumptions of the above corollary is a d-di-
mensional local field (if the last residue field is quasi-finite (not necessarily finite), the
assumptions are satisfied).

5.2. Higher dimensional local fields

We assume that K is a d-dimensional local field, and F' is the residue field of K,
which is a (d — 1)-dimensional local field. Then, by the corollary in the previous
subsection and induction on d, there is a canonical isomorphism

inv: H*\(K) S Q/Z.

This corresponds to the first step of the proof of the classical isomorphism theorem
which we described in the introduction.
The cup product defines a pairing

KyK)x HY(K) — H*\(K) ~ Q/Z.
This pairing induces a homomorphism
Wi Ky(K) — Gal(K®/K) ~ Hom(H ' (K), Q/Z)

which we call the reciprocity map. Since the isomorphism inv: HY(K) — Q/Z
is naturally constructed, for a finite abelian extension L/K we have a commutative
diagram

Hd+1(L) invg Q/Z

“

H*\ (K) ¢, Q/z.
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So the diagram

KuL) — Gal(L*/L)

v |
Ku(K) —25 5 Gal(K®/K)

is commutative where N is the norm map and the right vertical map is the canonical
map. So, as in the classical case, we have a homomorphism

¥, ki Ko(K)/NKq(L) — Gal(L/K).
Isomorphism Theorem. ¥y i is an isomorphism.

We outline a proof. We may assume that L/K is cyclic of degree ¢. As in the
classical case in the introduction, we may study a sequence

res

Ka(L) Y Ka(K) 2% H® () = YD),

but here we describe a more elementary proof.

First of all, using the argument in [S, Ch.5] by calculation of symbols one can obtain
|Ka(K) : NEy(L)| < .

We outline a proof of this inequality.

It is easy to see that it is sufficient to consider the case of prime ¢. (For another
calculation of the index of the norm group see subsection 6.7).

Recall that K4 (K) has a filtration U,,, K (K) as in subsection 4.2. We consider
g Kg(K) = Up Kg(K) [ Upp1 Kq(K).

If L/K is unramified, the norm map N: K4(L) — K4(K) induces surjective ho-
momorphisms gr,,, K4(L) — gr,, K4(K) forall m > 0. So U K4(K) isin NKy(L).
If we denote by F1 and F' the residue fields of L and K respectively, the norm
map induces a surjective homomorphism K ;(F1)/¢ — Ky(F)/¢ because Kq(F)/l is
isomorphic to H YFZ JU(d)) (cf. sections 2 and 3) and the cohomological dimension
of F' [K2,p.220]is d. Since groK4(K) = Kq(F)® K4_1(F) (see subsection 4.2), the
above implies that K,(K)/N K4(L) is isomorphic to K, 1(F)/NK4_1(FL), which
is isomorphic to Gal(Fy/F) by class field theory of F' (we use induction on d).
Therefore |Ky(K): NKy(L)| = 4.

If L/K is totally ramified and ¢ is prime to char (F'), by the same argument (cf.
the argument in [S, Ch.5]) as above, we have U K4 (K) C NK4(L). Let 7y, be a
prime element of L, and 7x = Ny i (wr). Then the element {ai,...,0q_1, 7K}
for a; € K* isin NK4(L), so K4(K)/NK4(L) is isomorphic to K4(F)/¢, which
is isomorphic to H4(F,Z/{(d)), so the order is £. Thus, in this case we also have
|Ky(K) : NKa(L)| = £.
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Hence, we may assume L/K is not unramified and is of degree ¢ = p = char (F).
Note that K4(F) is p-divisible because of Q% = 0 and the bijectivity of the differential
symbol.

Assume that L/K is totally ramified. Let 77, be a prime element of L, and o a
generator of Gal(L/K), and put a = O'(T['L)Tl'zl —1, b= Ny k(a), and vg(b—1) =1i.
We study the induced maps gr,(,) K q(L) — gr,, Kq(K) from the norm map N on the
subquotients by the argument in [S, Ch.5]. We have U, K4(K) C NK4(L), and can
show that there is a surjective homomorphism (cf. [K1, p.669])

QI Ky(K)/NKy(L)
such that
xdlogyy A ... Ndlogys—1 — {1 +Zb,y1,....,Yq_1}
(z,y; are liftings of = and y; ). Furthermore, from
Npk(l+za) =1+ (@ —2)b (mod Uy K¥),
the above map induces a surjective homomorphism
QL /((F — DQE! +dQE?) — Ky(K)/NKy(L).

The source group is isomorphic to H(F,Z/p(d — 1)) which is of order p. So we
obtain |K4(K): NKy4(L)| < p.

Now assume that L/K is ferociously ramified, i.e. F'/F is purely inseparable of
degree p. We can use an argument similar to the previous one. Let A be an element of
Or, suchthat F, = F(h) (h=h mod My, ). Let o be a generator of Gal(L/K), and
put a = o(h)h=' =1, and b= N, sk(a). Then we have a surjective homomorphism
(cf. [K1, p.669])

QY ((F - DQE! +dQE?) — Ku(K)/NKy(L)
such that
zdlogyi A ... Ndlogya—r Adlog N, yr(h) — {1 +Zb,yi, ..., Ya—2, 7}
(7 is a prime element of K'). So we get |Ky(K) : NKy(L)| < p.

So in order to obtain the bijectivity of W1, ,x, we have only to check the surjectivity.
We consider the most interesting case char (K) =0, char(F)=p >0, and ¢ =p. To
show the surjectivity of Wy, we have to show that there is an element z € K4(K)
such that xy Uz # 0 in H™!(K) where y is a character corresponding to L/K. We
may assume a primitive p-th root of unity is in K. Suppose that L is given by an
equation X? = a for some a € K \ KP. By Bloch-Kato’s theorem (bijectivity of
the cohomological symbols in section 4), we identify the kernel of multiplication by p
on H™*(K) with H*!(K,7Z/p(d)), and with K4,(K)/p. Then our aim is to show
that there is an element x € K4(K) such that {z,a} # 0 in kg (K) = Kg41(K)/p.
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(Remark. The pairing K (K)/p x Kq(K)/p — Ka+1(K)/p coincides up to a sign
with Vostokov’s symbol defined in subsection 8.3 and the latter is non-degenerate which
provides an alternative proof).

We use the notation of section 4. By the Proposition in subsection 4.2, we have

K1 (K)/p = kan(K) = Uerk i (K)
where €’ = vg(p)p/(p — 1). Furthermore, by the same proposition there is an isomor-
phism
HYE,Z/pd — 1)) = Q& /((F — DQE +dQE?) — kgr (K)
such that
xdlogyy A ... Ndlogyg_1 — {1 +Zb,y1,.... Yq_1,7}

where 7 is a uniformizer, and b is a certain element of K such that v (b) = ¢’. Note
that H4(F,Z/p(d — 1)) is of order p.

This shows that for any uniformizer = of K, and for any lifting ¢;,...,t4_; of a
p-base of F', there is an element © € Ok such that

{1+ We,:r,tl, woytg_1, T} #0

in kg1 (K).

If the class of a is not in U;k;(K), we may assume a is a uniformizer or a is a
part of a lifting of a p-base of F'. So it is easy to see by the above property that there
exists an x such that {a,z} #0. If the class of a isin U k;(K), itis also easily seen
from the description of U,/ kg1 (K) that there exists an x such that {a,z} #0.

Suppose a € U;ki(K) \ Ujr1k1(K) such that 0 < i < /. We write a = 1 + 7’a’
for a prime element m and o’ € O},. First, we assume that p does not divide i. We
use a formula (which holds in K, (K))

{1-a,1 =p}={l—-af,—at+{l —af,1 -8} —{l —af,1—a}
for « #0,1, and 8 #1,a~". From this formula we have in k,(K)
{1+ 1+7¢ 7} = {1 +7¢d'b,w'a’}
for b € Ok. So for a lifting t¢y,...,t4_; of a p-base of ' we have
{1+7ad 1+ we/_ib,tl, wotgo1 =41+ ﬂ'e/a’b, 7t e ta_1}
=i{l+7a'b,m ty, ... ta1}

in kg41(K) (here we used {1 + ﬂelx,ul,...,ud} = 0 for any units u; in kgy1(K)
which follows from Q‘fp = 0 and the calculation of the subquotients gr,,kg.1(K) in
subsection 4.2). So we can take b € Ok such that the above symbol is non-zero in
kq+1(K). This completes the proof in the case where ¢ is prime to p.
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Next, we assume p divides i. We also use the above formula, and calculate
{1+7%d, 1+(1+ bw)wel_i_l, mh={l+ We,_la/(l +bm), 1 +bm, 7}
= {1+7°a'b(1 +br),d (1 + br), w}.

Since we may think of a’ as a part of a lifting of a p-base of F', we can take some
z={l+(1+ brywe —t1 4y, eytq_2} such that {a,z} #0 in kg1 (K).

If ¢ is prime to char (F'), for the extension L/K obtained by an equation X* = a,
we can find x such that {a,z} # 0 in K4(K)/¢ in the same way as above, using
Kg(K) /0 = groKg41(K) /0 = Kq(F)/¢. In the case where char(K) =p > 0 we
can use Artin—Schreier theory instead of Kummer theory, and therefore we can argue
in a similar way to the previous method. This completes the proof of the isomorphism
theorem.

Thus, the isomorphism theorem can be proved by computing symbols, once we
know Bloch—Kato’s theorem. See also a proof in [K1].
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6. Topological Milnor K -groups of higher local fields

Ivan Fesenko

Let F'= K,,, ..., Ko = F; be an n-dimensional local field. We use the notation of
section 1.

In this section we describe properties of certain quotients K'P(F) of the Milnor
K -groups of I’ by using in particular topological considerations. This is an updated
and simplified summary of relevant results in [F1-F5]. Subsection 6.1 recalls well-
known results on K -groups of classical local fields. Subsection 6.2 discusses so
called sequential topologies which are important for the description of subquotients of
K"P(F) in terms of a simpler objects endowed with sequential topology (Theorem 1
in 6.6 and Theorem 1 in 7.2 of section 7). Subsection 6.3 introduces K'P(F), 6.4
presents very useful pairings (including Vostokov’s symbol which is discussed in more
detail in section 8), subsection 6.5—6.6 describe the structure of K'P(F") and 6.7 deals
with the quotients K (F')/l; finally, 6.8 presents various properties of the norm map on
K -groups. Note that subsections 6.6—6.8 are not required for understanding Parshin’s
class field theory in section 7.

6.0. Introduction

Let A be a commutative Hausdorff topological ring. Let X be an A-module. Suppose
that X is endowed with a topology which is translation invariant. Suppose that the
structure map A x X — X is continuous in each of the arguments. Then we call X
a topological A-module. Let I be a totally ordered countable set. A set {z;};,cr of
elements of X is called a set of topological generators of the A-module X if every
element © € X can be expressed as a convergent series »  a;x; with some a; € A,
where the terms of the sum correspond to the ordering of 7. A set of topological
generators {z;};c; of X is called a topological basis of X if for every j € I and
every non-zero a € A the element ax; cannot be expressed as a convergent series
Zi#j a;x; with some a; € A. If {z;};cs is a topological basis of X then every
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62 I. Fesenko

element z € X can be uniquely expressed as a convergent series Y a;x; with some
a; € A, and Z a;x; + Z b;x; = Z(al +b;)x;.

As an example, if F' is a complete discrete valuation field with finite residue field,
then its group of principal units U} g is a topological Z,-module. It has finitely many
topological generators if F' is of characteristic O (a finite topological basis if F' contains
no roots of unity of order a power of p) and it has a countable topological basis if F' is
of positive characteristic, see for instance [FV, Ch. I §6]. This representation of U; g
and a certain specific choice of its generators is quite important if one wants to deduce
the Shafarevich and Vostokov explicit formulas for the Hilbert symbol (see section 8).

Similarly, the group Vg of principal units of an n-dimensional local field F' is
topologically generated by 1 + 0t ... t\', 0 € pg_1 (see subsection 1.4.2). This
leads to a natural suggestion to endow the Milnor K -groups of F' with an appropriate
topology and use the sequential convergence to simplify calculations in K -groups.

On the other hand, the reciprocity map

W K, (F) — Gal(F®/F)

is not injective in general, in particular ker(Wg) D ﬂl>1 IK,(F)#0. So the Milnor
K -groups are too large from the point of view of class field theory, and one can pass
to the quotient K, (F)/ ﬂl>1 K, (F) without loosing any arithmetical information

on F. The latter quotient coincides with K}TOP(F) (see subsection 6.6) which is
defined in subsection 6.3 as the quotient of K, (F') by the intersection A, (F') of all
neighbourhoods of Oin K, (F') withrespectto a certain topology. The existence theorem
in class field theory uses the topology to characterize norm subgroups Ny ,p K (L) of
finite abelian extensions L of F' as open subgroups of finite index of K, (F") (see
subsection 10.5). As a corollary of the existence theorem in 10.5 one obtains that in fact

ﬂ 1K, (F) = A, (F) = ker(¥F).
1>1

However, the class of open subgroups of finite index of K, (F') can be defined without
introducing the topology on K, (F’), see the paper of Kato in this volume which presents
a different approach.

6.1. K -groups of one-dimensional local fields

The structure of the Milnor K -groups of a one-dimensional local field F' is completely
known.

Recall that using the Hilbert symbol and multiplicative Z,,-basis of the group of
principal units of F' one obtains that

Ky(F) ~ Tors K> (F) ® mK,(F), where m = | Tors F*|, Tors K»(F) ~Z/m
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and m K, (F’) is an uncountable uniquely divisible group (Bass, Tate, Moore, Merkur’ev;
see for instance [FV, Ch. IX §4]). The groups K,,(F") for m > 3 are uniquely divisible
uncountable groups (Kahn [Kn], Sivitsky [FV, Ch. IX §4]).

6.2. Sequential topology

We need slightly different topologies from the topology of F' and F™ introduced in
section 1.

Definition. Let X be a topological space with topology 7. Define its sequential
saturation \:
a subset U of X is open with respect to A if for every @ € U and a convergent
(with respect to 7) sequence X > «a; to « almost all «; belong to U. Then
o — O <= Oy 7 Q.

T

Hence the sequential saturation is the strongest topology which has the same conver-
gent sequences and their limits as the original one. For a very elementary introduction
to sequential topologies see [S].

Definition. For an n-dimensional local field F' denote by A the sequential saturation
of the topology on F' defined in section 1.

The topology A is different from the old topology on F' defined in section 1 for
n > 2: for example, if F'=TF,((t))((t2)) then Y = F\ {t3t;7 +t;'t] 1,5 > 1}
is open with respect to A and is not open with respect to the topology of F' defined in
section 1.

Let A, on F* be the sequential saturation of the topology 7 on F™* defined in
section 1. It is a shift invariant topology.

If n =1, the restriction of A\, on VF coincides with the induced from .

The following properties of A (A, ) are similar to those in section 1 and/or can be
proved by induction on dimension.

Properties.
1) a;,pi —0=a;—p; —0;
A A

2 a;, B — 1= 041'5;1 — 1
Al A

(3) forevery a; € Up, afi — 1;
A*

(4) multiplication is not continuous in general with respect to A,;

(5) every fundamental sequence with respect to A (resp. A, ) converges;

(6) Vp and F*™ are closed subgroups of F'* for every m > 1;

(7) The intersection of all open subgroups of finite index containing a closed subgroup
H coincides with H.
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Definition. For topological spaces X1, ..., X; define the *-product topology on X x
-+ x X as the sequential saturation of the product topology.

6.3. K'°P.groups

Definition. Let )\, be the strongest topology on K,,(F’) such that subtraction in
K,,,(F") and the natural map

e (F)™ = Kp(F),  plon, ... o) = {1, ..., oo }

are sequentially continuous. Then the topology J\,, coincides with its sequential
saturation. Put

Ay (F) = ﬂ open neighbourhoods of 0.

A constant sequence «; = « converges to 0 iff a € A,,(F). Hence A,,(F) is a
subgroup of K, (F).

Properties.

(1) A, (F) isclosed: indeed A,,(F) 2 x; — x implies that = = z; +y; with y; — 0,
so z;,y; — 0, hence x =x; +y; — 0, so x € A,,(F).

(2) Put VK,,,(F)={({Vr}  K,,_1(F)) (VF is defined in subsection 1.1). Since the
topology with V K,,(F) and its shifts as a system of fundamental neighbourhoods
satisfies two conditions of the previous definition, one obtains that A,,(F) C
V K,,(F). Alternatively, use explicit pairing of 6.4.1 and 6.4.2.

3) A=A

Introduce now the following:

Definition. Set
KP(F) = Ky (F)/ A (F)

and endow it with the quotient topology of A,, which we denote by the same notation.

This new group KwP(F) is sometimes called the topological Milnor K -group of
F.

Remark. Note that the topology used in [P1], [P2] differs from this topology, and the
topology on Milnor K -groups defined in [P1], [P2] does not match the needs of class
field theory and its existence theorem, in particular, the existence theorem as stated in
[P2] is false.

If char (K,_1) =p then K\ = K.
If char(K,,_1) = 0 then K,"’(K) # K(K), since 1+ Mg, (which is uniquely
divisible) is a subgroup of A;(K).
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6.4. Explicit pairings

Explicit pairings of the Milnor K -groups of F' are quite useful if one wants to study
the structure of K'°P-groups.

The general method is as follows. Let X,Y be topological A-modules. Assume
that there is a continuous (in each argument) A-bilinear pairing

(, X XY — A

Assume that X has topological generators {z;};c;. Assume that for every j € [
there is an element y; € Y such that

(xj,y;) =1 mod m, (i,y;) =0 modm forall i>j.

Suppose that a convergent sum »_ c;x; is equal to 0 and not all ¢; are zero. Find
the minimal j with non-zero ¢;, then 0 = > ¢;(x;,y;) = ¢;j, a contradiction. Thus,
{z;}icr form a topological basis of X.

Pairings listed below satisfy the assumptions above. and therefore can be applied to
study the structure of quotients of the Milnor K -groups of F'.

6.4.1. “Valuation map”.
Let 0: K,.(Ks) — K,_1(K,;_1) be the border homomorphism (see for example
[FV, Ch. IX §2]). Put

v=0p Kn(F) S Ky 1(Ke)) 2 5 KoK =Z, o({ty, ....ta}) =1

for a system of local parameters ¢1, ...,%, of F'. The valuation map v doesn’t depend
on the choice of a system of local parameters.

6.4.2. Tame symbol.
Define

t: Kn(F) /(g — 1) x F*/F*" 5 K (F)/(q — 1) = FE = g1, q=| Ko
by
Ko (P)/(q— 1) 2 K (K, D/(g—1) 2 5 Ki(Ko) /(g — 1) =FF — pg1.

Here the map F; — 4 is given by taking multiplicative representatives.

An explicit formula for this symbol (originally asked for in [P2] and suggested in
[F1]) is simple: let ¢y, ...,t, be a system of local parameters of F' and let v =
(v, ...,v,) be the associated valuation of rank n (see section 1 of this volume). For
elements aq, ...,a,+1 of F™* the value t(ag, ap, ..., a,41) is equal to the (¢ — 1) th
root of unity whose residue is equal to the residue of

by bt b
ap oo -1
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in the last residue field F,, where b = ZS’ i< vs(bi)vs(bj)b; ;, b is the determinant
of the matrix obtained by cutting off the jth column of the matrix A = (v;(cy;)) with
the sign (—1)’~!, and b; ; is the determinant of the matrix obtained by cutting off the
ith and j th columns and sth row of A.

6.4.3. Artin—Schreier—Witt pairing in characteristic p.
Define, following [P2], the pairing

G, 1 Kn(B)/p" x W (B)/(F = DW.(F) — W,.(Fp) = Z/p"
by (F is the map defined in the section, Some Conventions)
(CK], sy Qi (ﬁ07 e 7/87‘)]7' = TrKO/Fp (707 s 7’77“)

where the 4 th ghost component (® is given by resg, (8Pay daj A -+ Ay doy,).
For its properties see [P2, sect. 3]. In particular,

(1) for x € Kn(F)
(@, V(Bo, -+, Br—Dlr = V(x,(Bos - - -, Br—1)]r—1
where as usual for a field K
VW, 1(K) = We(K), V(Bo, ..., B-1)=(0,50, ..., B-1)
(2) for x € K,(F)
(x, ABo, - -, Br)lr—1 = Az, (Bo, -- -, Br)]r
where for a field K
AW (K) = W, (K), Ao, -, Br—1,8r) = (Bo, - -, Br—1)-
(3) If Tr 6 =1 then ({t1,...,tn},00], = 1. If 4; is prime to p then

({1+0th ot by, oty ot 000 T = 1

6.4.4. Vostokov’s symbol in characteristic 0.
Suppose that 1, < F™* and p > 2. Vostokov’s symbol

V() Kn(B)/p" X Kyt (F)[p" = Kt (F)/P" = pipr

is defined in section 8.3. For its properties see 8.3.

Each pairing defined above is sequentially continuous, so it induces the pairing of
K2 (F).
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6.5. Structure of K'P(F). I

Denote VKSP(F) = ({Vr}- K:zp_ J(F)). Using the tame symbol and valuation v as
described in the beginning of 6.4 it is easy to deduce that

Kp(F) ~ VE(F)® 72 & (Z/(q — 1))’

with appropriate integer a(m),b(m) (see [FV, Ch. IX, §2]); similar calculations are
applicable to K;nP(F). For example, Z*™ corresponds to @({t; , ...,t;. }) with
I<ji < <Jmsn.

To study VK,,,(F) and VK wP(F) the following elementary equality is quite useful

of

l—«

af }

1l—«a

{1—a,1-8}={a, 1+ Pe{1-p51+

Note that v(aS/(1 — @) = v() + v(B) if v(a),v(5) > (0, ...,0).

For £, € V one can apply the previous formula to {e,n} € K;OP(F ) and using
the topological convergence deduce that

{e.n} = Z {pi,ti}

with units p; = p;(e,7) sequentially continuously depending on ¢, 7.
Therefore VK P (F) is topologically generated by symbols

(140t 80t oty b 0€ pg .
In particular, K:?fz(F )=0.
Lemma. ﬂl>1 1K (F) C Ay (F).

Proof. First, (I K (F) C VK, (F). Let x € VK,,,(F). Write

T = Z{aJ,tjl, ... ,tjm_l} mod A,,(F), «ajy € Vp.
Then
pra=d {oh b {t ot A A € Ap(F).
It remains to apply property (3) in 6.2. O
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6.6. Structure of K'"°P(F). II

This subsection 6.6 and the rest of this section are not required for understanding
Parshin’s class field theory theory of higher local fields of characteristic p which is
discussed in section 7.

The next theorem relates the structure of V K, ff;p(F) with the structure of a simpler
object.

Theorem 1 ([F5, Th. 4.6]). Let char (K,,_) = p. The homomorphism
gHVF _>VKm(F)7 (/BJ)’_> Z {BJvtjla "'7tjm_1}

J JZ{jl?“'7j’"L—l}

induces a homeomorphism between || Vg / gil(Am(F )) endowed with the quotient of
the x-topology and V K, WP(F); g~ Y Am(F)) is a closed subgroup.

Since every closed subgroup of Vi is the intersection of some open subgroups of
finite index in V (property (7) of 6.2), we obtain the following:

Corollary. A,,(F) =) open subgroups of finite index in K,,(F).

Remarks. 1. If F' isof characteristic p, there is a complete description of the structure
of KyP(F) in the language of topological generators and relations due to Parshin (see
subsection 7.2).

2. If char (K,,_) = 0, then the border homomorphism in Milnor K -theory (see for
instance [FV, Ch. IX §2]) induces the homomorphism

VEn(F) = VEp(Ky—1) @V Ky 1(Ky-1).

Its kernel is equal to the subgroup of V K,,(F) generated by symbols {u, ...} with
u in the group 1+ Mg which is uniquely divisible. So

VEK®P(F) =~ VKP(K, )@ VK> (K, 1)
and one can apply Theorem 1 to describe V K WP(E).

Proof of Theorem 1. Recall that every symbol {aj, ...,a,,} in KXP(F) can be
written as a convergent sum of symbols {3;,t;,,...,t; _ } with §; sequentially
continuously depending on «; (subsection 6.5). Hence there is a sequentially continu-
ous map f:Vp x F*om=1 L T] 7 VF such that its composition with g coincides with
the restriction of the map ¢: (F™*)™ — Kfﬁp(F) on Vp @ Fr®&m—1,

So the quotient of the *-topology of [] ; Vr is < Ay, as follows from the definition
of \,,. Indeed, the sum of two convergent sequences z;,y; in [ 7 VF / g_l(Am(F )
converges to the sum of their limits.
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Let U be an open subsetin V K,,,(F"). Then g*I(U ) is open in the *—prpduct of the
topology []; V. Indeed, otherwise for some .J there were a sequence 04(}) ¢ g~ 1(U)
which converges to oy € g~ (U). Then the properties of the map ¢ of 6.3 imply that

the sequence go(af;)) ¢ U converges to ¢(ay) € U which contradicts the openness of
U. 0

Theorem 2 ([F5, Th. 4.5]). If char (F) = p then A,,(F) is equal to ﬂz>1 (K (F)
and is a divisible group.

Proof. Bloch—Kato—Gabber’s theorem (see subsection A2 in the appendix to section 2)
shows that the differential symbol
d day,
d: K., (F)/p — QF, {al,...,am}l—>ﬂ/\---/\i
(03] [67°%%
is injective. The topology of Q% induced from [ (as a finite dimensional vector
space) is Hausdorff, and d is continuous, so A,,,(F) C pK,,(F).
Since VK ,,(F)/Ap(F) ~ ][] € doesn’t have p-torsion by Theorem 1 in subsec-
tion 7.2, Ay, (F) = pAp (F). 0

Theorem 3 ([F5, Th. 4.7]). If char (F) = 0 then A,,(F) is equal to ﬂz;l K, (F)

and is a divisible group. If a primitive [th root (; belongs to F', then KR (F) =
{GY - K.

Proof. To show that p"V K,,,(F) D A,,(F) it suffices to check that p"V K,,,(F') is the
intersection of open neighbourhoods of p"V K, (F).

We can assume that (i, is contained in F' applying the standard argument by using
(p, |[F(pp) : F|) =1 and [-divisibility of V K, (F) for [ prime to p.

If » =1 then one can use Bloch—Kato’s description of

Ui K (F) + pEK o (F) /Uit K (F) + pK (F)

in terms of products of quotients of ijn_l (section 4). Q]kn_l and its quotients are
finite-dimensional vector spaces over K, _j/K f; _1» so the intersection of all neigh-
borhoods of zero there with respect to the induced from K,,_1 topology is trivial.
Therefore the injectivity of d implies A,,(F) C pK,,(F).

Thus, the intersection of open subgroups in V K,,(F") containing pV K,,,(F) is
equal to pV K,,,(F).

Induction Step.

For a field F' consider the pairing

()t K (F)/p" x H™U™(E, pSm =™y — H™(E, pS)
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given by the cup product and the map F* — H(F, tpr). If p,r C F, then Bloch—
Kato’s theorem shows that ( , ), can be identified (up to sign) with Vostokov’s pairing
V().
For y € H™!=-™(F, ufﬂn_m) put
Ay ={a € Kn(F): (o, x)r =0}
One can show [F5, Lemma 4.7] that A, is an open subgroup of K,,(F).
Let o belong to the intersection of all open subgroups of V K,,,(F') which contain

p"V K, (F). Then a € Ay forevery x € H™!'="™(F, u5"™™).

Set L = F(u,r) and p® = |L : F|. From the induction hypothesis we deduce that
a € p*V K, (F) and hence o = Ny, /3 for some 8 € VK,,(L). Then

0="(a,X)r.,r = (NLyrB:s X)r,F = (Byir/LX)r,L

where ir,/p, is the natural map. Keeping in mind the identification between Vostokov’s
pairing V. and ( , ), for the field L we see that 3 is annihilated by ip /1, K1 —pm(F)
with respect to Vostokov’s pairing. Using explicit calculations with Vostokov’s pairing
one can directly deduce that

Be(o—DKn(L)+p"  %ip;L Km(F) +p" K (L),
and therefore o € p" K,,,(F'), as required.
Thus p" K,,,(F) = () open neighbourhoods of p"V K,,,(F).

To prove the second statement we can assume that [ is a prime. If [ # p, then since
K¥P(F) is the direct sum of several cyclic groups and V KwP(F) and since [-torsion
of K&P(F) is p-divisible and N,.p" VK P (F) = {0}, we deduce the result.

Consider the most difficult case of | = p. Use the exact sequence

0—>uf?s”—>u§s’jl — puS™ =0
and the following commutative diagram (see also subsection 4.3.2)

fp @ Koy 1(F))p —— Kn(B)/p* —L— K,(F)/p*!

! l !

H™ N F,pg™) ——— H™F ™) ——— H™(F, 0

s+l1/°

We deduce that px € A,,,(F) implies pz € (| p" K, (F), so z = {Cp}-ar,1+pr_lbr,1
for some a; € K:g{l(F) and b; € K,tf;p(F).

Define : K:zp_l(F) — KXP(F) as () = {¢p} - a; itis a continuous map. Put
D, = w_l(p’”K;%p(F)). The group D = ND, is the kernel of . One can show
[F5, proof of Th. 4.7] that {a, } is a Cauchy sequence in the space K :gp_] (F)/D which

is complete. Hence there is y € [ (aT,l + DT,I). Thus, z ={(,} -y in KP(F).
Divisibility follows. 0
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Remarks. 1. Compare with Theorem 8 in 2.5.

2. For more properties of Ky (F) see [F5].

3. Zhukov [Z, §7-10] gave a description of KyP(F) in terms of topological
generators and relations for some fields F' of characteristic zero with small vr(p).

6.7. The group K,,(F)/l

6.7.1. If a prime number [ is distinct from p, then, since Vp is [-divisible, we deduce
from 6.5 that

K (F)/1 ~ K% (F) /1 ~ (Z/)*™ & (Z./d)*™
where d = gcd(q — 1,1).
6.7.2. The case of [ = p is more interesting and difficult. We use the method described
at the beginning of 6.4.

If char (F") = p then the Artin—Schreier pairing of 6.4.3 for r = 1 helps one to show
that K,>P(F)/p has the following topological Z/p-basis:

{140ttty oy ot}
where p { ged(iy, ... 0n), 0 <(if, ... %), (=min{k:ptir} and 0 runs
over all elements of a fixed basis of K¢ over .

If char (") =0, ¢, € F™*, then using Vostokov’s symbol (6.4.4 and 8.3) one obtains
that Ky P(F) /p has the following topological Z,-basis consisting of elements of two
types:

we(§) = {140,820/ @=1 /@m0y )

where 1 < j <n, (er,...,e,)=vr(p) and 0, € py_1 is such that
1+ 6,0/ .t’fel/(p_l) doesn’t belong to F*P
and

L N O

where ptged(iy, ... 0,), 0 <(if, ... i) <pleg, ...,ex)/(p—1),

I=min {k:pf{ir}, where 6 runsover all elements of a fixed basis of K over F,,.
If (, ¢ F*, then pass to the field F'((;,) and then go back, using the fact that the

degree of F((,)/F is relatively prime to p. One deduces that Kff P(F) /p has the

following topological Z,,-basis:

{1+0th )ty oty et}

where p{ged(iy, ... in), 0 <(if, ... 0n) < pleg, ...,en)/(p—1),
l=min {k:p{ir}, where 6 runsover all elements of a fixed basis of Ky over F),.
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6.8. The norm map on K'P-groups

Definition. Define the norm map on KX P(F) as induced by Np/p: Kn(L) — Ky (F).
Alternatively in characteristic p one can define the norm map as in 7.4.

..... in = Uipoyin /Uiy, i -

Proposition ([F2, Prop. 4.1] and [F3, Prop. 3.11). Let L/F be a cyclic extension of
prime degree | such that the extension of the last finite residue fields is trivial. Then
there is s and a local parameter t, 1, of L such that L = F(ts ). Let ty,...,t,
be a system of local parameters of F, then ty, ... ,ts 1, ...,t, is a system of local
parameters of L.

Let | = p. For a generator o of Gal(L/F) let

Uts,L

6.8.1. Put u;,

— Tn Ts 1
P _1+90tn...tva...t1 + ..
87

Then
) if Gy, .. yin) < (1, ...,Tn) then

NL/Fi Wiy ,yeoosin, 1, 7 Upiy,yig,ee,pin, F

sends 0 € K to 0P;
2) if (G, ... %) =(r1, ...,7Ty) then

NL/Fi Wiy yeooin, 1, 7 Upiy,yig,ee,pin, F

sends 0 € K to 0P — 908_1;
(3) i 1y -+, Jn) >0 then

NL/F:ujl+7'17---7pjs+7'sy--~7jn+7'nvL — uj1+pr1 ~~~~~ js+7's ~~~~~ jn+p"'n7F
-1
sends 0 € Ko to —067 .

Proof. Similar to the one-dimensional case [FV, Ch. III §1]. 0

6.8.2. If L/F iscyclic of prime degree [ then
KP(L) = ({27} - ip/ K7 (F))

where ip/;, is induced by the embedding F* — L*. For instance (we use the notations
of section 1), if f(L|F) =1 then L is generated over F' by a root of unity of order
prime to p; if e;(L|F) =, then use the previous proposition.

Corollary 1. Let L/F be a cyclic extension of prime degree 1. Then
|[K3P(F) : Ny p KP(L)] =1
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If L/F is as in the preceding proposition, then the element
{1400ttt ot
where the residue of . in K doesn’t belong to the image of the map

007 —007 ™!
Op —— O — K,

is a generator of K;OP(F)/NL/FK:SP(L).
If f(L|F)=1 and | #p, then

{0at1, .oty oot}

where 0, € i, \,uf]_1 is a generator of KLOP(F)/NL/FKZOP(L).
If f(L|F)=1, then
{t1, ..., tn}

is a generator of K}LOP(F)/NL/FK}?F’(L).
Corollary 2. Ny, (closed subgroup) is closed and N /1F (open subgroup) is open.

Proof. Sufficient to show for an extension of prime degree; then use the previous
proposition and Theorem 1 of 6.6. O

6.8.3.

Theorem 4 ([F2, §41, [F3, §31). Let L/F be a cyclic extension of prime degree | with
a generator o then the sequence

i l1—0o N
KPRy /L@ KSP(D)/1 2200 jon(r) /1 ME0 Ko (R 1
is exact.
Proof. Use the explicit description of K, wop /1 in 6.7. O

This theorem together with the description of the torsion of K WP(F) in 6.6 imply:

Corollary. Let L/F be cyclic with a generator o then the sequence

K9P(L) 1=% K9P(L) 25 KM (F)

is exact.
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7. Parshin’s higher local class field theory
in characteristic p

Ivan Fesenko

Parshin’s theory is a higher dimensional generalization of the classical approach to
class field theory in positive characteristic p by Kawada and Satake [KS]. It provides a
remarkably simple description of the p-primary part of class field theory.

The aim of this section is to sketch this approach to higher local class field theory in
positive characteristic, also correcting several essential errors in [P2], [P3].

Let F=K,, ..., Ky be an n-dimensional local field of characteristic p.
In this section we use the results and definitions of 6.1-6.5; we don’t need the results
of 6.6 - 6.8.

7.1

Recall that the group V7 is topologically generated by
L+ 0t 0€R Dt (in, ... i)

(see 1.4.2). Note that

i L0ty = {0t i)

= {1+ 0t 0ttty = (L0t ) 0, .t} =0,
since 09! =1 and Vp is (¢ — 1)-divisible. We deduce that

KPP (F)~Fr, {0,t1,....t,} —0, 0eR.
Recall that (cf. 6.5)
KW (F)~Z& (Z/(q—1)" & VEP(F),

where thE first group on the RHS is generated by {t¢,, ...,t;}, and the second by
{6, ..., t;, ...} (apply the tame symbol and valuation map of subsection 6.4).
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7.2. The structure of V K1 P(F)

Using the Artin—Schreier—Witt pairing (its explicit form in 6.4.3)
C, 1 KQP(E)/p" x Wo(B)/(F = DW(F) = Z/p", r > 1

and the method presented in subsection 6.4 we deduce that every element of V K. WP(F)
is uniquely representable as a convergent series

"VL /L r
D g, {108ttt} Qe € Dy,

where 6 runs over a basis of the [F,,-space Ko, ptged(iy, ...,4) and
l=min{k : ptir}. We also deduce that the pairing (, ], is non-degenerate.

Parts of the following theorem originate in [P2], however incorrect, the corrected
form is taken from [F3].

Theorem 1. Let J = {ji, ..., jm_1} run over all (m — 1)-elements subsets of the
set {1,...,n}, m < n+1. Let &; be the subgroups of Vi generated by 1 +
Otin ... t', 0 € g1 such that p t ged(iy, ...,i,) and min {l:p{i;} ¢ J. Then
the homomorphism

* —topology
he I &= VES®E), En— > Aenty, oty )
J J:{jlu'“:j'm—l}

is a homeomorphism.

Proof. There is a sequentially continuous map f: Vi x F*®m—1 [I, € such that
its composition with h coincides with the restriction of the map o: (F*)™ — K }EP(F)
of 6.3 on Vg @ Fr&m—1
So the topology of H; < A\, as follows from the definition of A,,.
Let U be an open subsetin V K,,,(¥). Then h~ LU) is open in the *-product of the

topology []; €. Indeed, otherwise for some .J there were a sequence af;) ¢ h=1(U)
(@
J

—topol .
opology &, is

which converges to ay € h~Y(U). Then the sequence p(ay) € U converges to
@(ay) € U which contradicts the openness of U. O

Corollary. KyP(F) has no nontrivial p-torsion; Np"V K (F) = {0}.
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7.3

Put V[N/(F) = llr_>n W.(F)/(F — )W,.(F) with respect to the homomorphism
V:(ag, ...,a,_1) — (0, aop, - - - ,ar_l). From the pairings (see 6.4.3)

KP(F)/p" x Wo(F)/(F — DW,(F) “1% 27 — pﬁZ/Z

one obtains a non-degenerate pairing
(, 1: Kn(F) x W(F) = Q,/7Z,
where IN(n(F) = KﬁLOp(F)/ ﬂr>1 p" KP(F). From 7.1 and Corollary of 7.2 we deduce
() P"EP(F) = Tors, K\ P(F) = Tors K\ P(F),
r>1

where Tors,, is prime-to- p-torsion.
Hence

K, (F) = K(F)/ Tors K'P(F).

7.4. The norm map on K'P-groups in characteristic p

If L/F is cyclic of prime degree [, then it is more or less easy to see that
KLY = ({L7} iy 10 (F))

where iy, is induced by the embedding F* — L*. For instance, if f(L|F) =1 then
L is generated over F' by a root of unity of order prime to p; if e;(L|F') = [, then there
is a system of local parameters ¢y, ...,t,, ..., t, of L suchthat i, ... ,¢;, ..., t, is
a system of local parameters of F'.

For such an extension L/F define following [P2]

Npyp: KP(L) — KP(F)

as induced by Ny, p:L* — F*. For a separable extension L/F find a tower of
subextensions

F=F-F - —F_1—F.=L
such that F;/F;_ is a cyclic extension of prime degree and define
Npjp=Npr o - oNpF,_,-

To partially prove correctness, one can use non-degenerate pairings of subsection 6.4
and the properties

(Npyra, Bl = (0, ip/L Bl
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for p-extensions;
t (Npypo, B) = oy ip LB
for prime-to- p-extensions (¢ is the tame symbol of 6.4.2).

The definition of this norm map in [P2] appealed to the usual norm map on Milnor
K> -groups, but then one has to check that the usual norm map sends A,,,(L), defined in
subsection 6.3, to A,,(F"). This was not done. Using Th. 2 in 6.6 we deduce that this
norm map Ny p is induced from the norm map on Milnor K -groups and is correctly

defined on K12P(L).

7.5. Reciprocity map

Parshin’s theory [P2], [P3] deals with three partial reciprocity maps which then can be
glued together.

The most serious part is the p-primary part.

To show that the class of p-extensions of F' and I~(n(F) satisfy the classical class
formation axioms of Kawada and Satake [KS], [P3] reduces the computation of the
order of K. w(EF)/Np, / FIN( n(L) for a cyclic extension L/F of degree p to availability

of extended duality between K,, and W, however, the existence of such duality is
not proved in [P3]. We can fix this gap by referring to explicit computations in
subsection 6.8. _

Thus, one gets a homomorphism K,,(F)) — Gal(F2bP /F) and

¢): KP(F) — Gal(F™/F)

where FP is the maximal abelian p-extension of F.
The valuation map v of 6.4.1 induces a homomorphism

Pe: KIOP(F) — Gal(Fy/F),
{t1, ..., tn} — the lifting of the Frobenius automorphism of K /Ko;

and the tame symbol ¢ of 6.4.2 together with Kummer theory induces a homomorphism
W KW (F) = Gal(F(* Vi, ..., Vi) /F).

The three homomorphisms W%, ‘I’gr), ‘I‘%’,) agree [P2], so we get the reciprocity
map
. b
Yr: KP(F) — Gal(F* /F)
with all the usual properties. This method is a direct extension, as a higher dimensional

version, of Kawada—Satake’s theory in positive characteristic.
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Remarks. 1. The topology on K -groups defined [P2] is not appropriate for class field
theory purposes, in particular for its use in the existence theorem, see also Rk 1 in 1.4.2.
Correct definitions are given in section 6 of this volume.

2. For another approach [F1] to class field theory of higher local fields of positive
characteristic see subsection 10.2. For Kato’s approach to higher class field theory see
section 5 above.

[F1]

(F2]

(F3]

[KS]

(P1]

(P2]

(P3]
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8. Explicit formulas for the Hilbert symbol

Sergei V. Vostokov

Recall that the Hilbert symbol for a local field K with finite residue field which contains
a primitive p" th root of unity (,~ is a pairing

(Ot KH KPS K [P = (Gn), (@, B =7 RO71 0 47" =,
where Wy : K* — Gal(K®/K) is the reciprocity map.

8.1. History of explicit formulas for the Hilbert symbol

There are two different branches of explicit reciprocity formulas (for the Hilbert symbol).
8.1.1. The first branch (Kummer’s type formulas).
Theorem (E. Kummer 1858). Let K = Q,((,), p # 2. Then for principal units ,n

(€, m)p = Cpres(log n(X)dlog (X)X P)

where e(X)|x=¢,—1=¢, N(X)|x=¢,—1 =1, e(X),n(X) € Zp[[X]]".

The important point is that one associates to the elements ¢, 7 the series (X), n(X)
in order to calculate the value of the Hilbert symbol.

Theorem (I. Shafarevich 1950). Complete explicit formula for the Hilbert norm residue
symbol (a, B)prn, o, B € K*, K D Qu(Cpyn), p#2, using a special basis of the group
of principal units.

This formula is not very easy to use because of the special basis of the group of
units and certain difficulties with its verification for n > 1. One of applications of this
formula was in the work of Yakovlev on the description of the absolute Galois group of
a local field in terms of generators and relations.

Complete formulas, which are simpler that Shafarevich’s formula, were discovered
in the seventies:
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Theorem (S. Vostokov 1978), (H. Briickner 1979). Let a local field K with finite
residue field contain Q,(Cpr) and let p # 2. Denote Og = W(kg), Tr = Tro/z, -
Then for o, € K*

1
(a, By = (11 T8 P B)/g @)= 1B da ~ Uta) 545"

where o € Og((X)) is such that a(m) =, s = Qﬂpn —1,
1
(@) = = log(a” /o),
p

(Z @ixi)A =3 Frobk(a) X", a; € Op.

Note that for the term X P in Kummer’s theorem can be written as X7 =
1/((P —1) mod p, since ¢, = 1+7 andso s =(,P—1=(1+X)P»—1=XP mod p.

The works [V1] and [V2] contain two different proofs of this formula. One of them
is to construct the explicit pairing

(@.B) - Cp’{r res ®(a, )/s

and check the correctness of the definition and all the properties of this pairing com-
pletely independently of class field theory (somewhat similarly to how one works with
the tame symbol), and only at the last step to show that the pairing coincides with the
Hilbert symbol. The second method, also followed by Briikner, is different: it uses
Kneser’s (1951) calculation of symbols and reduces the problem to a simpler one: to
find a formula for (e, m),~» where 7 is a prime element of K and ¢ is a principal unit
of K. Whereas the first method is very universal and can be extended to formal groups
and higher local fields, the second method works well in the classical situation only.

For p =2 explicit formulas were obtained by G. Henniart (1981) who followed to
a certain extent Briickner’s method, and S. Vostokov and I. Fesenko (1982, 1985).

8.1.2. The second branch (Artin—Hasse’s type formulas).

Theorem (E. Artin and H. Hasse 1928). Let K = Q,((pn), p #2. Then for a principal
unit € and prime element m = (yn — 1 of K

Tr _10 g " Tr 7T_1 n 10 € n
(5,Cpn)pn = o ( g )/p , (S,W)pn — o ( Cp g )/p

where Tr =Tr g q, -

Theorem (K. Iwasawa 1968). Formula for (¢,m),» where K = Q,((pn), D #2, €,1
are principal units of K and vi(n—1) > 2vk(p)/(p — 1).
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To some extent the following formula can be viewed as a formula of Artin—Hasse’s
type. Sen deduced it using his theory of continuous Galois representations which itself
is a generalization of a part of Tate’s theory of p-divisible groups. The Hilbert symbol
is interpreted as the cup product of H!.

Theorem (Sh. Sen 1980). Let |K : Q,| < 0o, (yn» € K, and let w be a prime element
of Ok. Let g(T),h(T) € W(kg)IT'] be such that g(r) = 8 #0, h(mw) = (m. Let
a € 0k, vg(a) = 2vk(p)/(p—1). Then

——log «

W(m) B

c 1 m /(77)
(a)ﬁ)p"” =Cpma C:_anTrK/Qp< CP g )

R. Coleman (1981) gave a new form of explicit formulas which he proved for
K = Qp((pn). He uses formal power series associated to norm compatible sequences
of elements in the tower of finite subextensions of the p-cyclotomic extension of the
ground field and his formula can be viewed as a generalization of Iwasawa’s formula.

J.-M. Fontaine (1991) used his crystalline ring and his and J.-P. Wintenberger’s
theory of field of norms for the p-cyclotomic extension to relate Kummer theory with
Artin—Schreier—Witt theory and deduce in particular some formulas of Iwasawa’s type
using Coleman’s power series. D. Benois (1998) further extended this approach by using
Fontaine—Herr’s complex and deduced Coleman’s formula. V. Abrashkin (1997) used
another arithmetically profinite extension (L = UF; of F', F; = F;_1(m;), Wf =m_1,
m being a prime element of F') to deduce the formula of Briickner—Vostokov. See also
subsection 6.6 of Part II.

8.2. History: Further developments

8.2.1. Explicit formulas for the (generalized) Hilbert symbol in the case where it is
defined by an appropriate class field theory.

Definition. Let K be an n-dimensional local field of characteristic O which contains
a primitive p™ th root of unity. The p"* th Hilbert symbol is defined as

KPP /p™ X KK = (G, (0, By =y PO 97" = 5,
where Wi : K ﬁf’p(K ) — Gal(K® /K) is the reciprocity map.

For higher local fields and p > 2 complete formulas of Kummer’s type were
constructed by S. Vostokov (1985). They are discussed in subsections 8.3 and their
applications to K -theory of higher local fields and p-part of the existence theorem
in characteristic 0 are discussed in subsections 6.6, 6.7 and 10.5. For higher local
fields, p > 2 and Lubin-Tate formal group complete formulas of Kummer’s type were
deduced by I. Fesenko (1987).
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Relations of the formulas with syntomic cohomologies were studied by K. Kato
(1991) in a very important work where it is suggested to use Fontaine—Messing’s syn-
tomic cohomologies and an interpretation of the Hilbert symbol as the cup product
explicitly computable in terms of the cup product of syntomic cohomologies; this
approach implies Vostokov’s formula. On the other hand, Vostokov’s formula appropri-
ately generalized defines a homomorphism from the Milnor K -groups to cohomology
groups of a syntomic complex (see subsection 15.1.1). M. Kurihara (1990) applied syn-
tomic cohomologies to deduce Iwasawa’s and Coleman’s formulas in the multiplicative
case.

For higher local fields complete formulas of Artin—Hasse’s type were constructed
by M. Kurihara (1998), see section 9.

8.2.2. Explicit formulas for p-divisible groups.

Definition. Let F' be a p-divisible group over the ring Ok, where K is a subfield
of alocal field K. Let K contain p™-division points of F'. Define the Hilbert symbol
by

K* x F(Mk) — kerlp"], (o, B)pr =¥k (@) —F 7, [P"1(7) =5,

where Wi K* — Gal(K® /K) is the reciprocity map.

For formal Lubin—Tate groups, complete formulas of Kummer’s type were obtained
by S. Vostokov (1979) for odd p and S. Vostokov and I. Fesenko (1983) for even
p. For relative formal Lubin—Tate groups complete formulas of Kummer’s type were
obtained by S. Vostokov and A. Demchenko (1995). For formal groups which are
defined over an absolutely unramified local field Ky (e(/(|Q,) = 1) and therefore
are parametrized by Honda’s systems, formulas of Kummer’s type were deduced by D.
Benois and S. Vostokov (1990), for n = 1 and one-dimensional formal groups, and
by V. Abrashkin (1997) for arbitrary n and arbitrary formal group with restriction that
K contains a primitive p" th root of unity. For one dimensional formal groups and
arbitrary n without restriction that K contains a primitive p" th root of unity in the
ramified case formulas were obtained by S. Vostokov and A. Demchenko [VD2].

For local fields with finite residue field and formal Lubin—Tate groups formulas of
Artin—Hasse’s type were deduced by A. Wiles (1978) for K equal to the [7"]-division
field of the isogeny [7] of a formal Lubin—Tate group; by V. Kolyvagin (1979) for
K containing the [7"]-division field of the isogeny [7]; by R. Coleman (1981) in
the multiplicative case and some partial cases of Lubin—Tate groups; his conjectural
formula in the general case of Lubin—Tate groups was proved by E. de Shalit (1986) for
K containing the [7"]-division field of the isogeny [7]. This formula was generalized
by Y. Sueyoshi (1990) for relative formal Lubin—Tate groups. F. Destrempes (1995)
extended Sen’s formulas to Lubin—Tate formal groups.

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part I. Section 8. Explicit formulas for the Hilbert symbol 85

Sen’s formulas were generalized to all p-divisible groups by D. Benois (1997) using
an interpretation of the Hilbert pairing in terms of an explicit construction of p-adic
periods. T. Fukaya (1998) generalized the latter for higher local fields.

The Bloch—Kato conjecture in the local situation contains an exponential map for
a p-adic de Rham representation. The map was explicitly described by them for
representations of (Q,(n) over an absolutely unramified local field. This description
for n = 1 leads to Iwasawa’s and Coleman’s formulas and can be interpreted as
an explicit formula for Q,(n). B. Perrin-Riou constructed an Iwasawa theory for
crystalline representations over an absolutely unramified local field and conjectured
an explicit description of the cup product of the cohomology groups. There are three
different approaches which culminate in the proof of this conjecture by P. Colmez
(1998), K. Kato—M. Kurihara—T. Tsuji (unpublished) and for crystalline representations
of finite height by D. Benois (1998).

K. Kato (1999) gave generalizations of explicit formulas of Artin—Hasse, Iwasawa
and Wiles type to p-adically complete discrete valuation fields and p-divisible groups
which relates norm compatible sequences in the Milnor K -groups and trace compatible
sequences in differential forms; these formulas are applied in his other work to give
an explicit description in the case of p-adic completions of function fields of modular
curves.

8.3. Explicit formulas in higher dimensional fields of characteristic 0

Let K be an n-dimensional field of characteristic 0, char (K,,_;) = p, p > 2. Let
Cpm € K.

Let tq, ..., t, be asystem of local parameters of K.

For an element

a=ty 00+ astl . ], 0 R a; € W(K),
Uty -, Jn) > (0, ...,0) denote by o the following element
Xir X0+ ag X XY
in F{X }}... {X,}} where F' is the fraction field of W(Kj). Clearly ¢ is not
uniquely determined even if the choice of a system of local parameters is fixed.
Independently of class field theory define the following explicit map

VI, Y (K™ = (Gpm)
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by the formula

Tr res ®(ay, ..., S
V(Qﬁ], sty an+l)m <p ( ! n+1)/77 @(Oél, sy Oén+1)
Sy de doioy  dagn® dornsr®
_Z — i);/\"'/\ —— N —— A AN ——x
prt - o Q1 Qit] O+l
where s = Cp'rn —1, Tr =Tr W(Ky)/Zy> T€8 =TeSX| . X,
I () = log (a?/a®) ZaJXJ" . -X{i)A = ZFrob(aJ)ng" : "ijl-

Theorem 1. The map V( , )., is well defined, multilinear and symbolic. It induces a
homomorphism

Kno(K)/p™ x K*/K*P" = jim
and since V' is sequentially continuous, a homomorphism
V(i KOPE) /p™ x K*JK*P" = piym
which is non-degenerate.
Comment on Proof. A set of elements %1, ...,t,, €j,w (where j runs over a subset
of Z™) s called a Shafarevich basis of K*/K*P" if
(1) every o« € K* can be written as a convergent product a = t’i‘ i 55) w*
mod K*P" by, c € Zy.
2 Vv ({tl, - ,tn},z’fj)m =1, V ({tl, - ,tn},w)m = Cpm,.

An important element of a Shafarevich basis is w(a) = E(as(X))|x,=t,,... x,=t,
where

A A2
E(f(X))=eXp<(1+p+ 2 )(f(X))>
a € W(Ky).
Now take the following elements as a Shafarevich basis of K*/K*P"
— elements %y, ..., t,, ‘
— elements €7 = 1 +0ti .. .t{l where ptged (Ji, - -, Jn)s

0 < (J1y -5 Jn) < pleg, ... en)/(p — 1), where (ey, ...,e,) = v(p), v is the
discrete valuation of rank n associated to ¢y, ...,t,,
—  w =w(a) where a is an appropriate generator of W (Ky)/(F — 1)W (K)).
Using this basis it is relatively easy to show that V( , ),, is non-degenerate.
In particular, for every 6 € R* there is 8’ € R* such that

V{140t 6t T ety b L@ Een /Dt e/ mDTy e
where 4; is prime to p, 0 < (i1, ...,i,) < pley, ...,e,)/(p—1) and (eq, ..., €,) =
v(p).

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



Part I. Section 8. Explicit formulas for the Hilbert symbol 87

Theorem 2. Every open subgroup N of finite index in KWP(K) such that N D

me:f P(K) is the orthogonal complement with respect to V( , ) of a subgroup in
K* /K™,

Remark. Given higher local class field theory one defines the Hilbert symbol for I
such that [ is not divisible by char (K), p; < K* as

(O (B K[ (G, oy =

where 7! = 3, Wi K, (K) — Gal(Kab/K) is the reciprocity map.

If [ is prime to p, then the Hilbert symbol ( , ); coincides (up to a sign) with the
(¢ — 1)/lth power of the tame symbol of 6.4.2. If | = p™, then the p™ th Hilbert
symbol coincides (up to a sign) with the symbol V(, ),,.
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9. Exponential maps and explicit formulas

Masato Kurihara

In this section we introduce an exponential homomorphism for the Milnor K -groups
for a complete discrete valuation field of mixed characteristics.

In general, to work with the additive group is easier than with the multiplicative
group, and the exponential map can be used to understand the structure of the multi-
plicative group by using that of the additive group. We would like to study the structure
of K,(K) for a complete discrete valuation field K of mixed characteristics in order
to obtain arithmetic information of K. Note that the Milnor K -groups can be viewed
as a generalization of the multiplicative group. Our exponential map reduces some
problems in the Milnor K -groups to those of the differential modules Q(, ~ which is
relatively easier than the Milnor K -groups.

As an application, we study explicit formulas of certain type.

9.1. Notation and exponential homomorphisms

Let K be a complete discrete valuation field of mixed characteristics (0, p). Let Og
be the ring of integers, and F' be its the residue field. Denote by ord,: K* — Q the
additive valuation normalized by ord,(p) = 1. For n € Ok we have an exponential
homomorphism

exp,: Ox — K7, a — exp(na) = Z(na)”/n!
n=0

if ord,(n) > 1/(p — 1).
For ¢ > 0 let K,(K) be the g th Milnor K -group, and define K,(K) as the p-adic
completion of K, (K), i.e.

Ky (K) = lim K,(K) © Z/p".

Published 10 December 2000: () Geometry & Topology Publications



92 M. Kurihara

For aring A, we denote as usual by Q!, the module of the absolute differentials,
ie. QL = QIA/Z For a field I of characteristic p and a p-base I of F, QL isan
F'-vector space with basis dt (¢ € I). Let K be as above, and consider the p-adic
completion ﬁ}%{ of QEK

E\ZE‘JK = @Q})K [ Z/pn.

We take a lifting I ofa p-base I of F', and take a prime element 7w of K. Then, ﬁl

is an O g -module (topologlcally) generated by dm and dT' (T € I ) ([Kul, Lemma

1.1]). If I is finite, then Ql 0, 18 generated by dm and dT' (T € I) in the ordinary
sense. Put

Sa  _ . aAl
QOK =N1Qgo .

Theorem ([Ku3]). Let n € K be an element such that ordy,(n) > 2/(p — 1). Then for
q > 0 there exists a homomorphism

exp@ Qq — IA(q(K)

such that
dbg_1
bg—1

forany a € Ok and any by, ...,b,_1 € OF.

db
eXp%q) (abill A A ) = {exp(na), by, ..., by_1}

Note that we have no assumption on F' ( F' may be imperfect). For by, ...,b,_1 €
Ok we have

exp(q)(a dby A --- Ndby_1) = {exp(naby - - - - bg—1),01, ..., bg_1}.

9.2. Explicit formula of Sen

Let K be a finite extension of (Q, and assume that a primitive p” th root (,» is in
K. Denote by K the subfield of K such that /K| is totally ramified and Ky/Q,
is unramified. Let 7 be a prime element of O, and g(T") and W(T) € Og,[T] be
polynomials such that g(7) = 8 and h(m) = (,», respectively. Assume that « satisfies
ordy() > 2/(p— 1) and B € O%. Then, Sen’s formula ([S]) is

o e
where (a, 3) is the Hilbert symbol defined by (o, 8) = v~ "W (a)(7) where 17" =3
and W is the reciprocity map.

The existence of our exponential homomorphism introduced in the previous sub-
section helps to provide a new proof of this formula by reducing it to Artin—Hasse’s

1
(Oé;ﬂ)=fgna CzﬁTrK/Qp(
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formula for (v, (,n). Infact, put & = Q,((pn), and let 7 be an element of k& such that
ord,(n) =2/(p — 1). Then, the commutative diagram

~ exp,, ~
Ql, — KyK)

Trl Nl
oL T Rk

(N: IA(Z(K) — Kz(k) is the norm map of the Milnor K -groups, and Tr:SAZEQK —

ﬁék is the trace map of differential modules) reduces the calculation of the Hilbert
symbol of elements in K to that of the Hilbert symbol of elements in k£ (namely
reduces the problem to Iwasawa’s formula [T]).

Further, since any element of ﬁék can be written in the form ad(,» /(p», We can
reduce the problem to the calculation of (cv, (pn).

In the same way, we can construct a formula of Sen’s type for a higher dimensional
local field (see [Ku3]), using a commutative diagram

~

exp,, ~
Q‘?DK{{T}} I Kq+1(K{{T}})

resl resl
~o_1 exp ~
Q%K E Ky (K)

where the right arrow is the residue homomorphism {«, T} — « in [Ka], and the left
arrow is the residue homomorphism wdT /T + w. The field K{{T'}} is defined in
Example 3 of subsection 1.1 and Ox {{T'}} = O gy -

9.3. Some open problems

Problem 1. Determine the kernel of exp%Q) completely. Especially, in the case of a

d-dimensional local field K, the knowledge of the kernel of exp%d) will give a lot of
information on the arithmetic of K by class field theory. Generally, one can show that

pdQ% % C ker(expl?: Q4 — K (K)).

For example, if K is absolutely unramified (namely, p is a prime element of K ) and
p > 2, then pdﬁ%}z coincides with the kernel of expgf) ([Ku2]). But in general, this
is not true. For example, if K = Q,{{T}}(¢/pT) and p > 2, we can show that the
kernel of expg) is generated by pdOk and the elements of the form log(1 — zP)dx/x
for any x € Mg where Mg is the maximal ideal of Of.
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Problem 2. Can one generalize our exponential map to some (formal) groups? For
example, let G be a p-divisible group over K with |K : Q,| < co. Assume that the
[p"]-torsion points ker[p"] of G()K®2) are in G(K). We define the Hilbert symbol
K* x G(K) — ker[p"] by (o, ) = Yi(a)(y) —g v where [p"]y = 5. Benois
obtained an explicit formula ([B]) for this Hilbert symbol, which is a generalization
of Sen’s formula. Can one define a map exp: QéK ® Lie(G) — K* x G(K)/ ~
(some quotient of K* x GG(K)) by which we can interpret Benois’s formula? We also
remark that Fukaya recently obtained some generalization ([F]) of Benois’s formula for
a higher dimensional local field.
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10. Explicit higher local class field theory

Ivan Fesenko

In this section we present an approach to higher local class field theory [F1-2] different
from Kato’s (see section 5) and Parshin’s (see section 7) approaches.

Let ' (F =K,, ...,Kp)be an n-dimensional local field. We use the results of
section 6 and the notations of section 1.

10.1. Modified class formation axioms

Consider now an approach based on a generalization [F2] of Neukirch’s approach [N].
Below is a modified system of axioms of class formations (when applied to topo-

logical K -groups) which imposes weaker restrictions than the classical axioms (cf.

section 11).

(A1). There is a L-extension of F.

In the case of higher local fields let F'p,/F' be the extension which corresponds to
K(S)ep /Ko: Fpur = Uq py=1 F'(1); the extension Fopy, is called the maximal purely un-
ramified extension of F'. Denote by Frobyr the lifting of the Frobenius automorphisms
of KyP/Ky. Then

Gal(Fpu/F) ~ Z, Frobp ~ 1.

(A2). For every finite separable extension F' of the ground field there is an abelian
group Ap suchthat F' — Ap behaves well (is a Mackey functor, see for instance
[D]; in fact we shall use just topological K -groups) and such that there is a
homomorphism v: Ap — 7 associated to the choice of the Z-extension in (A1)
which satisfies

U(-]VL/FAL) = |L N Fpur : F| U(AF)

In the case of higher local fields we use the valuation homomorphism

0: KIP(F) — Z
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of 6.4.1. From now on we write KZOP(F) instead of Ar. The kernel of v is VK;f’p(F).
Put

or voNp/p.

LN Fpue : F

Using (A1), (A2) for an arbitrary finite Galois extension L/F' define the reciprocity
map

Yy, p:Gal(L/F) — K P(F)/Np, r KP(L), o+ Ny/plly  mod Ny, pKP(L)
where X is the fixed field of & and o is an element of Gal(L pu/F') suchthat o|;, =0
and o|p,, = Frob%. with a positive integer i. The element Iy of KyP(Z) is any such
that vy(Ily) = 1; it is called a prime element of K;OP(Z). This map doesn’t depend

on the choice of a prime element of KP(X), since LL /¥ is purely unramified and
VERP(E) C Nyp s VERP(EL).

(A3). For every finite subextension L/F of Fyu/F (which is cyclic, so its Galois
group is generated by, say, a o)
(A3a) |KnP(F): NppKnP(L)| = |L: F|;

(A3b) 0 — KP(F) 25 K9P0y 2% KYP(L) is exact;
_ N
(A3c) KP(L) 2% K1) “27 KP(F) is exact.
Using (A1), (A2), (A3) one proves that Y,/ is a homomorphism [F2].

(A4). Forevery cyclic extensions L/F of prime degree with a generator o and a cyclic
extension L'/ F of the same degree

—0 N .
(Ada) K'P(L) 1=% K'P(r) 7 KYP(F) is exact
(Adb) |KyP(F): Np/pKaP(L)| = |L: FJ;
(Ade) N pKpP(L')= NppKyP(L)= L=1L"

If all axioms (A1)—~(A4) hold then the homomorphism Y, induces an isomor-
phism [F2]

rib/ 7 Gal(L/FY* — K'P(F)/Np,, p KP(L).

The method of the proof is to define explicitly (as a generalization of Hazewinkel’s
approach [H]) a homomorphism

‘Pib/F: K:SP(F)/NL/FK:SP(L) — Gal(L/F)ab

and then show that ‘Pib/ O Y‘ib/ 7 18 the indentity.
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10.2. Characteristic p case

Theorem 1 ([F1], [F2]). In characteristic p all axioms (Al)—(A4) hold. So we get the
reciprocity map W, p and passing to the limit the reciprocity map

Wi KOP(F) — Gal(F™®/F).

Proof. See subsection 6.8. (A4c) can be checked by a direct computation using the
proposition of 6.8.1 [F2, p. 1118-1119]; (A3b) for p-extensions see in 7.5, to check it
for extensions of degree prime to p is relatively easy [F2, Th. 3.3]. O

Remark. Note that in characteristic p the sequence of (A3b) is not exact for an
arbitrary cyclic extension L/F (if L ¢ Fpyur ). The characteristic zero case is discussed
below.

10.3. Characteristic zero case. 1

10.3.1. prime-to- p-part.
Itis relatively easy to check that all the axioms of 10.1 hold for prime-to- p extensions
and for

K (F) = KP(F)/VEP(F)
(note that VK;? P(F) = ﬂ(z,p)=1 IKP (F)). This supplies the prime-to- p-part of the

reciprocity map.

10.3.2. p-part.
If p, < F* then all the axioms of 10.1 hold; if p, £ F* then everything with
exception of the axiom (A3b) holds.

Example. Let k = Q,((,). Let w € k be a p-primary element of k£ which means
that k(¢/w)/k is unramified of degree p. Then due to the description of K, of a local
field (see subsection 6.1 and [FV, Ch.IX §4]) there is a prime elements 7 of k£ such
that {w, 7} is a generator of K5(k)/p. Since a = iy pyiyiw, 7} € pKa(k(3/w)),
the element « lies in (1,5 IK(k(/w)). Let I = k{{t}}. Then {w,7} gépK;Op(F)
and ip g iw, 7} =0 in KP(F(Y/w)).
Since all other axioms are satisfied, according to 10.1 we get the reciprocity map
Yy, p:Gal(L/F) = K*(F)/Np, pK;(L), o+ Ny;plly

for every finite Galois p-extension L/F'.
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To study its properties we need to introduce the notion of Artin—Schreier trees
(cf. [F3]) as those extensions in characteristic zero which in a certain sense come
from characteristic p. Not quite precisely, there are sufficiently many finite Galois
p-extensions for which one can directly define an explicit homomorphism

Kg’p(F)/NL/FK;Op(L) — Gal(L/F)ab

and show that the composition of Y%b/ 7 with it is the identity map.

10.4. Characteristic zero case. II: Artin—Schreier trees

10.4.1.

Definition. A p-extension L/F is called an Artin—Schreier tree if there is a tower of
subfields F' = Fy — F} —--- — F, = L such thateach F;/F; | is cyclic of degree p,
F;=F,_(), &’ —a € F;_;.

A p-extension L/F is called a strong Artin-Schreier tree if every cyclic subexten-
sion M/E of degree p, F C EC M C L, isof type E = M(«a), a? —a € M.

Call an extension L/F' totally ramified if f(L|F)=1 (i.e. LN Fpy = F).

Properties of Artin—Schreier trees.
(1) if p, £ F* then every p-extension is an Artin—Schreier tree; if p, < F'* then
F(¥/a)/F is an Artin—Schreier tree if and only if aF*? < VpF*P.
(2) forevery cyclic totally ramified extension L/F' of degree p there is a Galois totally
ramified p-extension E/F suchthat F/F is an Artin—Schreier tree and £ D L.
For example, if p, < F*, F is two-dimensional and ¢y, is a system of local
parameters of F, then F'({/t;)/F is not an Artin—Schreier tree. Findan € € Vp \ V£
such that M/F ramifies along t; where M = F({/e). Let t) 5,12 € F be a system

of local parameters of M. Then ¢t, %, isaunitof M. Put E = M(i/tltfﬂ). Then

E D F(¥/t)) and E/F is an Artin—Schreier tree.

(3) Let L/F be a totally ramified finite Galois p-extension. Then there is a totally
ramified finite p-extension ()/F such that LQ/Q is a strong Artin—Schreier tree
and Lpur N qur = Fpur-

(4) For every totally ramified Galois extension L/F' of degree p which is an Artin—
Schreier tree we have

o, pur(Kz)p(L pur)Gal(L/F)) =pZ

where v is the valuation map defined in 10.1, K }? P(L pur) = h_r)n m K i{’ P(M) where

M /L runs over finite subextensions in L pur /L and the limit is taken with respect
to the maps ips/y, induced by field embeddings.
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Proposition 1. For a strong Artin—Schreier tree L/F the sequence

L pur/ Fpur

1 — Gal(L/F)*® 2 VKP(L pur)/I(L|F) ~ VKPP (Fpy) — 0
is exact, where g(o) =oIll =11, v,(ID) =1, I(L|F)=(ca—a:a€ VK}?p(Lpur».
Proof. Induction on |L : F| using the property NLpur/MpurI(L|F) = I(M|F) for a
subextension M /F of L/F. O
10.4.2. As a generalization of Hazewinkel’s approach [H] we have
Corollary. For a strong Artin-Schreier tree L/ F define a homomorphism

¥, p: VKIP(F) /Ny, pVEP(L) — Gal(L/F)™®, o~ g~ ((Frobr, —1)8)

where N, /P = iF/F,,@ and Froby, is defined in 10.1.

Proposition 2. ¥/ /- o T';b/ i Gal(L/F)™® — Gal(L/F)™ is the identity map; so for

a strong Artin—Schreier tree Yib/ p is injective and ¥y, is surjective.

Remark. As the example above shows, one cannot define ¥,/ for non-strong Artin—
Schreier trees.

Theorem 2. Tib/ F IS an isomorphism.

Proof. Use property (3) of Artin—Schreier trees to deduce from the commutative dia-
gram

Gal(LO/Q) —22% K(Q)/NLo oK P (LQ)

1 o
Gal(L/F) —255  K\P(F)/Ny pK (L)

that Y ,p is a homomorphism and injective. Surjectivity follows by induction on
degree. 0

Passing to the projective limit we get the reciprocity map
Wr: KOP(F) — Gal(F® /F)
whose image in dense in Gal(F®*/F).

Remark. For another slightly different approach to deduce the properties of Y, /r see
[F1].
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10.5

Theorem 3. The following diagram is commutative

KPr)y  —Er, Gar/m)

°| !

K (K T Gal(K® K
n—l( n—1) — Gal( nfl/ n—1)-

Proof. Follows from the explicit definition of Y ,r, since o{t1, ..., t,} is a prime
element of K;OEI(Kn,l). O

Existence Theorem ([F1-2]). Every open subgroup of finite index in Ky*(F) is the
norm group of a uniquely determined abelian extension L/F.

Proof. Let N be an open subgroup of K. WP(F) of prime index [.

If p #1, then thereis an o € F* suchthat N is the orthogonal complement of («)
with respect to t{~1D/! where t is the tame symbol defined in 6.4.2.

If char(F) = p = [, then there is an « € F' such that N is the orthogonal
complement of () with respectto (, ]; defined in 6.4.3.

If char(F) = 0,1 = p, p, < F*, then there is an o € F* such that N is the
orthogonal complement of (o) with respect to V} defined in 6.4.4 (see the theorems in
8.3). If ), £ F* then pass to F'(u,) and then back to F' using (|F'(up) : F|,p) = 1.

Due to Kummer and Artin—Schreier theory, Theorem 2 and Remark of 8.3 we deduce
that N = Ny, p K. WP(L) for an appropriate cyclic extension L/F.

The theorem follows by induction on index. O

Remark 1. From the definition of K,F it immediately follows that open subgroups
of finite index in K, (F) are in one-to-one correspondence with open subgroups in
K ;OP(F). Hence the correspondence L — Np,,r K, (L) is a one-to-one correspondence
between finite abelian extensions of F' and open subgroups of finite index in K, (F).

Remark 2. If K| is perfect and not separably p-closed, then there is a generalization
of the previous class field theory for totally ramified p-extensions of F' (see Remark
in 16.1). There is also a generalization of the existence theorem [F3].

Corollary 1. The reciprocity map Yr: KWP(F) — Gal(L /F) is injective.

Proof. Use the corollary of Theorem 1 in 6.6. O
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Corollary 2. For an element 11 € KY P(F) such that vp(IT) = 1 there is an infinite
abelian extension Fy/F such that

FaszpurFHa FpurmFI'IzF

and 11 € NL/FK}SP(L) for every finite extension L/F, L C Fy.

Problem. Construct (for n > 1) the extension Fpy explicitly?

(D]

(F1]

(F2]

(F3]
(F4]

[F5]

[FV]

(H]
[N]
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11. Generalized class formations
and higher class field theory

Michael Spief

Let K (K=K,,K,_i,...,Kpy)be an n-dimensional local field (whose last residue
field is finite of characteristic p).

The following theorem can be viewed as a generalization to higher dimensional local
fields of the fact Br(F') = Q/Z for classical local fields F' with finite residue field
(see section 5).

Theorem (Kato). There is a canonical isomorphism
h: H" (K, Q/Z(n)) = Q/Z.

Kato established higher local reciprocity map (see section 5 and [K1, Th. 2 of §6]
(two-dimensional case), [K2, Th. IT], [K3, §4]) using in particular this theorem.

In this section we deduce the reciprocity map for higher local fields from this theorem
and Bloch—Kato’s theorem of section 4. Our approach which uses generalized class
formations simplifies Kato’s original argument.

We use the notations of section 5. For a complex X the shifted-by-n complex
X'[n] is defined as (X [n])? = X"*9, dx [,) = (—1)"dx-. For a (pro-)finite group G
the derived category of G-modules is denoted by D(G).

11.0. Classical class formations

We begin with recalling briefly the classical theory of class formations.

A pair (G, C) consisting of a profinite group G and a discrete G-module C' is
called a class formation if

(Cl) H'(H,C) =0 for every open subgroup H of G.

(C2) There exists an isomorphism inv: H2(H, C') = Q/Z for every open subgroup
H of G.
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104 M. Spiefs

(C3) For all pairs of open subgroups V < U < G the diagram
oXU,0) —=— H(V,C)

lian linvv
oz 1 gz

1s commutative.

Then for a pair of open subgroups V < U < G with V normal in U the group
H>XU/)V,CV) ~ ker(H*(U,C) — H?*(V,()) is cyclic of order |U : V|. Tt has
a canonical generator uy x which is called the fundamental class; it is mapped to
1/|L : K|+ Z under the composition

inf

HU/V,CV) M BAU, 0) Y @)z,
Cup product with up /i induces by the Tate-Nakayama lemma an isomorphism
H2U/V,7) = HAU/V,CY).

Hence for ¢ = 0 we get C'U/corU/V(CV) S (U/V)®.

An example of a class formation is the pair (Gx,G,,) consisting of the absolute
Galois group of a local field K and the Gg-module G,, = (K*P)*. We get an
isomorphism

K* /Ny xL* = Gal(L/K)®
for every finite Galois extension L/K.

In order to give an analogous proof of the reciprocity law for higher dimensional
local fields one has to work with complexes of modules rather than a single module.

The concepts of the class formations and Tate’s cohomology groups as well as the

Tate—Nakayama lemma have a straightforward generalization to bounded complexes of
modules. Let us begin with Tate’s cohomology groups (see [Kn] and [Kol]).

11.1. Tate’s cohomology groups

Let G be a finite group. Recall that there is an exact sequence (called a complete
resolution of G)

X oo X2 x o x0 s xt

of free finitely generated Z[G]-modules together with a map X° — Z such that the
sequence

S G . Gy

1s exact.
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Definition. Let G be a finite group. For a a bounded complex
A oo AT A0 Al

of G-modules Tate’s cohomology groups HYG , A") are defined as the (hyper-)cohomo-
logy groups of the single complex associated to the double complex

Y% = Homg(X ¢, A7)
with suitably determined sign rule. In other words,
HYG, A) = H(Tot(Hom(X ", A))).
Remark. If A is a G-module, then H (G, A") coincides with ordinary Tate’s coho-
mology group of G with coefficients in A where

A ...>0—>A—=>0— ... (A isatdegree0).

Lemma (Tate—Nakayama—Koya, [Ko2]). Suppose that
(1) ﬁl(H,A') =0 for every subgroup H of G;
(i1) thereis a € flz(G, A’) such that resg /g (a) generates ﬁ[z(H, A’) and is of order
|H| for every subgroups H of G.
Then

H%(@G,7) 2% HIG, A)

is an isomorphism for all q.

11.2. Generalized notion of class formations

Now let G be a profinite group and C" a bounded complex of G-modules.

Definition. The pair (G, C") is called a generalized class formation if it satisfies (C1)—
(C3) above (of course, we have to replace cohomology by hypercohomology).

As in the classical case the following lemma yields an abstract form of class field
theory

Lemma. If (G, C") is a generalized class formation, then for every open subgroup H
of G there is a canonical map

pu: HO(H,C") — H™®

such that the image of pg is dense in H® and such that for every pair of open
subgroups V < U < G, V normal in U, py induces an isomorphism

HU,C)/ coryyy HOV,C) = (U/V)™.
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11.3. Important complexes

In order to apply these concepts to higher dimensional class field theory we need
complexes which are linked to K -theory as well as to the Galois cohomology groups
H"W(K, Q /Z(n)). Natural candidates are the Beilinson-Lichtenbaum complexes.

Conjecture ([Lil]). Let K be afield. There is a sequence of bounded complexes 7.(n),

n = 0, of G -modules such that

(a) Z(0) = Z concentrated in degree 0; Z(1) = G,,[—1];

(b) Z(n) is acyclic outside [1,n];

(c) there are canonical maps Z(m) @" Z(n) — Z(m +n);

(@ H™(K,Zn)=0;

(e) for every integer m there is a triangle 7.(n) I Zn) — Z /m(n) — Zn)[1] in
D(Gk);

() H™(K,Z(n)) is identified with the Milnor K -group K,(K).

Remarks. 1. This conjecture is very strong. For example, (d), (e), and (f) would imply
the Milnor—Bloch—Kato conjecture stated in 4.1.

2. There are several candidates for Z(n), but only in the case where n = 2 proofs
have been given so far, i.e. there exists a complex Z(2) satisfying (b), (d), (e) and (f)
(see [Li2]).

By using the complex Z(2) defined by Lichtenbaum, Koya proved that for 2-
dimensional local field K the pair (Gg,Z(2)) is a class formation and deduced the
reciprocity map for K (see [Kol]). Once the existence of the Z(n) with the properties
(b), (d), (e) and (f) above is established, his proof would work for arbitrary higher
dimensional local fields as well (i.e. (Gk,Z(n)) would be a class formation for an
n-dimensional local field K ).

However, for the purpose of applications to local class field theory it is enough to
work with the following simple complexes which was first considered by B. Kahn [Kn].

L
Definition. Let Z(n) € D(Gk) be the complex G2"[—n].

Properties of Z(n).

(a) itis acyclic outside [1,n];

(b) for every m prime to the characteristic of K if the latter is non-zero, there is a
triangle

Z(n) = Z(n) — Z/m(n) — Z(n)[1]
in D(Gk);
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(c) forevery m asin (b) there is a commutative diagram

K*®n  _—_  H™(K,7Z(n))

| |

where the bottom horizontal arrow is the Galois symbol and the left vertical arrow
isgivenby 1 ® -+ ®x, — {x1, ..., z,} mod m.
The first two statements are proved in [Kn], the third in [Sp].

11.4. Applications to n-dimensional local class field theory

Let K be an n-dimensional local field. For simplicity we assume that char (K) = 0.
According to sections 3 and 5 for every finite extension L of K there are isomorphisms

(D Kn(L)/m = H"(L,Z/m(n)), H""'(L,Q/Z(n)) = Q/Z.
Lemma. (G, Z(n)[n]) is a generalized class formation.

The triangle (b) above yields short exact sequences
0 — HY(K,Z(n))/m — H(K,Z/m(n)) — nHY (K, Z(n)) — 0

for every integer 7. (1) and the diagram (c) show that ,,, H"*!(K, Z(n)) = 0 for all
m # 0. By property (a) above H™!(K, Z(n)) is a torsion group, hence = 0. Therefore
(C1) holds for (G, Z(n)[n]). For (C2) note that the above exact sequence for ¢ =n + 1
yields H™ (K, Z/m(n)) — , H"(K, Z(n)). By taking the direct limit over all m
and using (1) we obtain

H™ (K, Z(n)) = H"(K,Q/Z(n)) = Q/Z.

Now we can establish the reciprocity map for K: put C" = Z(n)[n] and let L /K be
a finite Galois extension of degree m. By applying abstract class field theory (see the
lemma of 11.2) to (G, C") we get

K. (K)/Np k Kn(L) = H" (K, Z/m(n))/ cor H"(L, Z/m(n))
= HYK,C)/m/ cor HY(L,C")/m = Gal(L/K)™.

For the existence theorem see the previous section or Kato’s paper in this volume.
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12. Two types of complete discrete valuation fields

Masato Kurihara

In this section we discuss results of a paper [Kul] which is an attempt to understand
the structure of the Milnor K -groups of complete discrete valuation fields of mixed
characteristics in the case of an arbitrary residue field.

12.0. Definitions

Let K be acomplete discrete valuation field of mixed characteristics (0, p) with the ring
of integers O . We consider the p-adic completion Q%)K of ng 7 a8 in section 9.
Note that
(a) If K is afinite extension of Q,, then
Qb, =0k /Di/g,)dr

where Dy /0, 18 the different of K /Qp, and 7 is a prime element of K.
) If K =k{t:}}... {tn—1}} with |k : Q,| < oo (for the definition see subsec-
tion 1.1), then

ﬁé)}( = (Ok/‘Dk/Qp)dﬂ' @D Ogdt) ® --- D Ogdt,_;

where 7 is a prime element of Oy.

But in general, the structure of (AZ%DK is a little more complicated. Let F' be the
residue field of K, and consider a natural map

@:SAZ})K — QL.

Definition. Let Tors SAZEQK be the torsion part of SAZ%DK If p(Tors SA!}DK) =0, K is
said to be of fype I, and said to be of type II otherwise.

Soif K is afield in (a) or (b) as above, K is of type L.
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Let 7 be a prime element and {¢;} be a lifting of a p-base of F'. Then, there is a
relation

adr + Z bidt; =0

with a, b; € Og. The field K is of type I if and only if vx(a) < min; v (b;), where
vx 18 the normalized discrete valuation of K.

Examples.
(1) If vg(p) is prime to p, orif F is perfect, then K is of type L.
(2) The field K = Q,{{t}}(m) with ©P = pt is of type II. In this case we have

ﬁgK ~ Ok /p® Ok.

The torsion part is generated by dt — 7P~ !dr (we have pdt — prP?~ldr = 0), so
o(dt — wP~Vdm) = dt #0.

12.1. The Milnor K -groups

Let 7 be a prime element, and put e = vi(p). Section 4 contains the definition of the
homomorphism

P QL @ Q12— gr, K (K).
Theorem. Put ¢ = lengthg , (Tors ﬁéK).
(a) If K isof type I, then for m >+ 1+2¢/(p—1)
pmyQ%,I:QqF—l — g Ky (K)

is surjective.
(b) If K is of type II, then for m > £ +2e/(p — 1) and for q > 2

-2
pm]Q%_zz QL — grp Ky(K)
is surjective.

For the proof we used the exponential homomorphism for the Milnor K -groups
defined in section 9.

Corollary. Define the subgroup U; K (K) of K,(K) as in section 4, and define the

subgroup V;K(K) as generated by {1+ M., O%, ..., 0%} where M is the max-

imal ideal of Q.

(a) If K is of type I, then for sufficiently large m we have U, K (K) = V,, K,(K).

(b) If K isof typell, then for sufficiently large m, we have V, K (K) = U1 K (K).
Especially, gr,, K,(K) =0 for sufficiently large m prime to p.
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Example. Let K = Q,{{t}}(m) where 7P = pt as in Example (2) of subsection 12.0,
and assume p > 2. Then, we can determine the structures of gr,, K{,(/) as follows
([Ku2]).

For m < p+1, gr,,K,(K) is determined by Bloch and Kato ([BK]). We have
an isomorphism groK»(K) = Ky(K)/U1 Ky(K) ~ K»(F) @& F*, and gr, K,(K) is
a certain quotient of QL /dF @ F (cf. [BK]). The homomorphism p,, induces an
isomorphism from

Q}; fl<m<p—lorm=p+1
0 if7 > p+2andz is prime to p
F/F? ifm=2p
(x — {1 + prPx, 7} induces this isomorphism)
P if m =npwithn >3
L (x — {1+ p™x, 7} induces this isomorphism)

onto gr,, K7(K).

12.2. Cyclic extensions

For cyclic extensions of K, by the argument using higher local class field theory and
the theorem of 12.1 we have (cf. [Kul])

Theorem. Letr ¢ be as in the theorem of 12.1.

() If Kisoftypeland i > 1+{+2¢/(p—1), then K does not have ferociously ram-
ified cyclic extensions of degree p'. Here, we call an extension L/K ferociously
ramified if |L : K| = |kr, : kil|ins where ki (resp. ki) is the residue field of L
(resp. K).

(b) If K isoftypell and i > {+2¢e/(p — 1), then K does not have totally ramified
cyclic extensions of degree p'.

The bounds in the theorem are not so sharp. By some consideration, we can make
them more precise. For example, using this method we can give a new proof of the
following result of Miki.

Theorem (Miki, [M]). If e < p — 1 and L/K is a cyclic extension, the extension of
the residue fields is separable.

For K = Q,{{t}}(¢/pt) with p > 2, we can show that it has no cyclic extensions
of degree p>.

Miki also showed that for any K, there is a constant ¢ depending only on K such
that K has no ferociously ramified cyclic extensions of degree p’ with i > c.
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For totally ramified extensions, we guess the following. Let FP~ be the maximal
perfect subfield of F, namely FP~ = (\FP". We regard the ring of Witt vectors
W(FP”) as a subring of O, and write ko for the quotient field of W(F?™"), and
write k for the algebraic closure of kg in K. Then, £ is a finite extension of kg, and
is a complete discrete valuation field of mixed characteristics (0, p) with residue field
FP~
Conjecture. Suppose that e(K|k) > 1, i.e. a prime element of Oy is not a prime
element of Ok . Then there is a constant c depending only on K such that K has no
totally ramified cyclic extension of degree p* with i > c.
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13. Abelian extensions of
absolutely unramified complete discrete valuation fields

Masato Kurihara

In this section we discuss results of [K]. We assume that p is an odd prime and K is an
absolutely unramified complete discrete valuation field of mixed characteristics (0, p),
so p is a prime element of the valuation ring O . We denote by F' the residue field of
K.

13.1. The Milnor K -groups and differential forms

For g > 0 we consider the Milnor K -group K,(K), andits p-adic completion I?q(K )

as in section 9. Let Uj IA(q(K) be the subgroup generated by {1+pOx, K*, ..., K*}.
Then we have:

Theorem. Let K be as above. Then the exponential map exp,, for the element p,
defined in section 9, induces an isomorphism

exp,: Q4! /pdQ%? 5 U Ky (K).
The group K (K ) carries arithmetic information of K, and the essential part

of K J(K) is UlK (K). Since the left hand side Q‘é l/deq K2 can be described

explicitly (for example, if F' has a finite p-base I, QéK is a free Og-module
generated by {dt;} where {t;} are a lifting of elements of /), we know the structure
of U K ¢(K) completely from the theorem.

In particular, for subquotients of K ¢(K) we have:

Corollary. The map py,: Q;{:l & Q%_z — g1, Ky (K) defined in section 4 induces
an isomorphism

QL B, 1957 3 g, K (K)
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114 M. Kurihara

where Bm,lﬂqF_l is the subgroup of QqF_l generated by the elements apjdloga A
dlogby A\ --- Ndlogby_> with 0 < j <m —1 and a, b; € F*.

13.2. Cyclic p-extensions of K

Asin section 12, using some class field theoretic argument we get arithmetic information
from the structure of the Milnor K -groups.

Theorem. Let W, (F) be the ring of Witt vectors of length n over F. Then there
exists a homomorphism

@, H(K, Z/p"™) = Homeon(Gal(K / K), Z/p") — Wp(F)

forany n = 1 such that:
(1) The sequence

0 — H' (Ko /K,Z/p™) — H'(K,Z/p") 22 W,(F) — 0
is exact where K, is the maximal unramified extension of K.
(2) The diagram
HY(K, Z/p"") —"— HY(K,Z/p")

l(pn-f-l J/¢>n

Woit(F)  ——  Wa(F)
is commutative where ¥ is the Frobenius map.
(3) The diagram

HYK,Z/p") —— H'(K,Z/p™*")

J/‘Dn J/cbn+l

WaF)  ——  Woa(F)
is commutative where 'V ((ag, -..,a,_1)) =(0,aq, ...,a,_1) is the Verschiebung
map.
(4) Let E be the fraction field of the completion of the localization O[T, (so the
residue field of E is F(T)). Let

X W (F) x Wi (F(T)) 2 BI(F(T)) ® H'(F(T), Z/p™)

be the map defined by \(w,w') = (ir(p"~'wdw'), i1 (ww')) where ,n Bt(F(T)) is
the p™-torsion of the Brauer group of F(T), and we consider p"~'wdw' as an
element of WHQ};(T) (WnQ'F(T) is the de Rham Witt complex). Let

i1: Wo(F(T)) — H'(F(T),Z/p™)
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Part I. Section 13. Abelian extensions of absolutely unramified cdv fields 115

be the map defined by Artin—Schreier—Witt theory, and let
i2: W Q) — pn Br(F(T)
be the map obtained by taking Galois cohomology from an exact sequence
0 — (F(TYP)* J(F(TYPY W' — WnQlryer — Wiapyer — 0.

Then we have a commutative diagram

HY(K,Z/p")xE* J(B*)P" —2— Br(E)

o To T
Wa(F) X Wa(F(T) —— o Br(F(T) & H'(F(T), Z/p")

where 1 is the map in subsection 5.1, and

1n—i

p™a; )

Un((@0, - an_1)) =exp(D

=0 j=1

(a; is alifting of a; to Ok ).
(5) Suppose that n =1 and F' is separably closed. Then we have an isomorphism

& HY(K,Z/p) ~ F.

Suppose that ®1(x) = a. Then the extension L/K which corresponds to the
character x can be described as follows. Let a be a lifting of a to Og. Then
L = K(x) where x is a solution of the equation

XP—X=a/p.
The property (4) characterizes ®,,.

Corollary (Miki). Let L = K(x) where xP — x = a/p with some a € Og. L is
contained in a cyclic extension of K of degree p" if and only if

a mod p € i
This follows from parts (2) and (5) of the theorem. More generally:

Corollary. Let x be a character corresponding to the extension L/K of degree p",
and ®,(x) = (ag, ...,an_1). Then for m > n, L is contained in a cyclic extension

of K of degree p™ if and only if a; € FP""" forall i such that 0 <i <n— 1.

Remarks.

(1) Fesenko gave a new and simple proof of this theorem from his general theory on
totally ramified extensions (cf. subsection 16.4).
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116 M. Kurihara

(2) For any g > 0 we can construct a homomorphism
®,: HI(K,Z/p"(q — 1)) — W,Q%!
by the same method. By using this homomorphism, we can study the Brauer group

of K, for example.

Problems.
(I) Let x., be the character of the extension constructed in 14.1. Calculate ®,,(x.;, ).
(2) Assume that F' is separably closed. Then we have an isomorphism

&, HY(K,Z/p") ~ W, (F).

This isomorphism is reminiscent of the isomorphism of Artin—Schreier—Witt theory.
For w = (ag, ...,ap_1) € W,(F), can one give an explicit equation of the
corresponding extension L/K using ag, ...,a,_; for n > 2 (where L/K
corresponds to the character x such that ®,,(x) = w)?
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14. Explicit abelian extensions of
complete discrete valuation fields

Igor Zhukov

14.0

For higher class field theory Witt and Kummer extensions are very important. In fact,
Parshin’s construction of class field theory for higher local fields of prime characteristic
[P] is based on an explicit (Artin—Schreier—Witt) pairing; see [F] for a generalization to
the case of a perfect residue field. Kummer extensions in the mixed characteristic case
can be described by using class field theory and Vostokov’s symbol [V 1], [V2]; for a
perfect residue field, see [V3], [F].

An explicit description of non Kummer abelian extensions for a complete discrete
valuation field K of characteristic 0 with residue field kx of prime characteristic p
is an open problem. We are interested in totally ramified extensions, and, therefore,
in p-extensions (tame totally ramified abelian extensions are always Kummer and their
class field theory can be described by means of the higher tame symbol defined in
subsection 6.4.2).

In the case of an absolutely unramified K there is a beautiful description of all
abelian totally ramified p-extensions in terms of Witt vectors over kyx by Kurihara
(see section 13 and [K]). Below we give another construction of some totally ramified
cyclic p-extensions for such K. The construction is complicated; however, the exten-
sions under consideration are constructed explicitly, and eventually we obtain a certain
description of the whole maximal abelian extension of K. Proofs are given in [VZ].

14.1

We recall that cyclic extensions of K of degree p can be described by means of Artin—
Schreier extensions, see [FV, II1.2]. Namely, for a cyclic L/K of degree p we have
L =K(z), 2P —x = a, where vk (a) = —1 if L/K is totally ramified, and vg(a) =0
if L/K is unramified.
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118 1. Zhukov

Notice that if vx(a; — ap) = 0, then for corresponding cyclic extensions L;/K
and L,/K wehave L1 Ky = Ly Ky. (If vg(a; —ap) > 1, then, moreover, L) = Ly.)
We obtain immediately the following description of the maximal abelian extension of
K of exponent p: Kabp = KSE”’] [1, Kq4, where Kgq = K(x), 2P —x = —pild, and
d runs over any fixed system of representatives of k7 in Og. This is a part of a more
precise statement at the end of the next subsection.

14.2

It is easy to determine whether a given cyclic extension L/K of degree p can be
embedded into a cyclic extension of degree p", n > 2.

Proposition. In the above notation, let b be the residue of pa in ky. Then there is a
1

cyclic extension M /K of degree p™ such that L C M if and only if b € kP

The proof is based on the following theorem of Miki [M]. Let F' be a field of
characteristic not equal to p and let ¢, € F. Let L = F(a), o = a € F. Then
a € F*"Np(c,»)/rF((pn)* if and only if there is a cyclic extension M/F' of degree
p" such that L. C M.

Corollary. Denote by K®?" (respectively KSE " ) the maximal abelian (respectively
abelian unramified) extension of K of exponent p™. Choose A; C Ok, 1 <i < n,
in such a way that {d : d € A;} is an Fp-basis of kﬁ’;_l/k?; for i <n—1 and an
F,-basis of k:?:il for i=n. Let K; 4 (d € A;) be any cyclic extension of degree p*
that contains = with ¥ —x = —p~'d. Then K®»" /K is the compositum of linearly
disjoint extensions K; /K (1 <i<n; d runsover A;)and KSP’pn/K.

n—1
From now on, let p > 3. Forany n > 1 and any b € kL. , we shall give
a construction of a cyclic extension K, /K of degree p" such that z € K, 4,
2P —x = —p~'d, where d € Ok is such that its residue d is equal to b.

14.3

Denote by G the Lubin—Tate formal group over Z,, such that multiplication by p in it
takes the form [p]g(X) = pX + XP.

Let O be the ring of integers of the field E defined in (2) of Theorem 13.2, and v
the valuation on F.
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Part I. Section 14. Explicit abelian extensions of complete discrete valuation fields 119

Proposition. There exist g; € O, i € Z, and R; € O, i > 0, satisfying the following

conditions.
(1) go=1 mod pO, g; =0 mod pO for i #0.
2) Ry=T.

B3) o(g) > —i+2+ [L] + [£2] for i < -1

4) Let g(X) =Y. ¢ X @D RX,T)=> R X @D+l Then
—00 1=0
9(X) +¢ [pla R(9(X),T) = g(X +¢ R(plc X, T")).
Remark. We do not expect that the above conditions determine g; and R; uniquely.

However, in [VZ] a certain canonical way to construct (g, R) by a process of the p-adic
approximation is given.

Fix a system (g, R) satisfying the above conditions. Denote
S=) SMX P =7IX 4

=0

the series which is inverse to R with respect to substitution in O[[X]].

Theorem. Let d € O%. Consider By, ..., [, € K°P such that
_ n—1 .
BY —Bi==p 1> Sid" )(-p),
i>0

+0o
_ n—j i ~i(p—1)+1 .
BY —Bj=—p 1> gid” H(—py BT 2
— o0

Then K  n-1 = KBy, ..., Bn) is a cyclic extension of K of degree p" containing
' 1

a zero of the polynomial X? — X +p~'ar" .

Remark. We do notknow which Witt vector corresponds to K, .1 /K inKurihara’s
theory (cf. section 13). However, one could try to construct a parallel theory in which

(the canonical character of) this extension would correspond to (Eﬂ’n_1 ,0,0,...) €

14.4

If one is interested in explicit equations for abelian extensions of K of exponent p"
for a fixed n, then it is sufficient to compute a certain p-adic approximation to g (resp.
R) by polynomials in Z, [T, T-1 X, X1 (resp. L[ T, T-1',X]). Let us make
this statement more precise.
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120 1. Zhukov

In what follows we consider a fixed pair (g, R) constructed in [VZ]. Denote
Kj’dpnf] =K(@Bi, ..., 55).
Let v be the (non-normalized) extension of the valuation of K to K N

B =—p = =pI, j=1,...,n
We assert that in the defining equations for K

with (g, R) such that

Then

dpn—l .

g the pair (g, R) can be replaced

(D) @ —g)>n+maxjoy , 1(—j—i-pI+pl+p i+ 4p), i€,

and
(2) o(R; — R) >n—i, i>0.
Theorem. Assume that the pair (g, E) satisfies (1) and (2). Define S as R7L. Let
B~ Bri=—p 'S S ),
i>0

+00
B~ By=—p ' S g Hpy B s,
— o0

Then KBy, .., Bn) = KB, - -, Bn).

Proof. 1Ttiseasy to check by induction on j that Ej S Kj g and 'U(Bj— Bj) >n—j,
g=1,...,n.

Remark. For a fixed n, one may take }NEZ =0 for i > n, g; = 0 for all sufficiently
small or sufficiently large <.

14.5

If we consider non-strict inequalities in (1) and (2), then we obtain an extension K N

suchthat K .1 Ky=K
n,dp n,
in [VZ] shows that

dpn71

g K. In particular, let n = 2. Calculation of (R, g)

0, 1< —1

gi'= S p- 5 i=-1
L+p- Z0=L1—TP), i=0

Therefore, one may take g; = 0 for i < —1 or i > 0, g_; = p- TP;_I, Jo =

1+p- Tl_zp_l (1 =T"). Further, one may take R =TX. Thus, we obtain the following
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Part I. Section 14. Explicit abelian extensions of complete discrete valuation fields 121

Theorem. For any d € O, let IN(Ld = K(y), where y? —y = —p~'d. Next, let
K> v = K(y1,42), where

W —yi=—p &,
1- 1—-
v—p=—p ly+p " %yf”” - %(1 — ")y
Then
1. Al IN(Ld/K are cyclic of degree p, and all I~(27dp/K are cyclic of degree p?.
2. K /K is the compositum of linearly disjoint extensions described below:
(a) K 1.a/ K, where d runs over a system of representatives of an F-basis of
k K / k‘% 5
(b) [A{—Z’dp /K, where d runs over a system of representatives of an F,-basis of
kr s
(© K"K,

14.6

One of the goals of developing explicit constructions for abelian extensions would be
to write down explicit formulas for class field theory. We are very far from this goal
in the case of non Kummer extensions of an absolutely unramified higher local field.
However, the K -group involved in the reciprocity map can be computed for such fields
in a totally explicit way.

Let K be an absolutely unramified n-dimensional local field with any perfect
residue field. Then [Z, §11] gives an explicit description of

UMKXPK = {a,B1, ..., Bn-1}: o, fi € K, v(a — 1) > 0).

Notice that the structure of Ky P K JUK. "PK, ie., the quotient group responsible for
tamely ramified extensions, is well known. We cite here a result in the simplest possible

case K =Q,{{t}}.

Theorem. Ler K = Q,{{t}}.

1. Forevery a € UlKg)P(K) there are nj € Z,, j € Z\ {0} which are uniquely
determined modulo p*®9*! and there is ng € Z,, which is uniquely determined
such that

a= an{l — pt?, t}.
J

2. Forany j %0 we have
pUer W pd 1} = 0.
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Proof. Use explicit class field theory of section 10 and the above mentioned theorem
of Miki.

Question. How does {1 — pt? t} acton K,

(F]
[FV]
(K]

(M]

(P]

(V1]

(V2]

[V3]

[VZ]

[Z]

dpn71 ?
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15. On the structure of the Milnor K -groups
of complete discrete valuation fields

Jinya Nakamura

15.0. Introduction

For a discrete valuation field K the unit group K* of K has a natural decreasing
filtration with respect to the valuation, and the graded quotients of this filtration are
written in terms of the residue field. The Milnor K -group K,(K) is a generalization
of the unit group and it also has a natural decreasing filtration defined in section 4.
However, if K is of mixed characteristic and has absolute ramification index greater
than one, the graded quotients of this filtration are known in some special cases only.
Let K be a complete discrete valuation field with residue field k = kx; we keep
the notations of section 4. Put v, = vg, .
A description of gr, K,(K) is known in the following cases:
(i) (Bass and Tate [BT]) groK,(K) ~ Ky (k) ® K,_1(k).
(ii) (Graham [G]) If the characteristic of K and k is zero, then gr,, K j(K) ~ Q,‘ifl
forall n > 1.
(iii) (Bloch [B], Kato [Kt1]) If the characteristic of K and of k is p > 0 then

gt K, (K) ~ coker (Qg—z — QI BI g I /Bg—z)

where w  +— (C*(dw),(=1)m C~*(w) and where n > 1, s = v,(n) and
m=mn/p°.
(iv) (Bloch—Kato [BK]) If K is of mixed characteristic (0, p), then

gt Ko () ~ coker (QZ*Z — QI Bl g Qi? /Bgfz)

where w  —— (C™*(dw), (—1)?m C~*(w)) and where 1 < n < ep/(p — 1) for
e=vk(p), s=uvp(n) and m =n/p°; and

grer K, (K)
p—1
~ coker (QZ—Q — QI (1 +a0)B B Q12 /(1 + ac)Bg—Z)
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124 J. Nakamura

where w  +—— (1+aC)C *(dw),(—1)Im(1 +aC) C *(w)) and where a is the
residue class of p/7n¢ for fixed prime element of K, s = vy(ep/(p — 1)) and
m=ep/(p— Dp°.

(v) (Kurihara [Kul], see also section 13) If K is of mixed characteristic (0, p) and
absolutely unramified (i.e., vg(p) = 1), then gr, K, (K) ~ QZ_I / Bfl:ll for
n>1.

(vi) (Nakamura [N2]) If K is of mixed characteristic (0,p) with p > 2 and p{e =
v (p), then

as in (iv) (I<n<ep/(p—1))
Q7YBILL (> ep/p— 1)

where [,, is the maximal integer which satisfies n — l,e > e¢/(p — 1) and s,, =
vp(n — lye).

(vii) (Kurihara [Ku3]) If K is the fraction field of the completion of the localization
Zip|T|(py and K = Ko({/pT’) for a prime p # 2, then

gr, Ky(K) ~ {

as in (iv) a1<n<p

k/kP (n =2p)
grnKZ(K) = 1-2

kP (n=Ip, 1 =>3)

0 (otherwise).

(viii) (Nakamura [N1])Let K be an absolutely unramified complete discrete valuation
field of mixed characteristic (0, p) with p > 2. If K = K((p)(¥/7) where 7 isa
prime element of K(((,) such that dm?~! =0 in Q%QK > then gr, Ky (K) are

0'¢p

determined for all n > 1. This is complicated, so we omit the details.
(ix) (Kahn [Kh]) Quotients of the Milnor K -groups of a complete discrete valuation
field K with perfect residue field are computed using symbols.

Recall that the group of units U g can be described as a topological Z,-module.
As a generalization of this classical result, there is an appraoch different from (i)-(ix)
for higher local fields K which uses topological convergence and

K9 (K) = K (K)/ Nzt LK (K)

(see section 6). It provides not only the description of gr, K,(K) but of the whole
K;OP(K ) in characteristic p (Parshin [P]) and in characteristic 0 (Fesenko [F]). A

complete description of the structure of K fIOp(K ) of some higher local fields with small
ramification is given by Zhukov [Z].

Below we discuss (vi).
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15.1. Syntomic complex and Kurihara’s exponential homomorphism

15.1.1. Syntomic complex. Let A = Ok and let Ay be the subring of A such that
Ap is a complete discrete valuation ring with respect to the restriction of the valuation
of K, the residue field of Ag coincides with k& = kx and Ay is absolutely unramified.
Let 7 be a fixed prime of K. Let B = Ap[[X]]. Define

X7

Jd =ker[B —— A]

X—m

fJ:ker[B—>A&dpA/p]:3+pB.

Let D and J C D be the PD-envelope and the PD-ideal with respect to B — A,
respectively. Let I C D be the PD-ideal with respect to B — A/p. Namely,

J
D=B[§!;j20,x63], J=ker(D — A), I=ker(D — A/p).

Let JI"! (resp. I!"1) be the r-th divided power, which is the ideal of D generated by

J T
{x ; j}r,xeﬂ}, <resp. {pr ; i+j>r,1:€ﬁ]}>.
7! il 7!

Notice that 11 = JI% = D Let 1™ = jI"I = D for a negative n. We define the
complexes Jl9! and 119! as

Jlal = [ ylal Ay gla=1l g ﬁ}g Ay gla=2 g ﬁ2B — ]

M4l = rlad & fla-l g, QL 4 a2 g 02 ...

where ﬁ% is the p-adic completion of Q%. We define D = I1°! = JIOI,
Let T be a fixed set of elements of A such that the residue classes of all T' € T
in k forms a p-base of k. Let f be the Frobenius endomorphism of Ag such that

f()y=TP forany T € T and f(z) = 2P mod p for any x € Ag. We extend f to
B by f(X)= XP, andto D naturally. For 0 <7 < p and 0 < s, we get

JUMY Cp'D, f(@Q) € pQ3,

since
f@ly = @+t = @l py) = pp — D14y
T, dT, dT? TP T, dT,
— A A =z—— A --- A =z2p°— A -+ A
S 7,) T w =P T,’
where x € J, y is an element which satisfies f(x) = 2P + py, and T}, ..., Ty €
TU{X}. Thus we can define
fq= I‘fq: TNl — Do QL
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for 0 < r < p. Let .“(q) and .’(q) be the mapping fiber complexes (cf. Appendix)
of

1_
g ey g 1@ ey p

respectively, for ¢ < p. For simplicity, from now to the end, we assume p is large
enough to treat .#(q) and ’'(q). .#(q) is called the syntomic complex of A with
respect to B, and .%’(q) is also called the syntomic complex of A/p with respect to
B (cf. [Kt2]).

Theorem 1 (Kurihara [Ku2]). There exists a subgroup S? of HI((q)) such that
UxHI(S(q) ~ U1 K4 (A) where K,(A) = ﬁ&qu(A)/p” is the p-adic completion of
K,(A) (see subsection 9.1).

Outline of the proof. Let Ux(D ® ﬁ‘g 1) be the subgroup of D ® ﬁ‘gl generated by
XDoQL!', Do Q%L ?AdX and T ® Q%' and let
S9=Ux(D® Q%5 H/(AD®QL2+(1— £)] @ QL )N Ux(D® Q%Y.

The infinite sum ) -, f;'(dz) convergesin D ® Q% for z € Ux(D® Q4. Thus
we get a map

Ux(D® Q%5 — HI(A(g)

— (2,)_ f(d))
n=0

and we may assume SY is a subgroup of H9(.#(q)). Let E, be the map

E,: Ux(D® Q%) — K (A)

dry AT,
1‘7 PR
T T,

— {EI(JL‘),Tl, ...,Tq_l},

where E(z) = exp O(Zn>0 J1)(@) is Artin—Hasse’s exponential homomorphism. In
[Ku2] it was shown that F, vanishes on

D@ QL +(1— f)J Q5 HNUx (D Q%L,
hence we get the map
E,: 87— K (A).

The image of E, coincides with U} K,(A) by definition.
On the other hand, define s,: K,(A) — S? by

Sq({alv .. aq})
_Z( 1yi— 11 f(?z))dalA_,,/\%/\fl(dﬁil)/\.../\fl(@)

ai a;—1 Qg+1 Qq
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(cf. [Kt2], compare with the series @ in subsection 8.3), where @ is a lifting of a
to D. One can check that s, o £, = —id. Hence S? ~ U;K,(A). Note that if
(p € K, then one can show U; K (A) ~ U; K,(K) (see [Ku4] or [N2]), thus we have

5 ~ U Ky(K). 0
Example. We shall prove the equality s, o £/, = —id in the following simple case.
Let ¢ =2. Take an element adT/T € Ux(D ® Q%_l) for T'e TU{X}. Then
ar
E -
Sq © Q(a T )

= s,({E1(@),T})
1y (f<E1<a>>>f <dT>
“p B E@r )\ T

1 dr
= » (log of oexpo Z fi'(a) — plogoexpo Z fln(a)> T

n=0 n=0
dTl’
- (f1 NAOEDS ff<a>) A
n>0 n>0
_ar
= —CL?.

15.1.2. Exponential Homomorphism. The usual exponential homomorphism
exp,: A — A"
:En
T — exp(nz) = Z vl
n>0

is defined for n € A such that v4(n) > e/(p — 1). This map is injective. Section 9
contains a definition of the map

exp,,: Q' — K (A)

dy dyq-1
T——= A - A== — {exp(NT), Y1, - - -, Yg—1}
Y1 Yg—1

for n € A suchthat v4(n) > 2¢/(p — 1). This map is not injective in general. Here is
a description of the kernel of exp,,.

Theorem 2. The following sequence is exact:

) HN( () 5 Q7 /pd©s7 258 K (A).
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Sketch of the proof. There is an exact sequence of complexes

J[q] Tkal
O%Mqud %MFlﬁd BN (G (TN

D D

| |
Z(q) ()

where MF means the mapping fiber complex. Thus, taking cohomologies we have the
following diagram with the exact top row

H~ (A (q) —L— Ho~l@la/lay —2 5 Ha(7(q))

(I)T Thm.lT

QY /paQ s TR (4),
where the map (1) is induced by
Q' 3w po e T Q% /T QL ! = @ld/glalya-!,

We denoted the left horizontal arrow of the top row by 1/ and the right horizontal arrow
of the top row by . The right vertical arrow is injective, thus the claims are
(1) 1is an isomorphism,
(2) this diagram is commutative.
First we shall show (1). Recall that

2 ~Ng—2 ~Ng—2
He @9/ jla)) = coker (I[ Lo 0 — [®Q ) )

J2eQL? JeL?
From the exact sequence
0—J—D—A—0,
weget Do QL' /J© Q%L = A2 Q%" and its subgroup I © Q%72/J © QL2 is

pA ® ﬁqB_l in A® SAZqB_l. The image of I?) @ ﬁ‘gz in pA® ﬁqB_l is equal to the
image of

1?0 Q5% =2 0 Q% +pIQL 2 + p? QL2
On the other hand, from the exact sequence
0—J—B—A—0,

we get an exact sequence
/P 005? L Ay — o —o.
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Thus dJ? @ ﬁqB_z vanishes on pA ® SAZQB_I, hence

Aq—1 _ ~Agq—1
Hq—l(ﬂ[q]/J[q]) — /I\)A ® QqB _ 7’:1 AA ® QqB _ ~ ﬁi—l/pdﬁizq—{
pddQ% 7 + p2dQL 7  dIQL T + pdQY

which completes the proof of (1).
Next, we shall demonstrate the commutativity of the diagram on a simple example.

Consider the case where ¢ =2 and take adT'/T € 6}4 for T € TU {r}. We want to
show that the composite of

QL /pda Oy gra gy 2y ga By gy

coincides with exp,,. By (1), the lifting of adZ/T in (I /JPH! = 10 QL /J QL is
pa ® dT /T, where a is a lifting of a to D. Chasing the connecting homomorphism
9,

0 —  elhep ——  ueQh)ep «—— (I80L)/JeQL) — 0

| | |

0 — (DeOL)B(DRAL) — (De0O%)a(DeQL) — 0 — 0

o | o
(the left column is .7(2), the middle is .#”(2) and the right is 112! /J121); padT /T in

the upper right goes to (pda A dT'/T, (1 — f2)(pa ® dT'/T)) in the lower left. By Ej,
this element goes

B> (1~ p)(pi® 2)) = B2(( - e © )
= {E\((1 = fO@a), T} = {expo(D_ f") o (1 = f1)pa), T}

n>0

= {exp(pa), T'}.

in U IA(Q(A). This is none other than the map exp,,. OJ

By Theorem 2 we can calculate the kernel of exp,,. On the other hand, even though
exp,, is not surjective, the image of exp,, includes Ue+1IA( 4(A) and we already know
gril?q(K ) for 0 < i < ep/(p — 1). Thus it is enough to calculate the kernel of exp,,

in order to know all grif( ¢(K). Note that to know grilA(q(K ), we may assume that
¢p € K, and hence K (A) =UpK,(K).
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15.2. Computation of the kernel of the exponential homomorphism

15.2.1. Modified syntomic complex. We introduce a modification of .#’(¢) and
calculate it instead of .%”(g). Let S, be the mapping fiber complex of

1— fy: (J[q])Zq—z — v D=2
Here, for a complex C", we put
C"=0— - —0—C" — C™! — ...).

By definition, we have a natural surjection H q_l(Sq) — HI (¥ (¢q)), hence
YHT(Sy) = Y(HI(#"(¢))), which is the kernel of exp,,.

To calculate H q_l(Sq), we introduce an X -filtration. Let 0 < r <2 and s =q—r.
Recall that B = Ag[[X]]. Fori > 0, let fil;(I'"/® Q%) be the subgroup of I1"@ pQs5,
generated by the elements

Xej 1 =
{X"( ,‘) ?‘aw:n+€j>i,n>07j+l>raaeD’wegsB}

gl

2 (XY pt aX o i Q3!
U{X 5! A intej>in>ljtl>racDveQy .

The map 1 — f,: 1 "l © QSB - D® KAZSB preserves the filtrations. By using the latter
we get the following

Proposition 3. H9~! (fil;Sq); form a finite decreasing filtration of H a1 (Sq). Denote

fil, H~'(S,) = HI(fil;S,),
gr, H17X(S,) = il H1~ (S, /filis HTL(S,).
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Then gr; H1~(S,)

0 (ifi > 2e)
X2e-14x A (ﬁgj /p) (ifi =2e)
X (52 /p) @ XX A @5 /D) (ife<i<2e)
Xe ﬁq—Z Xe—ldX ﬁq—3 2§q—3 s
A /p ® A (31 Ag /p A (zfz—e,p|e)
_ ) xelax a (3@3;3/192@3;3) (ifi=epte)
i (pmax(n;—vp(i>,0)§zgzm3niaigz) +P2§?4;2
X p2§q72
A9
] 3 ’2-2\(173_'_ 25(173
@(X“WX/\W) (fl1<i<e)
P2y
0
0 (if i = 0).

Here i and n| are the integers which satisfy plili < e < p"i and p”g_li —-1<
e < p"ii — 1 foreach 1,
3004, = ker (94, -5 Q%! /p")
for positive n, and 5,1?2?40 = Q?‘lo for n <0.
Outline of the proof. From the definition of the filtration we have the exact sequence
of complexes:
0 — filj41Sy — fil;S; — gr;Sy — 0
and this sequence induce a long exact sequence
o= H72(grSg) — HI7 (il Sq) — HI7(fil;Sg) — HO ™ !(griSg) — -+ - .
The group Hq_z(griSq) is

., . .
H(gr;S) = ker (g“ 2o QL? — (gl © Q%) @ (gD ® Q )) |

x — (dz, (1 — fo)x)

Themap 1 — f, isequalto 1 if ¢ > 1 and 1— f;: pzﬁgz — _(.AZZZ if ¢ =0, thus they
are all injective. Hence H q_z(griSq) = 0 for all 7 and we deduce that H q_l(ﬁliSq)i
form a decreasing filtration on H q_l(Sq).

Next, we have to calculate H q_z(griSq). The calculation is easy but there are many
cases which depend on 4, so we omit them. For more detail, see [N2].
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Finally, we have to compute the image of the last arrow of the exact sequence
0 — HI\(fily;S,) — HI'(ALS,) — HI(gr;S,)

because it is not surjective in general. Write down the complex gr;S;:

o @l 05 Yo @EnDe Q5 S @D Q) o @D QL) - -,
where the first term is the degree ¢ — 1 part and the second term is the degree ¢ part. An

element (z,y) in the first term which is mapped to zero by d comes from H q*I(ﬁIiSq)

if and only if there exists z € fil;D © Q%% such that z = y modulo fil;;; D ® Q%2
and

> fide) € I ® Q%

n>=0

From here one deduces Proposition 3. O

15.2.2. Differential modules. Take a prime element 7 of K such that 7¢~!dr = 0.
We assume that p 1 e in this subsection. Then we have

~ dT; dT;
Q1 ~ A " A -
A ( @ T, A T, )

1 <ip<-<igq 1
dT; dT;
e—1 1] tq—1
@(_ '@_ Af(r )—Ti1 A A | /\d7r>,
1 <1< <ty_| q—

where {T;} = T. We introduce a filtration on SAZ% as
. Q! ifi=0
i,Q4 =9 L . ( :
Q4 + i ldr A QI (ifi>1).
The subquotients are
ar; QY = fil; QY /il QY
_ Q. (ifi=0o0ri>e)
Qe (ifl1<i<e),
where the map is
Qlswr— o e Wiﬁi
Q}I,_] Swr— m ldr AG e 7 ldr A SAI?L‘_I.
Here & is the lifting of w. Let fil;(Q% /pdQ% ") be the image of fil;Q in
Q4 )/ de?{l. Then we have the following:
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Proposition 4. For j > 0,

Q (=0
gy (84 /pa05 ") ={ Qb o0l a<j<o
Ql /B (e <))

where | be the maximal integer which satisfies j — le > 0.

Proof. If 1 < j <ee, grjﬁix = grj(ﬁj/pdﬁi_l) because pdﬁfﬂx_l C ﬁleﬁi. As-
sume that j > e and let [ be as above. Since 7¢ 'dm = 0, Qqul is generated by
elements pridw for 0 < i < e and w € Q%l. By [I] (Cor. 2.3.14), pridw €

ﬁ16(1+n)+iﬁ?4 if and only if the residue class of p~"dw belongs to B,;. Thus
gr;(Q4 /pdQL") ~ Q4 /BY. 0

By definition of the filtrations, exp,, preserves the filtrations on ﬁf{fl / pdﬁ?{z and
IA(q(K ). Furthermore, exp,: gri(ﬁf{l_l/ pdﬁ?q_z) — glive K (K) is surjective and its
kernel is the image of Y(HI~1(S,)) ﬁﬁli(ﬁi{l—l / pdﬁ?{z) in gri(ﬁi_l / pdﬁi{fz). Now
we know both Q%! /pdQ% % and H9~X(S,) explicitly, thus we shall get the structure
of K4(K) by calculating . But 7 does not preserve the filtration of H q_l(Sq), o)

it is not easy to compute it. For more details, see [N2], especially sections 4-8 of that
paper. After completing these calculations, we get the result in (vi) in the introduction.

Remark. Note thatif p | e, the structure of ﬁi{fl / pdﬁ?{z is much more complicated.
For example, if e = p(p— 1), and if 7€ = p, then pr®~!dr = 0. This means the torsion
part of SAZZ(I is larger than in the the case where p { e. Furthermore, if 77®~1 = pT
for some T' € T, then pﬂ'e_ldﬂ' = pdT’, this means that drm is not a torsion element.
This complexity makes it difficult to describe the structure of K, (K) in the case where
ple.

Appendix. The mapping fiber complex.

This subsection is only a note on homological algebra to introduce the mapping
fiber complex. The mapping fiber complex is the degree —1 shift of the mapping cone
complex.

Let ¢ L D bea morphism of non-negative cochain complexes. We denote the
degree i term of C" by C".
Then the mapping fiber complex MF(f)" is defined as follows.
MF(f)" = C' @ D71,
differential d: C* & D"™' — C™*' @ D'
(x,y) — (dz, f(x) — dy).
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By definition, we get an exact sequence of complexes:
0 — D[-1] — MF(f) — C" — 0,

where D[—1] =(0 — D° = D' — ...) (degree —1 shift of D".)
Taking cohomology, we get a long exact sequence

co = H'(ME(f)) = H(C) = H*\(D'[-1]) — H* (ME(f)) = -+,

which is the same as the following exact sequence

o HY(MF(f)) — HY(C) L HI(D) — H* (MF(f)) — -+ .
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16. Higher class field theory without using K -groups

Ivan Fesenko

Let F' be a complete discrete valuation field with residue field k£ = kr of characteris-
tic p. In this section we discuss an alternative to higher local class field theory method
which describes abelian totally ramified extensions of F' without using K -groups. For
n-dimensional local fields this gives a description of abelian totally ramified (with re-
spect to the discrete valuation of rank one) extensions of F'. Applications are sketched
in 16.3 and 16.4.

16.1. p-class field theory

Suppose that k is perfect and k # (k) where p: k — k, p(a) =a? — a.

Let F be the maximal abelian unramified p-extension of F'. Then due to Witt theory
Gal(ﬁ/F) is isomorphic to ], Z, where x = dimp, k/p(k). The isomorphism is
non-canonical unless £ is finite where the canonical one is given by Frobp — 1.

Let L be a totally ramified Galois p-extension of F'.

Let Gal(F /F) act trivially on Gal(L/F).

Denote

Gal(L/F)~ = H. ((Gal(F/F),Gal(L/F)) = Homeon(Gal(F / F), Gal(L/ F)).

Then Gal(L/F)~ ~ @, Gal(L/F) non-canonically.
Put L = LF'. Denote by ¢ € Gal(L/L) the lifting of ¢ € Gal(F'/F).
For x € Gal(L/F)~ denote

ry={ac L:a?X® =q forall v E Gal(ﬁ/F)}.

The extension X, /F is totally ramified.
As an generalization of Neukirch’s approach [N] introduce the following:

Definition. Put

Yr/p(x) = Ng_/pmy/Npypmr mod Ny, pUp
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138 1. Fesenko

where 7, is a prime element of X, and 7, is a prime element of L.
This map is well defined. Compare with 10.1.

Theorem ([F1, Th. 1.7]). The map Yr,/p is a homomorphism and it induces an iso-
morphism

Gal(L N F*®/FY” 5 Up/Ny pUp, Uy p/Np Ul L.

Proof. One of the easiest ways to prove the theorem is to define and use the map which
goes in the reverse direction. For details see [F1, sect. 1]. O

Problem. If 7 is a prime element of F', then p-class field theory implies that there
is a totally ramified abelian p-extension F,. of F' such that Fwﬁ coincides with the
maximal abelian p-extension of F' and m € Np_,pF;. Describe F explicitly (like
Lubin—Tate theory does in the case of finite k).

Remark. Let K be an n-dimensional local field (K = K,,, ...,, Kp) with Kj
satisfying the same restrictions as k above.

For a totally ramified Galois p-extension L/K (for the definition of a totally
ramified extension see 10.4) put

Gal(L/K)™ = Homeon(Gal(K /K), Gal(L/K))

where K is the maximal p-subextension of K pyr /K (for the definition of K pur S€€
(A1) of 10.1).
There is a map Y,k which induces an isomorphism [F2, Th. 3.8]

Gal(L N K*™/K)~ S VK. (K)/Ny/k VKL (L)
where VK (K)={Vk} - K!_ |(K) and K! was defined in 2.0.

16.2. General abelian local p-class field theory

Now let k& be an arbitrary field of characteristic p, (k) # k.
Let F' be the maximal abelian unramified p-extension of F'.
Let L be a totally ramified Galois p-extension of F'. Denote

Gal(L/F)~ = Hclom((Gal(ﬁ/F), Gal(L/F)) = Homcom(Gal(ﬁ/F), Gal(L/F)).
In a similar way to the previous subsection define the map
Y, p:Gal(L/F)~ — Uy p/Np/pUs L.

In fact it lands in Uy p N V-

Z/ﬁULZ)/NL/FULL and we denote this new map by the

same notation.
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Definition. Let F' be complete discrete valuation field such that F D F, e(F|ﬁ) =1
and kg = U@ok:%_n. Put L = LF.
Denote I(L|F)=(e""!:e €Uy p,0 € Gal(L/F))NU, 7.

Then the sequence

N~
(*) I = Gal(L/F)™ % U, 3/I(L|F) _ur, N; U 7 =1

/

is exact where g(o) = ﬂ'zil and 7y is a prime element of L (compare with Proposi-
tion 1 of 10.4.1).

Generalizing Hazewinkel’s method [H] introduce

Definition. Define a homomorphism

lPL/Fi(ULF HNE/};UI Z)/NL/FUI,L — Gal(LﬁFab/F)N, lPL/F(E) =X

where x(p) =g~ '(n'=%), ne U is such that € = N~/Fn

Propertiesof Y7, r, ¥y /.

(1) Wr/poYp/p=id on Gal(LN Fab/F)N, so W, p is an epimorphism.

(2) Let F be a complete discrete valuation field such that F O F, e(F|F) =1 and
kg = Upsok? . Put £ = LF. Let

Arspi Ui p O Ny 52U 9 /NLypUs L = U g [NeysUs e

be induced by the embedding F' — F. Then the diagram

Y./F Yo, r .
Gal(L/F)~ —"= (U1,r N Ny 3U, 2)/NiypUs, — Gal(L N F®/F)~

l )\L/FJ( iSOl
TL - TL L
Gal(L/F)~ —L% Ut 5/NgsUi ¢ —=7, Gal(L N F@/F)~

is commutative.
(3) Since W, g is anisomorphism (see 16.1), we deduce that A7, is surjective and
ker(Wr,r) =ker(Ar,Fr), so

(U1,r VN3 35U, 9)/No(L/F) = Gal(L N F*® [F)~

where N*(L/F)=U17FQNL FU mNL/g‘Ulg

/

Theorem ([F3, Th. 1.9]). Let L/F be a cyclic totally ramified p-extension. Then
TL/F: Gal(L/F)N — (U]’F N NL/FUI L)/NL/FUI,L

is an isomorphism.
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Proof. Since L/F is cyclic we get I(L|F)={e""1:¢c € U, 7.0 € Gal(L/F)}, so
I(LIF)N Uf%l = I(L|F)*~!

for every ¢ € Gal(L/L).

Let Wi/ p(e) = 1 for € = NE/}?

so n € I(L|F)L, where L, is the fixed subfield of L with respect to . Hence
€€ NLW/FQLWULLQO. By induction on ~ we deduce that ¢ € Ny, ,pU; 1 and ¥, p
is injective. O

n € Upp. Then n*~! € I(LIF)N Uf;,

Remark. Miki [M] proved this theorem in a different setting which doesn’t mention
class field theory.

Corollary. Let Li/F, Ly/F be abelian totally ramified p-extensions. Assume that
L\L,/F is totally ramified. Then

NLZ/FUI,LZ C NLI/FUI,Ll <~ L, D L.
Proof. Let M/F be a cyclic subextension in L;/F. Then
Noi/sUre O NgyygUr g, 80 M C Ly and M C Ly. Thus Ly C L. O

Problem. Describe ker(W ) for an arbitrary L/F.

16.3. Norm groups

Proposition ([F3, Prop. 2.1]). Let F' be a complete discrete valuation field with residue
field of characteristic p. Let L1/ F and L,/ F be abelian totally ramified p-extensions.
Let Ny, /pLi N Np,,rpL5 contain a prime element of F. Then LiL,/F is totally
ramified.

Proof. If kp is perfect, then the claim follows from p-class field theory in 16.1.
If kr is imperfect then use the fact that there is a field J as above which satisfies
L FNLyF=(LyNLy)F. [

Theorem (uniqueness part of the existence theorem) ([F3, Th. 2.2]). Let kr & p(kg).
Let Ly/F, L,/F be totally ramified abelian p-extensions. Then

NLQ/FI%:NLI/FLT — L=1L,

Proof. Use the previous proposition and corollary in 16.2. 0
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16.4. Norm groups more explicitly

Let F' be of characteristic 0. In general if k is imperfect it is very difficult to describe

N1 rUy 1. One partial case can be handled: let the absolute ramification index e(F')

be equal to 1 (the description below can be extended to the case of e(F) < p —1).
Let 7w be a prime element of F'.

Definition.
En: Wnlkp) = U p /UL, Enxl(ao, .. an-)= [ E@" =7
0<ig<n—1
where a; € O is alifting of a; € kr (this map is basically the same as the map ¥,
in Theorem 13.2).
The following property is easy to deduce:

Lemma. &, . is a monomorphism. If kr is perfect then &, » is an isomorphism.

Theorem ([F3, Th. 3.2]). Let kr # p(kr) andlet e(F) = 1. Let m be a prime element
of F.

Then cyclic totally ramified extensions L/F of degree p"™ suchthat 7 € N, /pL*
are in one-to-one correspondence with subgroups

E i (F)p(W (k) UP
of UI,F/Uf'ﬁrJ where w runs over elements of W, (kr)*.

Hint. Use the theorem of 16.3. If kp is perfect, the assertion follows from p-class
field theory.

Remark. The correspondence in this theorem was discovered by M. Kurihara [K, Th.
0.11], see the sequence (1) of theorem 13.2. The proof here is more elementary since it
doesn’t use étale vanishing cycles.
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17. An approach to higher ramification theory

Igor Zhukov

We use the notation of sections 1 and 10.

17.0. Approach of Hyodo and Fesenko

Let K be an n-dimensional local field, L/K a finite abelian extension. Define a
filtration on Gal(L/K) (cf. [H], [F, sect. 4]) by

Gal(L/K) = Y;} KUK P(K) + Ny e KZP(L) /N KYP(L)), i€ Z,
where Ui K P(K) = {Us} - KoP (K), Ui = 1+ P (i),
Y;/‘ i KOP(K) /N e KYP(L) = Gal(L/K)

is the reciprocity map.
Then for a subextension M /K of L/K

Gal(M/K)' = Gal(L/K)' Gal(L/M)/ Gal(L /M)

which is a higher dimensional analogue of Herbrand’s theorem. However, if one defines
a generalization of the Hasse—Herbrand function and lower ramification filtration, then
for n > 1 the lower filtration on a subgroup does not coincide with the induced filtration
in general.

Below we shall give another construction of the ramification filtration of L/K in
the two-dimensional case; details can be found in [Z], see also [KZ]. This construction
can be considered as a development of an approach by K. Kato and T. Saito in [KS].

Definition. Let K be a complete discrete valuation field with residue field kg of
characteristic p. A finite extension L/K is called ferociously ramified if |L : K| =
|k7L t ki |ins-
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In addition to the nice ramification theory for totally ramified extensions, there is a
nice ramification theory for ferociously ramified extensions L/K such that k, /kg is
generated by one element; the reason is that in both cases the ring extension O, /O g
is monogenic, i.e., generated by one element, see section 18.

17.1. Almost constant extensions

Everywhere below K is a complete discrete valuation field with residue field kx of
characteristic p such that |k : k%-| = p. For instance, K can be a two-dimensional
local field, or K = IF,(X)((X3)) or the quotient field of the completion of Z,[T],)
with respect to the p-adic topology.

Definition. For the field K define a base (sub)field B as

B=Q, C K if char (K) =0,

B =T,((p)) C K if char(K) = p, where p is an element of K with vg(p) > 0.

Denote by ko the completion of B(R) inside K. Put k = k‘glg NnK.

The subfield k£ is a maximal complete subfield of K with perfect residue field.
It is called a constant subfield of K. A constant subfield is defined canonically if
char (K) = 0. Until the end of section 17 we assume that B (and, therefore, k) is
fixed.

By v we denote the valuation K212 * —» Q normalized so that v(B*) = Z.

Example. If K = F{{T}} where F is a mixed characteristic complete discrete
valuation field with perfect residue field, then k£ = F'.

Definition. An extension L/K is said to be constant if there is an algebraic extension
[/k such that L = K1.

An extension L/K is said to be almost constant if L C L;L, for a constant
extension L;/K and an unramified extension L, /K.

A field K is said to be standard, if e(K|k) = 1, and almost standard, if some finite
unramified extension of K is a standard field.

Epp’s theorem on elimination of wild ramification. ([El, [KZ]) Let L be a finite
extension of K. Then there is a finite extension k' of a constant subfield k of K such
that e(LK'|KK') = 1.

Corollary. There exists a finite constant extension of K which is a standard field.
Proof. See the proof of the Classification Theorem in 1.1.

Lemma. The class of constant (almost constant) extensions is closed with respect to
taking compositums and subextensions. If L/K and M /L are almost constant then
M/ K is almost constant as well.
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Definition. Denote by L. the maximal almost constant subextension of K in L.

Properties.

(1) Every tamely ramified extension is almost constant. In other words, the (first)
ramification subfield in L/K is a subfield of L..

(2) If L/K isnormal then L./K is normal.

(3) There is an unramified extension L6 of Ly such that LCL6 /Lo is a constant
extension.

(4) There is a constant extension L/ /L. such that LL/ /L’ is ferociously ramified
and L/, N L = L.. This follows immediately from Epp’s theorem.

The principal idea of the proposed approach to ramification theory is to split L/K
into a tower of three extensions: Lo/K, L./Ly, L/L., where L is the inertia
subfield in L/K. The ramification filtration for Gal(L./L) reflects that for the
corresponding extensions of constants subfields. Next, to construct the ramification
filtration for Gal(L/L.), one reduces to the case of ferociously ramified extensions by
means of Epp’s theorem. (In the case of higher local fields one can also construct a
filtration on Gal(Ly/K) by lifting that for the first residue fields.)

Now we give precise definitions.

17.2. Lower and upper ramification filtrations

Keep the assumption of the previous subsection. Put
A={-1,0U{(c,s): 0<se€Z}U{G,r):0<recQ}.
This set is linearly ordered as follows:
-1 <0< (c,%) < (,y) for any ¢, 7;

(c,2) < (¢, ) forany ¢ < j;
(i,7) < (i,7) forany 7 < j.

Definition. Let G = Gal(L/K). For any a € A we define a subgroup G, in G.
Put G_| = G, and denote by G the inertia subgroup in G, i.e.,

Go={g9g € G :v(g(a) —a) >0foralla € Or}.
Let L./K be constant, and let it contain no unramified subextensions. Then define
Gei=pr '(Gal(l/k);)
where [ and k are the constant subfields in L and K respectively,

pr: Gal(L/K) — Gal(l/k) = Gal(l/k)o
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is the natural projection and Gal(l/k); are the classical ramification subgroups. In the
general case take an unramified extension K'/K such that K'L/K’ is constant and
contains no unramified subextensions, and put G.; = Gal(K'L/K’ )ei

Finally, define Gi;, ¢ > 0. Assume that L. is standard and L/L. is ferociously
ramified. Let ¢ € Oy, ¢ ¢ k7. Define

Gii={9 € G:vgt) —1t) > i}

forall ¢ > 0.

In the general case choose a finite extension [’/l such that I’L. is standard and
e(l'LII'L.) = 1. Then it is clear that Gal(’L/l'L.) = Gal(L/L.), and I'L/l'L,. is
ferociously ramified. Define

Giﬂ‘ = Gal(l/L/l,LC)iJ‘
for all 7 > 0.

Proposition. For a finite Galois extension LK the lower filtration {Gal(L/K), }aca
is well defined.

Definition. Define a generalization hr i: A — A of the Hasse-Herbrand function.
First, we define

CI)L/KI A—A
as follows:

P g(@)=a fora=-1,0;

1 i
P gi)=|c¢,——— Gal(L./K).¢|dt for all 7 > 0;
L/k((¢,2)) ( e(L]K)/O | Gal(Le/K)c 4 >

@ k(1) = <i, / | Gal(L/K)i’t|dt) for all 2 > 0.
0
It is easy to see that @, is bijective and increasing, and we introduce
hpyk =¥/ = ‘I)Z/IK-
Define the upper filtration Gal(L/K)* = Gal(L/K),, k(@)

All standard formulas for intermediate extensions take place; in particular, for a
normal subgroup H in G we have H, = HN G, and (G/H)* = G*H/H. The
latter relation enables one to introduce the upper filtration for an infinite Galois extension
as well.

Remark. The filtrations do depend on the choice of a constant subfield (in characteris-
tic p).
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Example. Let K = F,((t))((m)). Choose k = B = IF,((7)) as a constant subfield.
Let L=K(@®), b» —b=a € K. Then
if a =7~*, i prime to p, then the ramification break of Gal(L/K) is (c,1);
if @ = 7P, i prime to p, then the ramification break of Gal(L/K) is (i,1);
if a = 7', 4 prime to p, then the ramification break of Gal(L/K) is (i,i/p);
if @ = 7~'tP, i prime to p, then the ramification break of Gal(L/K) is (i,i/p?).

Remark. A dual filtration on K /p(K) is computed in the final version of [Z], see also
[KZ].

17.3. Refinement for a two-dimensional local field

Let K be a two-dimensional local field with char (kx) = p, and let k& be the constant
subfield of K. Denote by

v = (v, 02): (K¥*)* - Qx Q
the extension of the rank 2 valuation of K, which is normalized so that:
e u(a)=v(a) forall a € K*,
e vi(u) =w(u) forall uw € Ugag, where w is a non-normalized extension of vy,

1 _ . .
on k;l(g, and @ is the residue of u,

e v(c) = (0, e(k|B) 'vi(c)) forall ¢ € k.

It can be easily shown that v is uniquely determined by these conditions, and the
value group of v|x- is isomorphic to Z x Z.

Next, we introduce the index set

Ay =AUQF =AU{(i1,i) : i1,iz € Q iy > 0}
and extend the ordering of A onto A, assuming
(i,42) < (i1,42) < (i},%2) < (i, 1)

for all i, < 15, 41 < .

Now we can define G, ;,, where G is the Galois group of a given finite Galois
extension L /K. Assume first that L. is standard and L/L. is ferociously ramified.
Lette€Op, t¢ k’L’ (e.g., a first local parameter of L ). We define

Giin={9€G vt g) = 1) > (i1,in)}

for i1,ip € Q, iy > 0. In the general case we choose I’/l (! is the constant subfield
of both L and L. ) such that 'L, is standard and I'L /I’ L. is ferociously ramified and
put

Giy iy =Gal(l'L/U'Le);, 4, -
We obtain a well defined lower filtration (Go)aca, on G = Gal(L/K).
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In a similar way to 17.2, one constructs the Hasse—Herbrand functions
D Ay = Az and Wo 1 = P, 1L /K which extend ® and W respectively.
Namely,

(i1,72)

®y 1101, i) = / | Gal(L/ Ky |dt.
0,0)

These functions have usual properties of the Hasse—Herbrand functions ¢ and
h = 1, and one can introduce an A,-indexed upper filtration on any finite or infinite
Galois group G.

17.4. Filtration on K'"P(K)

In the case of a two-dimensional local field K the upper ramification filtration for
K /K determines a compatible filtration on K ;Op (K). Inthe case where char (K) =p
this filtration has an explicit description given below.

From now on, let K be a two-dimensional local field of prime characteristic p over
a quasi-finite field, and & the constant subfield of K. Introduce v asin 17.3. Let 7
be a prime of k.

For all o € Q2 introduce subgroups

Qo ={{m,u} tueK,viu—1)>a}C VK;OP(K);
Q™ ={a € KyP(K) : p"a € Qu};
Sa=Cl | Q%Y.

n>0
For a subgroup A, Cl A denotes the intersection of all open subgroups containing A.
The subgroups S,, constitute the heart of the ramification filtration on K,P(K).
Their most important property is that they have nice behaviour in unramified, constant
and ferociously ramified extensions.

Proposition 1. Suppose that K satisfies the following property.
(*) The extension of constant subfields in any finite unramified extension of K is also
unramified.
Let LK be either an unramified or a constant totally ramified extension, o € Q%.
Then we have Np, i Sa,1 = Sa,K-

Proposition 2. Let K be standard, L/K a cyclic ferociously ramified extension of
degree p with the ramification jump h in lower numbering, o € Q2. Then:

(1) Np/kSa,L = Satp—1n, Kk, If > h;

(2) Np/KSa,1 is a subgroup in Sp. ic of index p, if o < h.
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Now we have ingredients to define a decreasing filtration {fil, K. EOP(K )}acu, on

K;OP(K ). Assume first that K satisfies the condition (*). It follows from [KZ, Th.
3.4.3] that for some purely inseparable constant extension K’/K the field K’ is almost
standard. Since K’ satisfies (*) and is almost standard, it is in fact standard.

Denote

filay ar K5 P(K) = Sayan'
fil; o, Ky P(K) =Cl U filo, o, K5 P(K) for ag € Qu;

a1 €Q
Tk =Cl U fily, K5 P(K);
aeQ?

fil; KyP(K)  =Tx+{{t,u} : u€k, vp(u—1)=i}forallic Qy,
if K = k{{t}} is standard;

fil; K,P(K) = Ngorj file; Ky P(K'), where K /K is as above;

filg KyP(K) = U()KYP(K) + {t, R }, where U(D)KYP(K) = {1 + Pr(1), K*},
t is the first local parameter;

fil_j KyP(K) =Ky (K).

It is easy to see that for some unramified extension K /K the field K satisfies the
condition (*), and we define fil, K3 (K) as Ny /i fila KYP(K) forall @ > 0, and

fil_; KyP(K) as K,P(K). It can be shown that the filtration {fil, K5*(K)}aeca, is
well defined.

Theorem 1. Let L /K be a finite abelian extension, o € Aj. Then Ny, fil, K;Op (L)
is a subgroup in filg, L x (@) K;OP(K) of index |Gal(L/K),|. Furthermore,

filg, (o) Ko PK) NNy i Ky P(L) = Ny fily K3 P (D).
Theorem 2. Let L/K be a finite abelian extension, and let
Y, Ky P(K) /Ny Ky (L) = Gal(L/K)
be the reciprocity map. Then
Y, ) (file K5P(K)  mod Npx Ky (L) = Gal(L/ K)®
forany a € Aj.

Remarks. 1. The ramification filtration, constructed in 17.2, does not give information
about the classical ramification invariants in general. Therefore, this construction can
be considered only as a provisional one.
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2. The filtration on K;Op (K) constructed in 17.4 behaves with respect to the norm
map much better than the usual filtration {U; K. EOP(K ) He zr- We hope that this filtration
can be useful in the study of the structure of K'°P-groups.

3. In the mixed characteristic case the description of “ramification” filtration on
K ;OP(K ) is not very nice. However, it would be interesting to try to modify the
ramification filtration on Gal(L/K) in order to get the filtration on K;Op (K) similar to
that described in 17.4.

4. It would be interesting to compute ramification of the extensions constructed in
sections 13 and 14.
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18. On ramification theory of monogenic extensions

Luca Spriano

We discuss ramification theory for finite extensions L/K of a complete discrete valua-
tion field K. This theory deals with quantities which measure wildness of ramification,
such as different, the Artin (resp. Swan) characters and the Artin (resp. Swan) conduc-
tors. When the residue field extension kj,/kx is separable there is a complete theory,
e.g. [S], but in general it is not so. In the classical case (i.e. k1 /ki separable) proofs
of many results in ramification theory use the property that all finite extensions of val-
uation rings Oy, /O are monogenic which is not the case in general. Examples (e.g.
[Spl) show that the classical theorems do not hold in general. Waiting for a beautiful
and general ramification theory, we consider a class of extensions L/K which has a
good ramification theory. We describe this class and we will call its elements well
ramified extensions. All classical results are generalizable for well ramified extensions,
for example a generalization of the Hasse—Arf theorem proved by J. Borger. We also
concentrate our attention on other ramification invariants, more appropriate and general;
in particular, we consider two ramification invariants: the Kato conductor and Hyodo
depth of ramification.

Here we comment on some works on general ramification theory.

The first direction aims to generalize classical ramification invariants to the general
case working with (one dimensional) rational valued invariants. In his papers de
Smit gives some properties about ramification jumps and considers the different and
differential [Sm2]; he generalizes the Hilbert formula by using the monogenic conductor
[Sm1]. We discuss works of Kato [K3-4] in subsection 18.2. In [K2] Kato describes
ramification theory for two-dimensional local fields and he proves an analogue of the
Hasse—Arf theorem for those Galois extensions in which the extension of the valuation
rings (with respect to the discrete valuation of rank 2) is monogenic.

The second direction aims to extend ramification invariants from one dimensional
to either higher dimensional or to more complicated objects which involve differential
forms (as in Kato’s works [K4], [K5]). By using higher local class field theory, Hyodo
[H] defines generalized ramification invariants, like depth of ramification (see Theorem
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5 below). We discuss relations of his invariants with the (one dimensional) Kato
conductor in subsection 18.3 below. Zhukov [Z] generalizes the classical ramification
theory to the case where |kx : k%.| = p (see section 17 of this volume). From the
viewpoint of this section the existence of Zhukov’s theory is in particular due to the
fact that in the case where |k : k%-| = p one can reduce various assertions to the well
ramified case.

18.0. Notations and definitions

In this section we recall some general definitions. We only consider complete discrete
valuation fields K with residue fields kg of characteristic p > 0. We also assume that
|kx @ kf| is finite.

Definition. Let L/K be a finite Galois extension, G = Gal(L/K). Let
Go = Gal(L/L N Ky;) be the inertia subgroup of G. Define functions
ig, CleR G—Z
by
inf ,, v r)—x if 1
() = cop\{0y vr(o(x) — ) . o#
+00 ifo=1
and
infmeOL\{()} UL(J(l’)/w— 1) ifJ#l,U € Gy
sa(o) =< +00 ifo=1
0 if o € Gj.

Then sg(0) < ig(o) < sg(o)+1 andif ky /kx isseparable, then ig(0) = sg(o)+1
for o € Gy. Note that the functions i¢, s¢ depend not only on the group G, but on
the extension L/K; we will denote i also by iy, /K-

Definition. The Swan function is defined as

—’kLZ]{KISG(O'), ifO‘EGo\{l}
Swa(o) =4 ~ > Swa(n), ifo=1
TE€GO\{1}

0 ifo §Z Go.

For a character y of G its Swan conductor
1
(1) sw(x) =swa(x) = Swea, x) = il Z Swa(o)x(o)
ceG

is an integer if kr/kx is separable (Artin’s Theorem) and is not an integer in general
(e.g. [Sp, Ch. I]).
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18.1. Well ramified extensions

Definition. Let L/K be a finite Galois p-extension. The extension L/K is called
well ramified if O = Og[a] for some a € L.

18.1.1. Structure theorem for well ramified extensions.

Definition. We say that an extension L/K is in case I if ki /kk is separable; an
extension L/K isincase Il if |L : K| = |kg : kx| (i.e. L/K is ferociously ramified
in the terminology of 17.0) and kj, = ki (a) is purely inseparable over kj .

Extensions in case I and case II are well ramified. An extension which is simultane-
ously in case I and case Il is the trivial extension.

We characterize well ramified extensions by means of the function i in the fol-
lowing theorem.

Theorem 1 ([Sp, Prop. 1.5.2]). Let L/K be a finite Galois p-extension. Then the
following properties are equivalent:
(i) L/K is well ramified;
(ii) for every normal subgroup H of G the Herbrand property holds:
forevery 1 #1 € G/H

1
Z'G/H(T) = W Z ig(0);
ceTH

(iii) the Hilbert formula holds:
ve@ryk) =Y iale) =Y (G| — ),

ol i>0

for the definition of G; see subsection 18.2.

From the definition we immediately deduce that if M /K is a Galois subextension
of a well ramified L/K then L/M is well ramified; from (ii) we conclude that M /K
is well ramified.

Now we consider well ramified extensions L/K which are not in case I nor in
case IL.

Example. (Well ramified extension not in case I and not in case II). Let K be a
complete discrete valuation field of characteristic zero. Let (,, € K. Consider a
cyclic extension of degree p? defined by L = K(x) where z a root of the polynomial
f(X) = X7 — (1 +uma?, a € Uk, a € k%, u € Uk, 7 is a prime of K. Then
e(L|K)=p= f(L|K)™, so L/K isnotin case I nor in case II. Using Theorem 1, one
can show that O = Og[z] by checking the Herbrand property.
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Definition. A well ramified extension which is not in case I and is not in case II is said
to be in case I11.

Note that in case Il we have e(L|K) > p, f(L|K)™ > p.

Lemma 1. If L/K is a well ramified Galois extension, then for every ferociously
ramified Galois subextension E/K such that L/E is totally ramified either E = K
or E=1L.

Proof. Suppose that there exists K # E # L, such that E/K is ferociously ramified
and L/FE is totally ramified. Let m; be a prime of L such that O; = Og[m].
Let « € E be such that O = Og[a]. Then we have O = Ogla,m]. Let o
be a K-automorphism of E and denote o a lifting of o to G = Gal(L/K). It is
not difficult to show that ig(c) = min{vy (o7 — 7),v(ca — «)}. We show that
ic¢(0) = vp(om — ). Suppose we had ig(0) = vp(ca — @), then

ig(0)
e(L|E)

()

=vp(ca —a) =ig/k(0).

Furthermore, by Herbrand property we have

. 1 . i) 1 .
iB/K0)= (7T > m(s)—e(L|E)+e(L|E)ZzG<s>.

s€o Gal(L/E) sHG

So from (x) we deduce that

1 ,
B ;zas) =0,

but this is not possible because iG(s) > 1 for all s € G. We have shown that
(%) iq(s) =vp(smp — ) forall s € G.

Now note that a@ & Og[m]. Indeed, from « = Zaﬂrf, a; € Ok, we deduce
o = ag (modm;) which is impossible. By (%) and the Hilbert formula (cf. Theorem
1) we have

(5 %) vDry) =Y ials) =Y vrlsm —m) = vr(f' (),
s#1 s#1

where f(X) denotes the minimal polynomial of 7| over K.
Now let the ideal T, = {x € Or, : *Og[m] C Or} be the conductor of Ox[m]
in Op (cf. [S, Ch. III, §6]). We have (cf. loc.cit.)

Tr Dok = f(m)OL

and then (x * x) implies T, = Or, Or = Og[m], which contradicts o € O [m1]. O
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Theorem 2 (Spriano). Let L/K be a Galois well ramified p-extension. Put Ky =
L N Ky Then there is a Galois subextension T /K of L/Kq such that T/Ky is in
case I and L/T in case Il.

Proof. Induction on |L : K.

Let M /Ky be a Galois subextension of L/K( such that |L : M| =p. Let T/Ky
be a Galois subextension of M /K such that T'/Kj is totally ramified and M /T is
in case II. Applying Lemma 1 to L/T we deduce that L/M is ferociously ramified,
hence in case II. U

In particular, if L/K is a Galois p-extension in case III such that L N K = K,
then there is a Galois subextension 7'/K of L/K suchthat T/K isincasel, L/T in
case land K #T # L.

18.1.2. Modified ramification function for well ramified extensions.
In the general case one can define a filtration of ramification groups as follows.
Given two integers n,m > 0 the (n, m)-ramification group G,, ,,, of L/K is

Gnm={0€G: vp(o(x) —x) > n+m, forall x € M7'}.

Put G,, = G410 and H,, = G, 1, so that the classical ramification groups are the
G,,. Itis easy to show that H; > G; > H,;,; for ¢ > 0.

Incase Iwe have G; = H; forall 7 > 0; in case Il we have G; = H;, forall ¢ > 0,
see [Sm1]. If L/K is in case III, we leave to the reader the proof of the following
equality

G;={o€Gal(L/K):vp(o(x) —x) >i+1 forallz € Op}
={o € Gal(L/K) :vp(o(x) —x) > i+2 forallz € My} = Hiy1.

We introduce another filtration which allows us to simultaneously deal with case I,

II and III.

Definition. Let L/K be a finite Galois well ramified extension. The modified ¢-th
ramification group G[t] for t > 0 is defined by

Glt]={o € Gal(L/K) : ig(o) > t}.
We call an integer number m amodified ramification jump of L/ K if G[m] # G[m+1].

From now on we will consider only p-extensions.

Definition. For a well ramified extension L/K define the modified Hasse—Herbrand
function sp/x(u), u € Ryg as

_ ("Gl
EL/K(U)—/O 6(L’K) dt.

Geometry & Topology Monographs, Volume 3 (2000) — Invitation to higher local fields



156 L. Spriano

Put g; = |Gi|. If m < u < m+ 1 where m is a non-negative integer, then

1/400) = S 014 G G (= )

We drop the index L/K in sy, /k if there is no risk of confusion. One can show that
the function s is continuous, piecewise linear, increasing and convex. In case I, if
¢,k denotes the classical Hasse—Herbrand function as in [S, Ch.IV], then s, /i (u) =
1 +¢r/k(u—1). We define a modified upper numbering for ramification groups by
G(ﬁL/K(U)) = G[ul.

If m is amodified ramification jumps, then the number sy, , i (m) is called a modified
upper ramification jump of L/K.

For well ramified extensions we can show the Herbrand theorem as follows.

! > inf(ic(), u).
[ge

Lemma 2. For u > 0 we have s,/ (u) =

e(L|K) 2

The proof goes exactly as in [S, Lemme 3, Ch.IV, §3].

Lemma 3. Let H be a normal subgroup of G and 7 € G/H and let j() be the
upper bound of the integers i(c) where o runs over all automorphisms of G which
are congruent to T modulo H. Then we have

ipn g (T) =811 (7))

For the proof see Lemme 4 loc.cit. (note that Theorem 1 is fundamental in the proof).
In order to show Herbrand theorem, we have to show the multiplicativity in the tower
of extensions of the function sy /.

Lemma 4. With the above notation, we have S, jjc = Sp1 /i © S /1H -
For the proof see Prop. 15 loc.cit.

Corollary. If L/K is well ramified and H is a normal subgroup of G = Gal(L/K),
then the Herbrand theorem holds:

(G/H)(u)=Gw)H/H forall u>0.

It is known that the upper ramification jumps (with respect the classical function ¢)
of an abelian extension in case I are integers. This is the Hasse—Arf theorem. Clearly
the same result holds with respect the function s. In fact, if m is a classical ramification
jump and ¢y, /x(m) is the upper ramification jump, then the modified ramification jump
is m + 1 and the modified upper ramification jumps is sz, (m + 1) = 1 + ¢ /(M)
which is an integer. In case II it is obvious that the modified upper ramification jumps
are integers. For well ramified extensions we have the following theorem, for the proof
see the end of 18.2.
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Theorem 3 (Borger). The modified upper ramification jumps of abelian well ramified
extensions are integers.

18.2. The Kato conductor

We have already remarked that the Swan conductor sw() for a character x of the
Galois group Gk is not an integer in general. In [K3] Kato defined a modified Swan
conductor in case I, II for any character x of G ; and [K4] contains a definition of
an integer valued conductor (which we will call the Kato conductor) for characters of
degree 1 in the general case i.e. not only in cases I and II.

We recall its definition. The map K* — H (K, Z/n(1)) (cf. the definition of
H4(K) in subsection 5.1) induces a pairing

{, BHYE) x K(K) — H""(K),

which we briefly explain only for K of characteristic zero, in characteristic p > 0 see
[K4, (1.3)]. For a € K* and a fixed n > 0, let {a} € H'(K,Z/n(1)) be the image
under the connecting homomorphism K* — H!(K, Z/n(1)) induced by the exact
sequence of G i -modules

1 — Z/n(l) — K " K — 1.

For ay,...,a, € K* the symbol {ay,...,a.} € H"(K,Z/n(r)) is the cup product
{a1} U{ax} U---U{a,}. For x € H(K) and ay, ...,a. € K* {x,ay,...,a,} €
HI*"(K) is the cup product {x} U{a;}U---U{a,}. Passing to the limit we have the
element {y,ay,...,a,} € H*"(K).

Definition. Following Kato, we define an increasing filtration {fil,, H4(K)},,>0 of
H(K) by
fil,, H(K) = {x € HU(K) : {x|m,Um+1,m} =0 forevery M }

where M runs through all complete discrete valuation fields satisfying Ox C Oy,
Mar = Mg Ony; here x|pr denotes the image of x € HY(K) in HY(M).

Then one can show HY(K) = Uy, >0 fil,,, H4(K) [K4, Lemma (2.2)] which allows
us to give the following definition.

Definition. For y € HY(K) the Kato conductor of x is the integer ksw(x) defined
by
ksw(x) = min{m > 0: x € fil,, HY(K)}.

This integer ksw(x) is a generalization of the classical Swan conductor as stated in
the following proposition.
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Proposition 1. Ler x € H'(K) and let L/K be the corresponding finite cyclic
extension and suppose that L/ K is in case I or II. Then

(a) ksw(y) =sw(x) (see formula (1)).
(b) Let t be the maximal modified ramification jump. Then

sy k() —1  casel

sp/k(t)  casell

ksw(x) = {
Proof. (a) See [K4, Prop. (6.8)]. (b) This is a computation left to the reader. O

We compute the Kato conductor in case III.

Theorem 4 (Spriano). If L/K is a cyclic extension in case IIl and if x is the corre-
sponding element of H'(K), then ksw(x) = sw(x) — 1. If t is the maximal modified
ramification jump of L/K, then ksw(x) = s /x(t) — 1.

Before the proof we explain how to compute the Kato conductor ksw(y) where
X € HY(K). Consider the pairing HYK)x K* — HZ(K), (g=1=r). It coincides
with the symbol (-,-) defined in [S, Ch. XIV]. In particular, if y € H'(K) and
a € K*, then {x,a} = 0 if and only if the element @ is a norm of the extension
L/K corresponding to x. So we have to compute the minimal integer m such that
Up+1,0 1s in the norm of the cyclic extension corresponding to x|as when M runs
through all complete discrete valuation fields satisfying M; = Mg O ps. The minimal
integer n such that U,,; x is contained in the norm of L/K is not, in general, the
Kato conductor (for instance if the residue field of K is algebraically closed)

Here is a characterization of the Kato conductor which helps to compute it and does
not involve extensions M /K, cf. [K4, Prop. (6.5)].

Proposition 2. Let K be a complete discrete valuation field. Suppose that |k : k%.| =
p¢ < oo, and Hg”(k:K) #0. Then for x € HY(K) and n > 0

X € fil, HI(K) <= {x, U KX, K)}=0 in H*(K),
for the definition of U, 41 K

c+2_q(K) see subsection 4.2.

In the following we will only consider characters x such that the corresponding
cyclic extensions L/K are p-extension, because ksw(x) = 0 for tame characters x,
cf. [K4, Prop. (6.1)]. We can compute the Kato conductor in the following manner.

Corollary. Let K be as in Proposition 2. Let x € HY(K) and assume that the
corresponding cyclic extension L/K is a p-extension. Then the minimal integer n
such that

Un+1,k C N L”

is the Kato conductor of x.
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Proof. By the hypothesis (i.e. Upy1,x C Np/gL*) we have ksw(x) = n. Now
Un+1,k C Np i L*, implies that U1 K.41(K) is contained in the norm group
Ny kK1 (L). By [KIL, II, Cor. at p. 659] we have that {x, Up1 K41 ())} = 0 in
H%(K) and so by Proposition 2 ksw(x) < n. O

Beginning of the proof of Theorem 4. Let L/K be an extension in case III and let
x € H I(K) be the corresponding character. We can assume that Hg“(kK) # 0,

otherwise we consider the extension k = UZ»)OkK(Tpﬂ) of the residue field kg,
preserving a p-base, for which Hg“(k) #0 (see [K3, Lemma (3-9)]).

So by the above Corollary we have to compute the minimal integer n such that
Un+1,xk C Np /g L*.

Let T/K be the totally ramified extension defined by Lemma 1 (here T/K is
uniquely determined because the extension L/K is cyclic). Denote by U, j for
v € R,v > 0 the group U, 1 where n is the smallest integer > v.

If ¢ is the maximal modified ramification jump of L/K, then

(D Usy,,rtyr1,r C NpyrL*

because L/T isin case II and its Kato conductor is sy, 7 (t) by Proposition 1 (b). Now
consider the totally ramified extension 7'/K. By [S, Ch. V, Cor. 3 §6] we have

(2) NryxWUs,r) = Usy es+ny-1,x i Gal(T/K)s = {1}.

Let ¢ = ip, k(1) be the maximal modified ramification jump of 7'/ K. Let r be the
maximum of i,/ (c) where o runs over all representatives of the coset 7 Gal(L/T).
By Lemma 3 t = 57, /7(r). Note that r < ¢ (we explain it in the next paragraph), so

(3) t'=sp,7(r) <sp7().

To show that r < ¢ it suffices to show that for a generator p of Gal(L/K)

m—1

Z'L/K(P]Dm) >’ )
for |T: K| <p™ < |L: K|. Write O, = Og(a) then

p—1
m m—1 m—1,.
prl@—a=p" )b, b= )" ).
=0
Then b = pa + 7' f(a) where 7 is a prime element of L, f(X) € Og[X] and
i = ip(”" ). Hence i x(p?") = vr(p?" (@) — a) > minG + v (p),24), so

iL/K(ppm) > z'L/K(pp”k1 ), as required.
Now we use the fact that the number sz, () is an integer (by Borger’s Theorem).
We shall show that Us, ,.),xk C Nr/xL".
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By (3) we have Gal(T'/K)s, .y = {1} and so we can apply (2). By (1) we have
UgL/T(t)JrLT C Np,rL*, and by applying the norm map N7,k we have (by (2))

NrykWUsy,rw1,1) = Usy s jrw42) -1, C Npjre L™
Thus it suffices to show that the smallest integer > s7/x (s ,7() +2) — 1 is 51/ (£).
Indeed we have

2
st/ (Srt)+2) — 1 =587/ (51,7(1) + 1=s0 k) — 1+ -

T:K|
where we have used Lemma 4. By Borger’s theorem 57,/ (?) is an integer and thus we
have shown that ksw(x) < sz, (¢) — 1.

Now we need a lemma which is a key ingredient to deduce Borger’s theorem.

Lemma 5. Let L/ K be a Galois extension in case IIL If ki, = kx(a/T) then
a € kg \ kb where f=|L:T|= f(L/K)™. Let a be alifting of a in K and let
M = K(B) where = a.

If 0 € Gal(L/K) and o' € Gal(LM /M) is such that ¢'|;, = o then

innv/m(0o’) = e(LM|LYig, i (0).

Proof. (After J. Borger). Note that the extension M /K isincase Illand LM /M isin
case I, in particular it is totally ramified. Let x € O such that Oy = Og[z]. One can
check that 2 — o € My \ MZ. Let g(X) be the minimal polynomial of 3 over K.
Then g(X +x) is an Eisenstein polynomial over L (because g(X +x) = X Y ——
Xf mod My )and B —x isaroot of g(X +x). So  — x is a prime of LM and we
have

im0 = v (@' (B —2) — (B — ) = vpm(o' (@) — x) = e(LM|L)iL k(o).
O

Proof of Theorem 3 and Theorem 4. Now we deduce simultaneously the formula for
the Kato conductor in case III and Borger’s theorem. We compute the classical Artin
conductor A(x|ar). By the preceding lemma we have

2)

Ax|a) = > Xlm@iayu(@)

o’€Gal(LM /M)

e(LM|L) . 1 _
= «(LM|M) > Xlu@Dip(o) = o C;GX(U)ZL/K(O—).

1
e(LM|M)

o’ €Gal(LM /M)

Since A(x|as) is an integer by Artin’s theorem we deduce that the latter expression is
an integer. Now by the well known arguments one deduces the Hasse—Arf property for
L/K.
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The above argument also shows that the Swan conductor (=Kato conductor) of
LM /M isequalto A(x|ar)—1, which shows that ksw(x) > A(x|am)—1 =51/ (t)—1,
so ksw(x) =s1/x(t) — 1 and Theorem 4 follows. O

18.3. More ramification invariants

18.3.1. Hyodo’s depth of ramification. This ramification invariant was introduced
by Hyodo in [H]. We are interested in its link with the Kato conductor.

Let K be an m-dimensional local field, m > 1. Let ¢;, ...,t, be a system of
local parameters of K and let v be the corresponding valuation.

Definition. Let L/K be a finite extension. The depth of ramification of L/K is
dr(L/K) =inf{v(Tr /) (y)/y) 1y € L'} € Q™.

The right hand side expression exists; and, in particular, if m = 1 then dx(L/K) =
vrk(Dr/k) — (I —vk(ry)), see [H]. The main result about the depth is stated in the
following theorem (see [H, Th. (1-5)]).

Theorem 5 (Hyodo). Let L be a finite Galois extension of an m-dimensional local
field K. For | > 1 define

max{i: 1 <ieZm, |‘I’L/K(UiKﬁgp(K))\ > p'} if it exists

0 otherwise

IO =jr/xk)= {
where W i is the reciprocity map; the definition of Ui KXP(K) is givenin 17.0. Then
3) (-1 J0/p <dx(L/E) <1 -p ) j).

>1 >1

Furthermore, these inequalities are the best possible (cf. [H, Prop. (3-4) and Ex. (3-5)]).

For i € Z™, let G! be the image of UiKﬁgp(K ) in Gal(L/K) under the reciprocity
map ¥, k. The numbers j(I) are called jumping number (by Hyodo) and in the
classical case, i.e. m = 1, they coincide with the upper ramification jumps of L/K.

For local fields (i.e. 1-dimensional local fields) one can show that the first inequality
in (3) is actually an equality. Hyodo stated ([H, p.292]) “It seems that we can define
nice ramification groups only when the first equality of (3) holds.”

For example, if L/K is of degree p, then the inequalities in (3) are actually
equalities and in this case we actually have a nice ramification theory. For an abelian
extension L/K [H, Prop. (3-4)] shows that the first equality of (3) holds if at most
one diagonal component of E(L/K) (for the definition see subsection 1.2) is divisible

by p.
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Extensions in case I or II verify the hypothesis of Hyodo’s proposition, but it is not
so in case III. We shall show below that the first equality does not hold in case III.

18.3.2. The Kato conductor and depth of ramification.

Consider an m-dimensional local field K, m > 1. Proposition 2 of 18.2 shows (if
the first residue field is of characteristic p > 0) that for y € H'(K), x € fil, H(K) if
and only if the induced homomorphism K,,(K) — Q/Z annihilates U,,11 K, (K) (cf.
also in [K4, Remark (6.6)]). This also means that the Kato conductor of the extension
L/K corresponding to x is the m-th component of the last ramification jump j(1)
(recall that j(1) =max{i: 1 <ic€Z™, |Gi|=>p}).

Example. Let L/K asin Example of 18.1.1 and assume that K is a 2-dimensional
local field with the first residue field of characteristic p > 0 and let ¥ € H'(K) be
the corresponding character. Let j(/); denotes the ¢-th component of j(I). Then by
Theorem 3 and by the above discussion we have

. 2p — e
ksw(0 = J(1)2 = s /sc(pe/(p — 1) = 1= 20— — 1.
If T/K is the subextension of degree p, we have
_ . . €
dg(T/Kn=p ' (p— Dj2n = j@n= Z% ~ 1L

The depth of ramification is easily computed:

—1 2
dic(L/ K2 = die (T /K + die (LT = & ’ : <p - 1) ‘

The left hand side of (3) is (p — 1)(j(1)/p +j(2)/p%), so for the second component we
have

f(1 %) 2_1
1) <J<>2+J(2)2> 220~ D LK,
D D p

Thus, the first equality in (3) does not hold for the extension L/K.

If K is a complete discrete valuation (of rank one) field, then in the well ramified
case straightforward calculations show that

Za#l sq(o) case LII

e(L|K)dk(L/K) = { > Sc(0) —e(LIK)+1  caseTIl

Let y € H'(K) and assume that the corresponding extension L/K is well ramified.
Let ¢ denote the last ramification jump of L/K; then from the previous formula and
Theorem 4 we have

dr(L/K)+t case LII

e(L|K)ksw(x) = { dp(L/K)+t—1 case III
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In general case, we can indicate the following relation between the Kato conductor
and Hyodo’s depth of ramification.

Theorem 6 (Spriano). Let x € H'(K,Z/p™) andlet L/ K be the corresponding cyclic
extension. Then

ksw(x) < dx(L/K) + (L]K)

where t is the maximal modified ramification jump.

Proof. In [Sp, Prop. 3.7.3] we show that

1
() ksw(y) < L(Lm (Z Swa(o)x(o) — ML/K>] :
ceG
where [x] indicates the integer part of x € Q and the integer M  k is defined by
(%) di(L/K)+ My =Y sa(0).
o#l
Thus, the inequality in the statement follows from (x) and (k). O
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Existence theorem for higher local fields

Kazuya Kato
0. Introduction
Afield K iscalled an n-dimensional local field if there is a sequence of fields k,, ..., ko
satisfying the following conditions: kg is a finite field, k; is a complete discrete valu-
ation field with residue field k;_; fori=1,...,n, and k, = K.

In [9] we defined a canonical homomorphism from the 7 th Milnor group K, (K)
(cf. [14]) of an n-dimensional local field K to the Galois group Gal(K? /K) of the
maximal abelian extension of K and generalized the familiar results of the usual local
class field theory to the case of arbitrary dimension except the “existence theorem”.

An essential difficulty with the existence theorem lies in the fact that K (resp. the
multiplicative group K™ ) has no appropriate topology in the case where n > 2 (resp.
n > 3) which would be compatible with the ring (resp. group) structure and which would
take the topologies of the residue fields into account. For example, multiplication is not
continuous for n > 2. However, it is sequentially continuous and this fact underlies
the Fesenko approach to topologies on higher local fields and their Milnor K -groups
explained in sect. 6 of Pari I. In this paper we define the openness of subgroups and the
continuity of maps from a different point of view. In the following main theorems the
words “open” and “continuous” are not used in the topological sense..

Theorem 1. Let K be an n-dimensional local field. Then the correspondence

However, “open” subgroups of finite index of Milnor K-groups in this paper are the same as
open subgroups of Milnor K-groups defined in sect. 6 of Part I - L.F.
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is a bijection from the set of all finite abelian extensions of K to the set of all open
subgroups of K, (K) of finite index.

This existence theorem is essentially contained in the following theorem which
expresses certain Galois cohomology groups of K (for example the Brauer group of K)
by using the Milnor K-group of K. For a field k we define the group H" (k) (r > 0) as
follows (cf. [9, §3.1]). In the case where char (k) = 0 let

H' (k) = lim H" (k, 55" )
(the Galois cohomology). In the case where char (k) = p > 0 let
— i ®(r—1) . r
H" (k) = lim H" (k, p" =) + lim Hy (k).

Here in each case m runs over all integers invertible in k, u,, denotes the group of
all mth roots of 1 in the separable closure k*P of k, and &~ denotes its (r — 1)th
tensor power as a Z/m-module on which Gal(k*P/k) acts in the natural way. In the
case where char (k) = p > 0 we denote by H;i(k) the cokernel of

F—1:C7"" (k) —» CI Y (k) /{CI2(k), T}

where C; is the group defined in [3, Ch.IL,§7] (see also Milne [13, §3]). For example,
H'(k) is isomorphic to the group of all continuous characters of the compact abelian
group Gal(k®® /k) and H?(k) is isomorphic to the Brauer group of k.

Theorem 2. Let K be as in Theorem 1. Then H"(K) vanishes for r > n+ 1 and is
isomorphic to the group of all continuous characters of finite order of K, 1_.(K) in
the case where 0 < r <n+ 1.

We shall explain the contents of each section.

For a category C the category of pro-objects pro(€C) and the category of ind-objects
ind(C) are defined as in Deligne [5]. Let Fj be the category of finite sets, and let Fp,
5, ... be the categories defined by F,,,; = ind(pro(F,)). Let F, = U, F,. In section
1 we shall show that n-dimensional local fields can be viewed as ring objects of F,,.
More precisely we shall define a ring object K of &, corresponding to an n-dimensional
local field K such that K is identified with the ring [e, K]5_ of morphisms from the
one-point set e (an object of Fy) to K, and a group object K* such that K* is identified
with [e, K*]5_ . We call a subgroup N of K,(K) open if and only if the map

K* x xK*—)Kq(K)/N’ (.fl,...,l'q)i—){.’l,‘l,...,l'q} mod N

comes from a morphism K* x --- x K* — K, (K)/N of F, where K,(K)/N is
viewed as an object of ind(Fp) C F;. We call a homomorphism ¢: K,(K) — Q/Z a
continuous character if and only if the induced map

K*x - xK* = Q/Z, (z1,...,29) = ¢({z1, ..., 2,})
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comes from a morphism of F., where Q/Z is viewed as an object of ind(Fy). In each
case such a morphism of J, is unique if it exists (cf. Lemma 1 of section 1).

In section 2 we shall generalize the self-duality of the additive group of a one-
dimensional local field in the sense of Pontryagin to arbitrary dimension.

Section 3 is a preliminary one for section 4. There we shall prove some ring-theoretic
properties of [ X, K]5_ for objects X of T.

In section 4 we shall treat the norm groups of cohomological objects. For a field k
denote by E(k) the category of all finite extensions of k in a fixed algebraic closure of
k with the inclusion maps as morphisms. Let H be a functor from (k) to the category
Ab of all abelian groups such that lirgkfeg(k) H(') = 0. For wy, ...,wy € H(k)
define the K j-norm group Ny(wy, ..., w,) as the subgroup of K, (k) generated by the
subgroups Ny /1, K (k") where k' runs over all fields in £(k) such that {wy, ..., w,} €
ker(H (k) — H(K')) and where Ny /k denotes the canonical norm homomorphism of
the Milnor K-groups (Bass and Tate [2, §5] and [9, §1.7]). For example, if H = H'
and x1, ...,Xq € H'(k) then Ny(x1, - - -, Xg) is nothing but Ny, ;. Ko (k") where k' is
the finite abelian extension of &k corresponding to N; ker(;: Gal(k*® /k) — Q/Z). If
H = H? and w € H?(k) then N;(w) is the image of the reduced norm map A* — k*
where A is a central simple algebra over k corresponding to w.

As it is well known for a one-dimensional local field & the group Ni(x1, ..., Xg)
is an open subgroup of £* of finite index for any x1, ..., x4 € H (k) and the group
Ni(w)=k* foranyw € H 2(k). We generalize these facts as follows.

Theorem 3. Let K be an n-dimensional local field and let r > 1.

(1) Letwy, ... ,wg € H"(K). Then the norm group Ny,i_.(wy, ..., wy) is an open
subgroup of K, .1_,(K) of finite index.

(2) Let M be a discrete torsion abelian group endowed with a continuous action of
Gal(K*P /K). Let H be the Galois cohomology functor H"( , M). Then for every
w € H"(K, M) the group N, +1_,(w) is an open subgroup of K, 1_.(K) of finite
index.

Let k be a field and let ¢, > 0. We define a condition (N, k) as follows: for
every k' € E(k) and every discrete torsion abelian group M endowed with a continuous
action of Gal(k">P /k’)

Ny(wy, ..., wy) = Kq(k')
for every i > 7, wy, ...,w, € H'(K'), wy, ...,w, € H'(K', M), and in addition
|k : kP| < p?" in the case where char (k) = p > 0.

For example, if k is a perfect field then the condition (/Vjy, k) is equivalent to
cd(k) < r where cd denotes the cohomological dimension (Serre [16]).

Proposition 1. Let K be a complete discrete valuation field with residue field k. Let
q = 1 andr > 0. Then the two conditions (N, 0 K) and (Nqﬁ17 k) are equivalent.
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On the other hand by [11] the conditions (/Ng, K) and (Ny ~1 k) are equivalent for
any r > 1. By induction on n we obtain

Corollary. Let K be an n-dimensional local field. Then the condition (N, K) holds if
andonlyif g+r > n+ 1.

We conjecture that if ¢+ 7 = ¢’ + 7’ then the two conditions (NN, k) and (N, g,/, k) are
equivalent for any field k.

Finally in section 5 we shall prove Theorem 2. Then Theorem 1 will be a corollary
of Theorem 2 for » = 1 and of [9, §3, Theorem 1] which claims that the canonical
homomorphism

Kn(K) — Gal(K®/K)

induces an isomorphism K, (K)/Ny, /i K (L) = Gal(L/K) for each finite abelian
extension L of K.

I would like to thank Shuji Saito for helpful discussions and for the stimulation given
by his research in this area (e.g. his duality theorem of Galois cohomology groups with
locally compact topologies for two-dimensional local fields).

Table of contents.
1. Definition of the continuity for higher local fields.
2. Additive duality.
3. Properties of the ring of K-valued morphisms.
4. Norm groups.
5. Proof of Theorem 2.

Notation.

We follow the notation in the beginning of this volume. References to sections in
this text mean references to sections of this work and not of the whole volume.

All fields and rings in this paper are assumed to be commutative.

Denote by Sets, Ab, Rings the categories of sets, of abelian groups and of rings
respectively.

If Cis a category and X, Y are objects of C then [ X, Y]e (or simply [ X, Y]) denotes
the set of morphisms X — Y.

1. Definition of the continuity for higher local fields
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1.1. Ring objects of a category corresponding to rings.

For a category C let C° be the dual category of C. If € has a final object we always
denote it by e. Then, if #: X — Y is a morphism of C, [e, 8] denotes the induced map
[e, X]—[e, Y]

In this subsection we prove the following

Proposition 2. Let C be a category with a final object e in which the product of any two
objects exists. Let R be a ring object of C such that for a prime p the morphism R — R,
T > px is the zero morphism, and via the morphism R — R, x — x? the latter R is a
free module of finite rank over the former R. Let R = [e, R], and let A be a ring with a
nilpotent ideal I such that R = A/I and such that I'/I"*" is a free R-module of finite
rank for any 1.

Then:

(1) There exists a ring object A of C equipped with a ring isomorphism j: A = [e, A]
and with a homomorphism of ring objects 0: A — R having the following proper-
ties:

(a) [e,0]0j: A — R coincides with the canonical projection.
(b) For any object X of C, [ X, A] is a formally etale ring over A in the sense of
Grothendieck [7, Ch. 0 §19], and 6 induces an isomorphism

[X, Al/I[X, A] ~ [X, R].

(2) The above triple (A, j, 0) is unique in the following sense. If (A’, j',0’) is another
triple satisfying the same condition in (1), then there exists a unique isomorphism
of ring objects 1: A = A’ such that [e, )] o j = j and 6 = 6’ o 1.

(3) The object A is isomorphic (if one forgets the ring-object structure) to the product
of finitely many copies of R.

(4) If C has finite inverse limits, the above assertions (1) and (2) are valid if conditions
“free module of finite rank” on R and I* /I 1 are replaced by conditions “direct
summand of a free module of finite rank”.

Example. Let R be a non-discrete locally compact field and A a local ring of finite
length with residue field R. Then in the case where char (R) > 0 Proposition 2 shows
that there exists a canonical topology on A compatible with the ring structure such that
A is homeomorphic to the product of finitely many copies of R. On the other hand,
in the case where char () = 0 it is impossible in general to define canonically such a
topology on A. Of course, by taking a section s: R — A (as rings), A as a vector space
over s(R) has the vector space topology, but this topology depends on the choice of s
in general. This reflects the fact that in the case of char (R) = 0 the ring of R-valued
continuous functions on a topological space is not in general formally smooth over R
contrary to the case of char (R) > 0.
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Proof of Proposition 2. Let X be an object of C; put Rx = [X, R]. The assumptions
on R show that the homomorphism

RP @ Rx — Rx, x®y+— ayP

is bijective, where R®) = R as a ring and the structure homomorphism R — R® is
x — zP. Hence by [10, §1 Lemma 1] there exists a formally etale ring A x over A with
a ring isomorphism 0x: Ax /IAx ~ Rx. The property “formally etale” shows that
the correspondence X — Ax is a functor C° — Rings, and that the system 6 x forms
a morphism of functors. More explicitly, let n and r be sufficiently large integers, let
W, (R) be the ring of p-Witt vectors over R of length n, and let ¢: W,,(R) — A be the
homomorphism

T
(@0, @1, ... ) Y p'ET
i=0

where Z; is a representative of z; € R in A. Then Ax is defined as the tensor product
Wn(Rx) @w, r) A
induced by ¢. Since Tor II/V"(R)(WTL(R x), ) = 0 we have
Tor | (W, (Rx), A/T) =0
for every i. This proves that the canonical homomorphism
Ii/Ii+l ®p Rx — IiAX/Ii+1AX

is bijective for every ¢. Hence each functor X — [ Ay /T * Ay is representable by
a finite product of copies of R, and it follows immediately that the functor Ax is
represented by the product of finitely many copies of R. 0

1.2. n-dimensional local fields as objects of F,,.

Let K be an n-dimensional local field. In this subsection we define a ring object K
and a group object K* by induction on n.

Let kg, ..., k, = K be as in the introduction. For each ¢ such that char (k;_{) =0
(if such an 7 exists) choose a ring morphism s;: k;_; — Oy, such that the composite
ki1 — Ok, — Oy, /My, is the indentity map. Assume n > 1 and let k,,_; be the ring
object of F,, | corresponding to k,,_ by induction on n. o

If char (k,,_1) = p > 0, the construction of K below will show by induction on n
that the assumptions of Proposition 2 are satisfied when one takes F,, 1, k,,_1, kn_1
and O /MY (r > 1) as C, R, R and A. Hence we obtain a ring object O g /M7, of
Fn—1. We identify O /M’ with [e, O g /M’ ] via the isomorphism j of Proposition
2.
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If char (k,_1) = 0, let Ox /M be the ring object of F,,_; which represents the
functor

JF,_1 = Rings, X = O /My @4, [X, k1],

where O g /M is viewed as a ring over k,,_ via s,,_1.
In each case let O i be the object "@"O K /M of pro(F,,_1). We define K as the
ring object of F,, which corresponds to the functor

pro(F,_1)° = Rings, X — K ®o, [X,0k].

Thus, K is defined canonically in the case of char (k,,_;) > 0, and it depends (and
doesn’t depend) on the choices of s; in the case of char (k,,_;) = 0 in the following
sense. Assume that another choice of sections s/ yields k;" and K’. Then there exists an
isomorphism of ring objects K — K’ which induces k; = k;’ for each i. But in general
there is no isomorphism of ring objects ¥: K — K’ such that [e,v]: K — K is the
indentity map.

Now let K* be the object of F,, which represents the functor

F, — Sets, X — [X,K]".

This functor is representable because J,, has finite inverse limits as can be shown by
induction on n.

Definition 1. We define fine (resp. cofine) objects of F,, by induction on n. All objects
in & are called fine (resp. cofine) objects of Fy. An object of F,, (n > 1) is called
a fine (resp. cofine) object of JF, if and only if it is expressed as X ="1i_n>1 "X, for
some objects X of pro(F,,_1) and each X is expressed as X ="£iLn"X>\“ for some
objects X, of F,,_; satisfying the condition that all X, are fine (resp. cofine) objects
of F,,_1 and the maps [e, X] — [e, X,] are surjective for all A, ;1 (resp. the maps
e, X\] — [e, X] are injective for all X).

Recall that if ¢ < j then F; is a full subcategory of F;. Thus each F; is a full
subcategory of F, = U;F;.

Lemma 1.
(1) Let K be an n-dimensional local field. Then an object of F,, of the form

Kx . KxK'x ---x K*

is a fine and cofine object of F,,. Every set S viewed as an object of ind(Fy) is a
fine and cofine object of F.

(2) Let X and'Y be objects of F ., and assume that X is a fine object of F, for some
n andY is a cofine object of F,, for some m. Then two morphisms 0,0": X —'Y
coincide if [e, 0] = [e, 0'].

As explained in 1.1 the definition of the object K depends on the sections s;: k; | —
O, chosen for each ¢ such that char (k;,_;) = 0. Still we have the following:
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Lemma 2.

(1) Let N be a subgroup of K,(K) of finite index. Then openness of N doesn’t depend
on the choice of sections s;.

(2) Let p: Ky(K) — Q/Z be a homomorphism of finite order. Then the continuity of
X doesn’t depend on the choice of sections s;.

The exact meaning of Theorems 1,2,3 is now clear.

2. Additive duality

2.1. Category of locally compact objects.

If C is the category of finite abelian groups, let € be the category of topological
abelian groups GG which possess a totally disconnected open compact subgroup H such
that G/H is a torsion group. If C is the category of finite dimensional vector spaces
over a fixed (discrete) field &, let € be the category of locally linearly compact vector
spaces over k (cf. Lefschetz [12]). In both cases the canonical self-duality of € is well
known. These two examples are special cases of the following general construction.

Definition 2. For a category € define a full subcategory C of ind(pro(C)) as follows.
An object X of ind(pro(€C)) belongs to € if and only if it is expressed in the form
" h_r)n "ie J”glzl”ie 1X (2, 7) for some directly ordered sets I and .J viewed as small cate-
gories in the usual way and for some functor X: I° x J — C satisfying the following
conditions.

(i) Ifi,i € I, < i then the morphism X (i’,7) — X(4, j) is surjective for every
jeJ. Ifj,5/ € J, 7 < j then the morphism X (i, j) — X (4, 7") is injective for
every i € 1.

(ii) Ifi, o’ € I,i< i and j,j € J,j < j then the square

X, ) —— X, j)

l l

X(@,j) —— X))

1s cartesian and cocartesian.

It is not difficult to prove that Cis equivalent to the full subcategory of pro(ind(C))
(as well as ind(pro(C))) consisting of all objects which are expressed in the form
"glll"iel"li_n} ";egX(i,7) for some triple (I, J, X) satisfying the same conditions as
above. In this equivalence the object
"lim "jes"lim"er X (i, j) corresponds to "lim";er " lim " ;e X (G, 7).
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Definition 3. Let A( be the category of finite abelian groups, and let A, Ay, ... be
the categories defined as A+ = A,.

It is easy to check by induction on n that A,, is a full subcategory of the category
F2b of all abelian group objects of F,, with additive morphisms.

2.2. Pontryagin duality.
The category Ay is equivalent to its dual via the functor

Dy: Ay = Ag, X — Hom(X,Q/Z).
By induction on n we get an equivalence
Dyt AS S A, AL = (A ) = A0 S A = A,
where we use (é)o — ©°. As in the case of F, each A, is a full subcategory of
Ao = U, Ay The functors D,, induce an equivalence
D: A%, = A
such that D o D coincides with the indentity functor.

Lemma 3. View Q/Z as an object of ind(Ap) C Ao, C &”g‘g. Then:
(1) For every object X of Ao
[X,Q/Z]a,, ~ e, D(X)]5.,.

(2) Forall objects X,Y of Ax [ X, D(Y)]a_, is canonically isomorphic to the group
of biadditive morphisms X XY — Q/Z in F .

Proof. The isomorphism of (1) is given by
[X,Q/Z1a., ~[D@Q/Z), DX)]a,, =2, D(X)]a., [, DXz
(2 is the totally disconnected compact abelian group @ 0 Z/n and the last arrow is
n

the evaluation at 1 € Z). The isomorphism of (2) is induced by the canonical biadditive
morphism D(Y) x Y — Q/Z which is defined naturally by induction on n. O

Compare the following Proposition 3 with Weil [17, Ch. II §5 Theorem 3].

Proposition 3. Let K be an n-dimensional local field, and let V' be a vector space over

K of finite dimension, V' = Homg (V, K). Then

(1) The abelian group object V of &F,, which represents the functor X — V @k [ X, K]
belongs to A,,.

(2) [K,Q/Z)a_, is one-dimensional with respect to the natural K-module structure
and its non-zero element induces due to Lemma 3 (2) an isomorphism V' ~ D(V).
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3. Properties of the ring of K -valued morphisms

3.1. Multiplicative groups of certain complete rings.

Proposition 4. Let A be a ring and let w be a non-zero element of A such that A =
yLn A/m"A. Let R= A/nAand B = A[n~']. Assume that at least one of the following
two conditions is satisfied.

(1) R is reduced (i.e. having no nilpotent elements except zero) and there is a ring
homomorphism s: R — A such that the composite R = A — A/mA is the
identity.

(i1) For a prime p the ring R is annihilated by p and via the homomorphism R — R,
x +—> P the latter R is a finitely generated projective module over the former R.

Then we have
B* ~ A* x I'(Spec(R), Z)

where I'(Spec(R), Z) is the group of global sections of the constant sheaf 7 on Spec(R)
with Zariski topology. The isomorphism is given by the homomorphism of sheaves
7 — ngeC(R), 1 — m, the map

I['(Spec(R), Z) ~ I'(Spec(A), Z) — I'(Spec(B), Z)

and the inclusion map A* — B*.

Proof. Let Affp be the category of affine schemes over R. In case (i) let C = Affr. In
case (ii) let C be the category of all affine schemes Spec(R’) over R such that the map

RP@rR - R, z@y— zyP

(cf. the proof of Proposition 2) is bijective. Then in case (ii) every finite inverse limit
and finite sum exists in € and coincides with that taken in Affg. Furthermore, in this
case the inclusion functor € — Affy has a right adjoint. Indeed, for any affine scheme
X over R the corresponding object in C is LHE X; where X; is the Weil restriction of X

with respect to the homomorphism R — R, = +— zP".

Let R be the ring object of € which represents the functor X — I'(X, Ox), and let
R* be the object which represents the functor X — [ X, R]*, and 0 be the final object e
regarded as a closed subscheme of R via the zero morphism e — R.

Lemma 4. Let X be an object of C and assume that X is reduced as a scheme (this
condition is always satisfied in case (ii)). Let 0: X — R be a morphism of C. If0~(R*)
is a closed subscheme of X, then X is the direct sum of 0~ (R*) and 6~ 1(0) (where the
inverse image notation are used for the fibre product).
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The group B* is generated by elements x of A such that 7™ € Ax for some
n > 0. In case (i) let A/7"*! A be the ring object of @ which represents the functor
X — A/n" A ®p [X, R] where A/mn"*! A is viewed as an R-ring via a fixed section
5. In case (ii) we get a ring object A/7"™*! A of C by Proposition 2 (4).

In both cases there are morhisms 6;: R — A/7™*' A (0 < i < n) in € such that the
morphism

Rx xR A/m™A, (g, ..., x0) = Y O’
i=0
is an isomorphism.

Now assume xy = 7" for some z,y € A and take elements x;,y; € R = [e, R]
(0 <7 < n) such that

z mod 7Tn+1 = Z@,(xz)ﬂl, Y mod 7Tn+] = Z Hz(yz)ﬂl
=0

=0
An easy computation shows that forevery r =0, ..., n
r—1 r—1 n—r—1
(N @) Nz '@’y = (e @) () v ©).
=0 i=0 i=0

By Lemma 4 and induction on r we deduce that e = Spec(R) is the direct sum of the

closed open subschemes ( ;’:_01 x; 1(Q)) Nz 1(R*) on which the restriction of x has the

form an” for an invertible element a € A. 0

3.2. Properties of the ring [ X, K].

Results of this subsection will be used in section 4.
Definition 4. For an object X of I, and a set S let
Ief(X, $) = lim ; [X, T}
where [ runs over all finite subsets of S (considering each I as an object of Fy C Fo).

Lemma 5. Let K be an n-dimensional local field and let X be an object of F .. Then:

(1) The ring [ X, K] is reduced.
(2) For every set S there is a canonical bijection

lef(X, S) = I'(Spec([X, K1), .5)

where S on the right hand side is regarded as a constant sheaf on Spec([ X, K]).
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Proof of (2). If I is afinite set and §: X — [ is a morphism of F, then X is the direct
sum of the objects 01 =X x; {i} in F (@ € I). Hence we get the canonical map
of (2). To prove its bijectivity we may assume S = {0, 1}. Note that I'(Spec(R), {0, 1})
is the set of idempotents in R for any ring R. We may assume that X is an object of
pl’O(g:n_l).

Let k,,_1 be the residue field of k,, = K. Then

['(Spec([X, K1), {0, 1}) == I'(Spec([X, kn—11), {0, 1})

by (1) applied to the ring [ X, k,,_1]. O

Lemma 6. Let K be an n-dimensional local field of characteristic p > 0. Let

ko, ..., ky be as in the introduction. For each v = 1, ..., n let m; be a lifting to K
of a prime element of k;. Then for each object X of F, | X, K1* is generated by the
subgroups

[X, KP(x*)]*

where s runs over all functions {1, ...,n} — {0,1,...,p — 1} and 7 denotes

ﬂ'f(l) .3 KP(r9)) is the subring object of K corresponding to KP(n'®), i.e.

[X, KP(@x)] = KP(n"*) @ o [ X, K.
Proof. Indeed, Proposition 4 and induction on n yield morphisms
09 K* — KP(r'®)*

such that the product of all #*) in K * is the identity morphism K* — K*. O

The following similar result is also proved by induction on n.

Lemma 7. Let K, ky and (7;)1<i<n be as in Lemma 6. Then there exists a morphism
of Aco
(cf. section 2)

(01, 02): Q) — Qi X ko
such that
=1 —-0)01(x)+0(x)dmy /7y A - Ndmy [Tp

for every object X of Fo, and for every x € [X, QY1 where Qi is the object which
represents the functor X — QF. @ [X, K] and C denotes the Cartier operator ([4],
or see 4.2 in Part I for the definition).

Generalize the Milnor K -groups as follows.
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Definition 5. For a ring R let ['j(R) = I'(Spec(R), Z). The morphism of sheaves
Z % Ogpec(ry — OSpec(ryr (M, @) > 2™
determines the I'g(R)-module structure on R*. Put I'j(R) = R* and for ¢ > 2 put
To(R) = &F, n 11D/

where ®120( R)Fl (R) is the gth tensor power of I'1 (R) over I'g([2) and J, is the subgroup
of the tensor power generated by elements x| ® - -- ® x, which satisfy z; + z; = 1 or
x; +x; = 0 for some 7 # j. Anelement x| ® --- ® x, mod J, will be denoted by

{z1, ..., 24}
Note that I'; (k) = K (k) for each field k and I'j(R; x R) >~ I'q(R;) x I';(Ry) for
rings Ry, R;.

Lemma 8. In one of the following two cases

(1) A, R, B,w as in Proposition 4

(i) an n-dimensional local field K, an object X of T, A =[X,Ok],
R=[X,kn1] B=1[X, K],

let U;T'y(B) be the subgroup of I'y(B) generated by elements {1 + T, Yy, ... s Yg—1}
such thatx € A, y; € B*, ¢,i > 1.

Then:
(1) There is a homomorphism pg: ['(R) = I'y(B)/UT'((B) such that

pgdxi, ...z} ={z1, ..., g} mod UiTy(B)
where T; € A is a representative ofz;. In case (i) (resp. (ii)) the induced map
Ly(R) + Ty 1(R) = Ty(B)/UiTy(B), (x,y) = pj(x) + {Pg_l(y), T}

(resp.
Lg(R)/m+T,_1(R)/m — I'y(B)/(UiT'¢(B) + mIl4(B)),

(@,9) = pi@) +{p§ " @), 7}
is bijective (resp. bijective for every non-zero integer m).
(2) If m is an integer invertible in R then U1 y(B) is m-divisible.
(3) In case (i) assume that R is additively generated by R*. In case (ii) assume that
char (k,_1) = p > 0. Then there exists a unique homomorphism

pl: QY = UiTy(B) /Ui Ty(B)
such that
piedyy /y1 A - Ndyg1/yg-1) = {1 +Z1", 51, ..., yg 1} mod UpTy(B)
foreveryx € R, y1, ...,ys—1 € R*. The induced map
QL' @ QL 5 ULy(B) /Ui Ty(B),  (x,) = pl@) +{p? (), 7}
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is surjective. If i is invertible in R then the homomorphism p! is surjective.

Proof. In case (i) these results follow from Proposition 4 by Bass—Tate’s method
[2, Proposition 4.3] for (1), Bloch’s method [3, §3] for (3) and by writing down the
kernel of R ® R* — QL. 2 ® y — 2dy/y asin [9, §1 Lemma 5].

If X is an object of pro(F,,_) then case (ii) is a special case of (i) except n = 1 and
ko = F» where [ X, ko] is not generated by [X, ko|* in general. But in this exceptional
case it is easy to check directly all the assertions.

For an arbitrary X we present here only the proof of (3) because the proof of (1) is
rather similar.

Put k = k,_;. For the existence of p{ it suffices to consider the cases where

X =0 and X =k x []*" &* (IT" Y denotes the product of 7 copies of ¥). Note
that these objects are in pro(F,, 1) since [X, Q] = Q/y x) forany X and g.

The uniqueness follows from the fact that [ X, Q7™ 1] is generated by elements of the
form xdcy/ci A -+ Adeg_1/cq—1 suchthatz € [X,k]land ¢y, ..., co1 € K*.

To prove the surjectivity we may assume X = (1+7°OQg) X Hq_l K™ and it suffices
to prove in this case that the typical element in U;I'y(B)/U,;1I'¢(B) belongs to the
image of the homomorphism introduced in (3). Let Uk be the object of F,, which
represents the functor X — [X, Ok ]*. By Proposition 4 there exist
morphisms 0: K* — Hi:ol U7K7ri (the direct sum in F,,) and 6: K* — K*
such that = 61 (x)6,(x)P for each X in F, and each x € [ X, K*] (in the proof of (1)
p is replaced by m). Since ]_[f:ol (Q{ﬂ'i belongs to pro(J,,_1) and
(1+ 71X, OgDP C 1+ X, Ok we are reduced to the case where X is an object
of pro(F,,_1). OJ

4. Norm groups

In this section we prove Theorem 3 and Proposition 1. In subsection 4.1 we reduce
these results to Proposition 6.

4.1. Reduction steps.

Definition 6. Let k be a field and let H: E(k) — Ab be a functor such that
lirl} weer) H(E") =0. Let w € H(k) (cf. Introduction). For aring R over k and ¢ > 1

define the subgroup N, (w, R) (resp. Lq(w, R)) of I'y(R) as follows.
An element x belongs to Ny (w, R) (resp. Lq(w, R)) if and only if there exist

a finite set J and element O € J,
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amap f:J — J such that for some n > 0 the nth iteration f™ with respect to the
composite is a constant map with value O,
and a family (Ej, z;)es (&) € E(F)), x; € I'y(E; ® R)) satisfying the following
conditions:
(i) Eop=kandxg==x.
(i) Eyg ) C Ej;forevery j € J.
(iii) Let j € f(J). Then there exists a family (yz, 2¢);c s-1(5)
(y+ € (By Qi R)*, 2z € Ty_1(E; ®; R)) such that z; = {y, 2} for all
te f~1(j)and

Ty = Z {NEt®kR/Ej®kR(yt)7zt}
tef=1(G)

where Ng, g, r/E; @, r denotes the norm homomorphism
(B @ R = (B; @, R)*.

(iv) If j € J\ f(J) then w belongs to the kernel of H (k) — H(E);)
(resp. then one of the following two assertions is valid:
(a) w belongs to the kernel of H(k) — H(E)),
(b) x; belongs to the image of I'(Spec(E; ®y R), Ky (E;)) — I'y(E; @ R),
where K,(F;) denotes the constant sheaf on Spec(F; ®j, R) defined by the
set Ky (F5)).

Remark. If the groups I'y(F; ®; ) have a suitable “norm” homomorphism then x
is the sum of the “norms” of z; such that f ~1(4) = 0. In particular, in the case where
R =k we get Ny(w, k) C Ny(w) and Ny(w, k) = Nyi(w).

Definition 7. For a field k let [E(k), Ab] be the abelian category of all functors (k) —
Ab.

(1) For g = 0let N, ;. denote the full subcategory of [E(k), Ab] consisting of functors
H such that h_I)l’lkleg(k) H(K’) = 0 and such that for every k' € &(k), w € H(K')

the norm group N,(w) coincides with K, (k'). Here Ny (w) is defined with respect
to the functor E(k") — Ab.
(2) If K is an n-dimensional local field and ¢ > 1, let N, i (resp. £, k) denote the
full subcategory of [£(K), Ab] consisting of functors H such that
li_n;K/ES(K) H(K")=0
and such that for every K’ € &(K), w € H(K’) and every object X of F, the
group N (w, [X, K']) (resp. Ly(w, [X, K'])) coincides with I'y([.X, K']).

Lemma9. Let K be an n-dimensional local field and let H be an object of L4 k. Then
for every w € H(K) the group Ny (w) is an open subgroup of K (K) of finite index.
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Proof. Consider the case where X = [[? K*. We can take a system (E;, x;)jc as in
Definition 6 such that Ey = K, x is the canonical element in I';([.X, K]) and such that
if j ¢ f(J) and w ¢ ker(H(K) — H(E})) then x; is the image of an element ¢; of
lef(X, K4(Ej)). Let € 1ef(X, K, (K)/N4(w)) be the sum of Ng,/kx00; mod Ny(w).
Then the canonical map [e, X =[[? K* — K (K)/N4(w) comes from 6. O

Definition 8. Let k be a field. A collection {Cy }xrce k) of full subcategories Cj of
[E(K"), Ab] is called admissible if and only if it satisfies conditions (i) — (iii) below.
(i) Let E € &(k). Then every subobject, quotient object, extension and filtered
inductive limit (in the category of [E(F), Ab]) of objects of Cg belongs to Cg.
(i) Let E,E" € &k) and E C E’. If H is in Cg then the composite functor
E(E") — &E) s Abisin Cp.
(iii) Let £ € &(k) and H is in [E(F), Ab]. Then H is in Cg if conditions (a) and (b)
below are satisfied for a prime p.
(a) For some E' € E(F) such that |E’ : E| is prime to p the composite functor
(E') = (B) 2 Abisin Cp.
(b) Let g be a prime number distinct from p and let S be a direct subordered set
of E(F). If the degree of every finite extension of the field h_rr>1 mes B isa

. " _
power of p then l_n_>nE/es HE)=0.

Lemma 10.

(1) For each field k and q the collection {Ng '}k ee(k) is admissible. If K is an n-
dimensional local field then the collections {Ng i’ }ieek) and {Lq i tireem) are
admissible.

(2) Let k be a field. Assume that a collection {Cy }sce k) is admissible. Let v > 1
and for every prime p there exist E € &(k) such that |E : k| is prime to p
and such that the functor H"( ,7Z/p"): E(E) — Ab is in Cg. Then for each
k' € &E(k), each discrete torsion abelian group M endowed with a continuous
action of Gal(k"*P /K"y and each i > r the functor

HY( ,M): &) — Ab
isin Gk/.

Definition 9. For a field k£, 7 > 0 and a non-zero integer m define the group H,, (k) as
follows.
If char (k) = 0 let

Hy, (k) = H"(k, pST D).
If char (k) = p > 0 and m = m/p® where m/ is prime to p and i > 0 let
HY (k) = HE (k, n&5 ) @ coker(F — 1: CI 7L (k) — CI L (k) /{CT2(k), T
(where C; is the group defined in [3, Ch.IL§7], C7 =0 for r < 0).
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By the above results it suffices for the proof of Theorem 3 to prove the following
Proposition 5 in the case where m is a prime number.

Proposition 5. Let K be an n-dimensional local field. Let q,v > 1 and let m be a
non-zero integer. Then the functor H,: E(K) — Abisin L,k if g+ =n+1and in
Nyxifg+r>n+l.

Now we begin the proofs of Proposition 1 and Proposition 5.

Definition 10. Let K be a complete discrete valuation field, » > 0 and m be a non-zero
integer.
(1) Let H}, . and H}, /H;, . be the functors E(K) — Ab:

Hy, o (K') = ker(Hy, (K') — Hy, (K(p),
(Hy /Hyp o) (K') = Hy, (K /H, (KT

where K, is the maximal unramified extension of K”.

(2) Let I}, (resp. J},) be the functor E(K) — Ab such that I} (K') = H], (k') (resp.
Jr (K’ = H! (k")) where k' is the residue field of K’ and such that the homo-
morphism I, (K") — Iy, (K") (resp. J (K") — J] (K")) for K" C K" is jj /i
(resp. e(K"|K")jy /1) where k' is the residue field of K", ji» /5 is the canonical
homomorphism induced by the inclusion ¥’ C k" and e(K"|K’) is the index of
ramification of K" /K'.

Lemma 11. Let K and m be as in Definition 10.
(1) Forr > 1 there exists an exact sequence of functors

0— 1" — H" . — J- 1 =0.

m,ur
(2) J;, isin Ny g for everyr > 0.
(3) Letq,r > 1. Then I}, is in Ny i if and only if H],: E(k) — AbisinNy_1 j, where
k is the residue field of K.

Proof. The assertion (1) follows from [11]. The assertion (3) follows from the facts
that 1 + My C Np ;i (L") for every unramified extension L of K and that there exists
a canonical split exact sequence

0 — K (k) = K (K) /UK (K) = Kq_1(k) = 0. 0

The following proposition will be proved in 4.4.

Proposition 6. Let K be a complete discrete valuation field with residue field k. Let
q,r > 1 andm be anon-zero integer. Assume that [k : kP| < p?*" =2 if char (k) = p > 0.
Then:

(1) Hy,/H], isin Ny .

(2) If K is an n-dimensional local field withn > 1 then H,, /H,

ur IS in Ny k-
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Proposition 1 follows from this proposition by Lemma 10 and Lemma 11 (note that
if char (k) =p > 0 and ¢ > O then H;i(k:) is isomorphic to ker(p*: H" (k) — H"(k)) as
it follows from [11]).

Lemma 12. Let K be an n-dimensional local field and let X be an object of Foo.
Consider the following cases.

(i) ¢ > n+1and m is a non-zero integer.
(i) g=n+1, char(K) =p > 0 and m is a power of p.
(iii) ¢ =n + 1 and m is a non-zero integer.

Let x € I'y([X, K. Then in cases (i) and (ii) (resp. in case (iii)) there exist a triple
(J,0, f) and a family (E;, x;);ec s which satisfy all the conditions in Definition 6 with
k = K except condition (iv), and which satisfy the following condition:
vy Ifj € J\ f(J) then x; € mI'y([X, E;1)

(resp. x; belongs to mI'y([ X, E;]) o
or to the image of lcf(X, Kq(Ej)) — Iy([X, E;])).

Corollary. Let K be ann-dimensional local field. Then m K., +1(K) is an open subgroup
of finite index of K, .1(K) for every non-zero integer m.

This corollary follows from case (iii) above by the argument in the proof of Lemma
9.

Proof of Lemma 12. We may assume that m is a prime number.

First we consider case (ii)). By Lemma 6 we may assume that there are elements
bi, ... bpy1 € [X,K]* and ¢y, ...,cpy1 € K* such that z = {by, ...,b,41} and
b; € [X,KP(c;)]* for each i. We may assume that |[KP(cy, ...,c.) : KP| = p"
and ¢4 € KP(cy, ...,c) for some r < n. Let J = {0,1,...,r}, and define
fiJ — Jby f(j)=j—1forj > 1and f(0) = 0. Put E; = K(¢,/”, ..., c//”) and

z;={b/", ..., b} bis1, ... bper}. Then

L]
Ly = p{b}/pv R b:«.{ll)a braay -y bn+1} in 'y ([X, Qr])

Next we consider cases (i) and (iii). If K is a finite field then the assertion for (i)
follows from Lemma 13 below and the assertion for (iii) is trivial. Assume n > 1
and let £ be the residue field of K. By induction on n Lemma 8 (1) (2) and case
(i1) of Lemma 12 show that we may assume x € U;I'j([X, K]), char (K) = 0 and
m = char (k) = p > 0. Furthermore we may assume that X contains a primitive pth

root ( of 1. Let ex = vx(p) and let 7 be a prime element of K. Then

Ul(X, Ok C pUiTo(IX, Ok D), ifi > peg/(p— D).

From this and Lemma 8 (3) (and a computation of the map x — x? on Ui I'y([X, Ok]))
it follows that U1 I'y([ X, K]) is p-divisible if ¢ > n + 1 and that there is a surjective
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homomorphism
[X,Qp 7'/ = OLX, Q¢ "1 — Uil (1X, K1)/pUiTna (LX, K1),
xdyi [yt A - ANdyn—1/yn—1 = {1+2(¢C = DP,y1, ..., Yn,, 7}

where C is the Cartier operator. By Lemma 7

LX, Q~11/(1 - OLY, @711 = Ief(x, @~ /(1 - 0 ), .

Lemma 13. Let K be a finite field and let X be an object of F . Then

(1) TylX, K]1=0jforq=2.

(2) For every finite extension L of K the norm homomorphism [ X, L]* — [ X, K]* is
surjective.

Proof. Follows from Lemma 5 (2). O

Proof of Proposition 5 assuming Proposition 6. 1If K is a finite field, the assertion of
Proposition 5 follows from Lemma 13.

Letn > 1. Let k be the residue field of K. Let I}, and J], be as in Definition 10.
Assume ¢ +r =n+1 (resp. ¢ +r > n+ 1). Using Lemma 8 (1) and the fact that

UlT([X, K1) € Ny gTe([X, L]

for every unramified extension L/K we can deduce that I}, is in £, x (resp. Ny i)
from the induction hypothesis H] :E(k) — Abisin £, 1 (resp. Ny_1 ). We can
deduce J[,’;] isin £, i (resp. Ny i) from the hypothesis Hf;l :E(k) — Abisin L j
(resp. Ng ). Thus H], . isin L4 g (resp. Ny k). OJ

m.,ur

4.2. Proof of Proposition 6.

Let k be a field and let m be a non-zero integer. Then @,.>0H), (k) (cf. Definition
9) has a natural right ©,>0K,(k)-module structure (if m is invertible in £ this structure
is defined by the cohomological symbol hg% wi Kg(k)/m — Hi(k, p29) and the cup-
product, cf. [9, §3.1]). We denote the product in this structure by {w, a}
(a € @qgqu(k'), w € @T>0H:n(k‘)).

Definition 11. Let K be a complete discrete valuation field with residue field k such
that char (k) = p > 0. Let r > 1. We call an element w of HZ’; (K) standard if and only
if w is in one of the following forms (i) or (ii).

(i) w={x,ay, ...,a._1} where y is an element of H;(K) corresponding to a totally
ramified cyclic extension of K of degree p, and ay, ..., a,_ are elements of O%
such that

k@i, ..., @) kP =p!
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(@; denotes the residue of a;).

(i) w = {x, a1, ...,a,._2, 7} where x is an element of H;(K) corresponding to a
cyclic extension of K of degree p whose residue field is an inseparable extension
of k of degree p, 7 is a prime element of K and ay, ...,a,_j are elements of OF
such that |kP(ay, ..., @ —3) : kP| = p" 2.

Lemma 14. Let K and k be as in Definition 11. Assume that |k : kP| = p"~!. Then for
every element w € H; (K)\ H;M(K ) there exists a finite extension L of K such that
|L : K| is prime to p and such that the image of w in H »(L) is standard.

Proof. 1f char (K) = p the proof goes just as in the proof of [8, §4 Lemma 5] where the
case of r = 2 was treated.

If char (K') = 0 we may assume that K contains a primitive pth root of 1. Then the
cohomological symbol h;} i K (K)/p— HZ’)’ (K) is surjective and

coker(hy, ;o1 UL K (K) = Hj(K)) = v,_1(k)

by [11]and |k : kP| = p"— 1.
Here we are making the following:

Definition 12. Let K be a complete discrete valuation field. Then U; K ,(K) fori,q > 1
denotes U;I';(K) of Lemma 8 case (i) (take A = Og and B = K).

Definition 13. Let & be a field of characteristic p > 0. As in Milne [13] denote by
vr(k) the kernel of the homomorphism

v QE/dQETY,  adyiJyi A - A dyJye = (2P — 2)dyy Jyi A - A dyy /Y,

By [11, Lemma 2] for every element « of v,._1(k) there is a finite extension k" of k
such that
|k’ : k| is prime to p and the image of «v in v,._ (k') is the sum of elements of type

dri/xy A - Ndx, [z,

Hence we can follow the method of the proof of [8, §4 Lemma 5 or §2 Proposition 2]. ]

Proof of Proposition 6. If misinvertiblein k then H;, = HJ, ;.. Hence we may assume
that char (k) = p > 0 and m = p®, i > 1. Since ker(p: H;i/H;i,ur — H;i/H;i,ur) is
isomorphic to H}/H] . by [11], we may assume m = p.

The proof of part (1) is rather similar to the proof of part (2). So we present here
only the proof of part (2), but the method is directly applicable to the proof of (1).

The proof is divided in several steps. In the following K always denotes an n-
dimensional local field with n > 1 and with residue field & such that

char (k) = p > 0, except in Lemma 21. X denotes an object of F.
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Step 1. In this step w denotes a standard element of H(K) and w is its image
in (H;/H;,ur)(K)‘ We shall prove here that U I'y([X, K]) C N(w, [X, K]). We fix
a presentation of w as in (i) or (ii) of Definition 11. Let L be a cyclic extension of
K corresponding to x. In case (i) (resp. (ii)) let h be a prime element of L (resp.
an element of O, such that the residue class & is not contained in k). Let G be the
subgroup of K* generated by ay, ...,a,_1 (resp.byay, ...,a,_2,7), by 1 + Mg and
Np, K (h). Let [ be the subfield of k£ generated by the residue classes of ay, ..., a1
(resp. ay, - .., ar_2, N g (h)).

Let: > 1 Let G; 4 be the subgroup of U;I';([ X, K1) generated by
{U;'y—1(IX, K1), G} and U1 Ty ([ X, K). Under these notation we have the following
Lemma 15, 16,17.

Lemma 15.
(1) Giq C Ny(w, [ X, K] + Ui T'o([X, K.
(2) The homomorphism p} of Lemma 8 (3) induces the surjections

[X, Q0" — [X, Qk/l ] LR UiT,(1X, K1)/Gi 4.

(3) If p} is defined using a prime element w which belongs to G then the above
homomorphism p} annihilates the image of the exterior derivation

d: [ X Qg/f] — [X, Qg/ll]

Lemma 16. Let a be an element of K* such that vi(a) =i and

a = 3(1) » S(T—I)NL/K(h)s(r)

(resp. a = al(l) .. aiqu)ﬂs(“I)NL/K(h)S(T))

where s is amap {0, ... ,r} — Z such that p 1 s(j) for some j #r.
Then 1 — xPa € Ni(w,[X, K]) for each x € [ X, Ok].

Proof. Tt follows from the fact that w € {H;_I(K)7 a} and 1 — zPa is the norm of
1 —zal/? € [X, K(a'/P)]* (K(a'/?) denotes the ring object which represents the
functor X — K(a'/?) @k [X, K]). O

Lemma 17. Let o be a generator of Gal(L/K) and let a = hlo(h)—1,b= Np/k(a),
t =vg(b). Let f = 1incase (i) and let f = p in case (ii). Let N: [ X, L]* — [ X, K]* be
the norm homomorphism. Then:

(1) If fliand 1 < i < t then for every x € Mz/f[X Or]
N(l+z)=1+N(z) mod MF'[X,0k].
(2) Foreveryz € [X,0k]
N(l+za) =1+ @ —x)b mod MEF[X, 0k].
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In case (ii) for every integer r prime to p and every x € [X, O]
N(l+zh"a)=1+2PN(h)"d mod ME[X, Ok].
(3)
1+MEX, 0k] € N+ MY X, 0.

Proof. Follows from the computation of the norm homomorphism L* — K* in Serre
[15, Ch. V §3] and [8, §1]. O

From these lemmas we have
(1) If0 < ¢ < tthen
Uily([X, K1) C Ny(w, [X, K1) + Up Iy ([ X, KD).
(2) U l'y([X, K] C Ny(w, [ X, K]).
(3) Incase (ii) let a1 = N i (h). then in both cases (i) and (ii) the homomorphism
[X, QY %) — UT([X, K1)/Ny(w, [X, KJ),
zday/ai A - Ndag—1 /@G Adyi/yi A o AN dYg—1/Yg—1
= {1 +Zb, 91, - Yg—1}s
(z € [X, kl,y; € [X, k*]) annihilates (1 — O)[X, Q7" 2],
Lemma 7 and (1), (2), (3) imply that U;I',([X, K1) is contained in the sum of
Ngy(w,[X, K1) and the image of 1cf(X, Uy Ky (K)).

Lemma 18. For each uw € Ok there exists an element 1) of Hg (K) such that (1 +
ub)NL/K(h)_1 is contained in the norm group NL,/KL/* where L' is the cyclic exten-

sion of K corresponding to x + 1 (x corresponds to L/ K).

ur

Proof. Follows from [9, §3.3 Lemma 15] (can be proved using the formula
Niy kw1 +2a) =1+ (@ —2)b mod bMg,,

forz € Og,,. 0

Lemma 18 shows that 1 + ub is contained in the subgroup generated by Ny, /r L*
and NL’/KL/*, xr=0,xr € H;%,ur(L/)-
Step 2. Next we prove that

Uily([X, K1) C N(w, [X, K])
for every w € H;(K) where w is the image of w in (H;/H;ur)(K).
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Lemma 19. Let q,r > 1 and let w € Hj(K). Then there exists i > 1 such that
p'To([X, K')) and U, 1 T q(IX, K'1) are contained in Ny(wg-, [ X, K']) for every
K' € &(K) where wi denotes the image of w in H)(K') and e(K'|K) denotes the
ramification index of K' /K.

Lemma 20. Leti > 1 and x € U T(([X, K1); (resp. x = {uy, ..., uq} with
w; € [X,0%]; resp. © € Ty([X, K])).
Then there exists a triple (J,0, f) and a family (E;,x;);c; which satisfy all the
conditions of Definition 6 except (iv) and satisfy condition (iv)’ below.
(iv) If j & f(J) then x; satisfy one of the following three properties:
() z; € p'T (X, E;).
() 25 € Uur, il g(LX, E;D: (resp. (b) ¢; € UTo(LX, E;.

(c) Let E'] be the residue field of E;. There are elements cy, ...,cq_1 of O*Ej
such that
xj € {U1F1([X,Ej]),cl, cosCqo1yand |EjP(cy, ... cqo1)  EP| =pi1;
(resp. (c) There are elements by, ...,bq of [ X, O’ij] and cy, ...,cq Of (f)}*;;j
such that x; = {by, ...,b,} and such that for each m the residue class
b € [X, E] belongs to [ X, Ej]p[CT,L] and \Ep(cl, RN AR Ep| =pi);
(resp. (c) There are elements by, oo bgoy of [X, OE]_] and cy, ...,cq_1 Of

OF, such that:sj € {[)ilij]*, b, ... ’bqi} and such that for each m the
residue class b,,, € [X, Ej] belongs to [ X, Ej]p[@] and
EP(ct, -y cqm)  ByP| = ptoh).

Using Lemma 19 and 20 it suffices for the purpose of this step to consider the

following elements
{u,cl, c.. ,Cq_l} S Uqu([X, K1) such that uw € UiI'1/(I X, K1), ¢y, ... ,Cq—1 € O;{

and |kP(c1, ..., Cq—1 @ KP| =pi—1,
Foreach: =1,...,9 — 1 and each s > 0 take a p°th root ¢; s of —c; satisfying
0€,5+1 = 5. Note that Ny, ,1)/k(e; .)(—Ci,s+1) = —Ci 5. For eachm > 0 write m in

the form (g — 1)s+r (s 2 0,0 < r < g — 1). Let E,, be the finite extension of K of
degree p™ generated by ¢; s11 (1 <7< r)andc; s (r+1<i<q—1)andlet
ITm = {U, “Cls+ls -+ -5 7 Crstly “Cril,sy « - _Cq—l,s} € Fq([Xa &n])

Then E. = 1'£>nEm is a henselian discrete valuation field with residue field Fo,

satisfying | E : ExP| < p"~!. Hence by Lemma 14 and Lemma 21 below there exists
m < oo such that for some finite extension E! of E,, of degree prime to p the image
of win Hy(E},) is standard. Let J = {0,1, ...,m,m'}, f(j)=j — L for I < j <m,
f©)=0, f(m"y=m, E,, = E/, and

1/|E! :E..
T = {ul/1Em |,cl,...,cq_1}.
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Then from Step 1 we deduce {u,ci, ...,cq—1} € Ny(w, [X, K]).

Lemma 21. Let K be a henselian discrete valuation field, and let K be its completion.
Then H] (K) ~ H (K) for every r and m.

Proof. If m is invertible in K this follows from the isomorphism Gal(IA( sep /I? ) ~
Gal(K*P/K) (cf. [1, Lemma 2.2.1]). Assume char (K) =p > 0 and m = p’ (i > 1).
For a field k of characteristic p > 0 the group H z:"(k) is isomorphic to (H;i(k) Rk ®
- ® k*)/J where J is the subgroup of the tensor product generated by elements of
the form (cf. [9, §2.2 Corollary 4 to Proposition 2])

(i) xX®a ® -+ ®a,_1 such that a; = a; for some i # j,

(i) x®a1® -+ ®a,— such thata; € Ny ik} for some i where £, is the extension

of k corresponding to x.

By the above isomorphism of the Galois groups H ;i(K Y~ H ;i(l? ). Furthermore

if L is a cyclic extension of K then 1+M% C Ny, L* and 1 +M% - NLg/IA{(LK)*

for sufficiently large n. Since K* /(1 + M) ~ K* J(1+ M%), the lemma follows. [J

Step 3. In this step we prove that the subgroup of I';([ X, K]) generated by
UiI'y([X, K1) and elements of the form {u;, ..., u,} (u; € [X,O%]) is contained in
N,y(w, [X, K]). By Lemma 20 it suffices to consider elements {by, ...,b,} such that
b; € [X, O%] and such that there are elements c; € OF satisfying

|kP(c1, ..., Cq) t KP| = pT

and b; € [X, k]P[&] for each i. Define fields E,, as in Step 2 replacing ¢ — lﬂ
q. Then E, = H_r}nEm is a henselian discrete valuation field with residue field F,
satisfying |E : Eo”| < p"~2. Hence H;(EO\O) = Hg,ur(Eo\o)' By Lemma 21 there
exists m < oo such that wg,, € Hy ((Em).

Step 4. Let w be a standard element. Then there exists a prime element 7 of K such
that m € Ny(w, [X, K]) = T'o([X, K]).

Step 5. Let w be any element of H;(K). To show that I'y ([ X, K]) = Ny(w, [X, K])
it suffices using Lemma 20 to consider elements of I';([X, K]) of the form
{x,b1, ...,bg—1} (@ € [X, KT*, b; € [X, OF%]) such that there are elements
Cly ... Cq1 € O satisfying |kP(¢y, ..., ¢,-1) : kP| = p?i~Vand b; € [X, k]P[¢;] for
each 7. The fields FE,,, are defined again as in Step 2, and we are reduced to the case
where w is standard. O
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5. Proof of Theorem 2

Let K be an n-dimensional local field. By [9, §3 Proposition 1] H"(K) = 0 for
r > n + 1 and there exists a canonical isomorphism H"*!(K) ~ Q/Z.
For 0 < r < n + 1 the canonical pairing

{, }H(K) X Kpp1—p(K) = H™(K)
(see subsection 4.2) induces a homomorphism
P H(K) — Hom(K 41—, (K), Q/2).

if w e H"(K) with r > 1 (resp. 7 = 0) then @ (w) annihilates the norm group
Np41—r(w) (resp. ®-(w) annihilates m kK, .1 (K) where m is the order of w). Since
Npt1—r(w) (resp. mK,,+1(K)) is open in K| _,.(K) by Theorem 3 (resp. Corollary to
Lemma 12), ®’-(w) is a continuous character of K,,,;_,(K) of finite order.

5.1. Continuous characters of prime order.

In this subsection we shall prove that for every prime p the map ®% (0 <7 < n+1)
induces a bijection between H;(K ) (cf. Definition 10) and the group of all continuous
characters of order p of K,,1_,(K). We may assume thatn > 1l and 1 <r < n. Letk
be the residue field of K. In the case where char (k) # p the above assertion follows by
induction on n from the isomorphisms

Hj(k) & Hy ™' (k) ~ Hy(K), K,(k)/p& Kyk)/p =~ Ky K)/p.

Now we consider the case of char (k) = p.

Definition 14. Let K be a complete discrete valuation field with residue field £ of

characteristic p > 0. For r > 1 and ¢ > 0 we define the subgroup 7; H;(K) of H(K)

as follows.

(1) If char (K) = p then let 8%: Q) ' = C]~'(K) — H}(K) be the canonical pro-
jection. Then T;H/(K) is the subgroup of H, (K) generated by elements of the
form

Sp(xdyr/y1 A -+ Ndyr—1/yr—1);, x € K,y1, ..., yr—1 € K" vg(x) > —i.

(2) If char (K) = 0 then let ¢ be a primitive pth root of 1, and let L = K(().
Let j = (pex /(p—1)—1)e(L|K) where ex = v (p) and e(L| K) is the ramification
index of L/K. If j > 1 let UjH;(L) be the image of U; K,.(L) (cf. Definition 12)
under the cohomological symbol K,.(L)/p — Hy(L). Ifj < 0,let UjH,(L) =
H(L). Then T;H(K) is the inverse image of UjH,(L) under the canonical
injection H;(K) — H;(L).
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Remark. Tng(K ) coincides with the subgroup consisting of elements which cor-
responds to cyclic extensions of K of degree p with ramification number < 7 (the
ramification number is defined as ¢ of Lemma 17).

Let K be as in Definition 14, and assume that |k : kP| < oo. Fix ¢, > 1 such that
|k : kP| = p* =2, Let T; = T;H,(K), for i > 0; let U; be the image of U; K,(K) in
Ky (K)/pfori > 1,and let Uy = K,(K)/p. Let e = vg(p) (= oo if char (K) = p). Fix
a prime element 7 of K. Via the homomorphism

(@,9) = pl(@) +{p!" @), 7}
of Lemma 8 whose kernel is known by [11], we identify U;/U,;; with the following
groups:
(1) K (k)/p® K, 1(k)/piti=0.
) QZ_I if 0 < i < pe/(p—1)and i is prime to p.
3 ool Ly e 0l 2 if0 < i < pe/(p — 1) and pli.
4) QZ_I/DZ;1 e QZ_Z/Di—Z if char(K) = 0, pe/(p — 1) is an integer and i =
pe/(p—1).
(5) 0ifi>pe/(p—1).
Here in (3) QZ 4=0 (@ = 0) denotes the kernel of the exterior derivation

d:Qf — Qfl. In (4) a denotes the residue class of pr—¢ where e = v (p) and D, i,
denotes the subgroup of Q] generated by d(Qz_l) and elements of the form

@ +ax)dy; /y1 A - AN dyq/yq-

Note that H!*!(K) ~ HI*"~'(k) by [11]. Let 6 = 67"~ Qf" % — HI" (k)
(Definition 14).

Lemma 22. In the canonical pairing
HI(K) x Ko(K)/p — HI*"(K) ~ H*" (k)

T; annihilates U1 for each v > 0. Furthermore,
(1) To=Hp (k) ~ Hy(k)® H;_l(k:), and the induced pairing

Ty x Up/Ur — HI" (k)
is identified with the direct sum of the canonical pairings
HI(k) x Kq_1(k)/p — H" k), Hy~'(k) x Ky(k)/p — HT (k).
(2) If0 < i< pe/(p—1)andiis prime to p then there exists an isomorphism
T/T; =~ Q!
such that the induced pairing T; /T; 1 X U; /U1 — H,g“’_l(k) is identified with

Q' % QU HI T ), (w,0) - 8w A ).
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(3) If0 < i < pe/(p — 1) and p|i then there exists an isomorphism
Ti/Tioy = Q1 /@ 4k © Q72 /Q0 L
such that the induced pairing is identified with
(w1 @ wy,v1 B vy) — 6(dwy A vy + dwy Avy).

(4) Ifchar(K)=0and pe/(p — 1) is not an integer, then Hy (K) =T, for the maximal
integer i smaller than pe /(p — 1). Assume that char (K) = 0 and pe/(p — 1) is an
integer. Let a be the residue element of pw—° and let for s > 0

vs(a, F) = ker(Q} ;0 — Q,  w— C(w) + aw)
(C denotes the Cartier operator). Then there exists an isomorphism
Tpe /-1y Tpejp—1)—1 = vr(a, k) © vp_1(a, k)
such that the induced pairing is identified with
(w ® wo, vy D vy) — S(wy A vy +wy Avyp).

Proof. 1If char(K) = p the lemma follows from a computation in the differential
modules Q% (s =7 — 1,¢+r — 1). In the case where char (K) = 0 let { be a primitive
pth root of 1 and let L = K(¢). Then the cohomological symbol K,.(L)/p — H; (L) 1s
surjective and the structure of H, (L) is explicitly given in [11]. Since

Hy(K)~{zx € Hy(L):0o(x)=x forallo € Gal(L/K)},
the structure of Hj(K) is deduced from that of H, (L) and the description of the pairing
Hp(K) x Ky(K)/p — HI'"(K)
follows from a computation of the pairing
K.(L)/p x Ko(L)/p — Kg4r(L)/p- O
Lemma 23. Let K be an n-dimensional local field such that char (K) = p > 0. Then the

canonical map 6% QF — H;}“(K) ~ Z/p (cf. Definition 14) comes from a morphism
Qk — Z/p of Acc.

Proof. Indeed it comes from the composite morphism of J

) Tr kg /%y
n
Qn By kg 0

defined by Lemma 7. 0

Now let K be an n-dimensional local field (n > 1) with residue field k& such that
char(k) =p > 0. Let1 <r <n,gq=n+1—r,andlet T; and U; (+ > 0) be as in
Lemma 22.
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The injectivity of the map induced by P’
H)(K) — Hom(K,y41-(K)/p, Z/p)

follows by induction on n from the injectivity of 7;/7; | — Hom(U;/U+1,7Z/p),
¢ > 1. Note that this injectivity for all prime p implies the injectivity of ®7..

Now let ¢: K,,4+1_-(K) — Z/p be a continuous character of order p. We prove that
there is an element w of H, ; (K) such that ¢ = @’ (w).

The continuity of ¢ implies that there exists ¢ 2> 1 such that

o{x1, ... Tpr1—r}) =0 forall zy, ..., Tpe1—p € 1+ M.

Using Graham’s method [6, Lemma 6] we deduce that (U;) = 0 for some i > 1. We
prove the following assertion (A;) (i > 0) by downward induction on 3.
(A;) The restriction of ¢ to U, coincides with the restriction of ®’ (w) for some
w € Hj(K).

Indeed, by induction on ¢ there exists w € H » (K) such that the continuous character
@' = ¢ — P (w) annihilates Uy,;.

In the case where 7 > 1 the continuity of ¢’ implies that the map

QrreQp ! BN U S Zp

comes from a morphism of F,. By additive duality of Proposition 3 and Lemma 23
applied to k the above map is expressed in the form

(v1,v2) = 05 (w1 A vy +wp Avp)

for some w; € QF,wy € QZ*I. By the following argument the restriction of ¢’ to
U;/U;41 is induced by an element of T;/7; ;. For example, assume char (K) = 0
and i = pe/(p — 1) (the other cases are treated similarly and more easily). Since ¢’
annihilates d(QZ*’"*l) o d(QZ*T*Z) and ;' annihilates d(QZ*Z) we get

5Z(dw1 ANo) = :E(Sg(wz Advy) =0 for all vs.

Therefore dw; = 0. Forevery x € F, y1, ..., Yn_r_1 € F* we have

d AYp—r— d AYp—r—
57 ((C(w1)+aw1)/\xﬂ/\ .. ./\M) =y (wl/\(a:p+ax)ﬂ/\ .. ./\M) =0

Y1 Yn—r—1 Y1 Yn—r—1
(where a is as in Lemma 22 (4)). Hence w; € v,(a, k) and similarly w, € v,._1(a, k).

In the case where ¢ = 0 Lemma 22 (1) and induction on n imply that there is an

element w € T} such that ¢’ = @7 (w).
5.2. Continuous characters of higher orders.

In treatment of continuous characters of higher order the following proposition will
play a key role.
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Proposition 7. Let K be an n-dimensional local field. Let p be a prime number distinct
from the characteristic of K. Assume that K contains a primitive pth root ¢ of 1. Let
r 2 0and w € H"(K). Then the following two conditions are equivalent.

(1) w = pw for some w' € H"(K).

2) {w, ¢} =0in H(K).

Proof. We may assume that 0 < r < n. Let 6,: H"(K) — H"™!(K,Z/p) be the
connecting homomorphism induced by the exact sequence of Gal(K*P / K')-modules

®(r—1) ®(r—1)

. D 4.
0—>Z/p—>h_r>ni,upi —>h_r>ni,upl — 0.
Condition (1) is clearly equivalent to §,-(w) = 0.

First we prove the proposition in the case where r = n. Since the kernel of
p: H'(K) — H"W(K,Z/p) ~ Z/p

is contained in the kernel of the homomorphism { ,¢}: H™(K) — H™!(K) it suffices
to prove that the latter homomorphism is not a zero map. Let ¢ be the maximal natural
number such that K contains a primitive p‘th root of 1. Since the image y of a primitive
p'th root of 1 under the composite map

K*/K*? ~ H\(K, u,) ~ H(K,Z/p) — H'(K)

is not zero, the injectivity of CID}( shows that there is an element a of K, (K) such
that {x,a} # 0. Let w be the image of a under the composite map induced by the
cohomological symbol

Ko (K)/p* — H"(K, ") ~ H"(K, 5"~ V) — H"(K).

Then {x, a} = +{w, (}.

Next we consider the general case of 0 < r < n. Let w be an element of H"(K)
such that {w,(} = 0. Since the proposition holds for » = n we get {,(w),a} =
6n({w,a}) =0 forall a € K,,_.(K). The injectivity of &7 implies §,.(w) = 0. O

Remark. We conjecture that condition (1) is equivalent to condition (2) for every field
K.

This conjecture is true if ©,>1H"(K) is generated by HY(K) as
a @y>0K(K)-module.

Completion of the proof of Theorem 2. Let ¢ be a non-zero continuous character of
K,+1_(K) of finite order, and let p be a prime divisor of the order of . By induction
on the order there exists an element w of H"(K) such that pp = ®% (w). If char (K) = p
then H"(K) is p-divisible. If char (K) # p, let L = K({) where ( is a primitive pth
root of 1 and let wy, be the image of w in H"(L). Then ®} (wp): Kpv1—-(L) — Q/Z
coincides with the composite

N
Kns1—r(L) —5 Ky (K) 25 Q/Z
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and hence {wr,(,a} = 0in H™!(L) for all @ € K,,_,(L). The injectivity of <I>2+1
and Proposition 7 imply that wy, € pH"(L). Since |L : K| is prime to p, w belongs to

pH"(K).
Thus there is an element w’ of H"(K) such that w = pw’. Then ¢ — % (w’) is a
continuous character annihilated by p. 0
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