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Noncommutative local reciprocity maps

Ivan Fesenko

There are several approaches to the reciprocity map, the essence of class field theory, which links the
maximal abelian quotient (or sometimes the maximal abelian pro- p-quotient) of the absolute Galois
group of a particular field with an appropriate abelian object associated to the field such that certain
functorial properties hold.

One of those approaches originates from works of Dwork [D], Serre [S], Hazewinkel [H1], [H2],
Iwasawa [I1], [12] and Neukirch [N1], [N2]. Recall it briefly.

Let F' be a local field with finite residue field. Let F™" be the maximal unramified extension
of F' and let F' be the completion of F''. For a separable extension L of F' put L' = LF"Y,
L=LF.

For an element o of Gal(L/F) let & be any element of Gal(L""/F"") such that 5|, = o and
&|pur is a positive integer power of the Frobenius automorphism ¢ € Gal(F"'/F). Let ¥ be the
fixed field of &; it is a finite extension of F'.

Let Gal(L/F)® be the maximal abelian quotient of Gal(L/F).

Define the map [N1], [N2]

N:Gal(L/F) - F* /Ny, pL*

by ¢ — Ny,pmy mod Ny ,pL* where 7y is any prime element of X. During the conference on
class field theory in Tokyo, June 1998, Professor T. Tamagawa informed the author that similar
constructions were independently developed by K. Iwasawa. We call N the Neukirch-Iwasawa
map.

On the other hand, for a finite Galois totally ramified extension L/F of local fields there is a
fundamental exact sequence [Se, (2.3)], [H1, (2.7)]

N~ ~
c L/F

I —— Gal(L/F)*® —— U3/V(L/F)

Uf 1

where V(L/F) is the subgroup of Uz generated by elements u’~! with u € Us,o € Gal(L/F)
and ¢(0) = o(m)/m mod V(L/F) for a prime element 7 of L. Note that the same sequence for the
maximal unramified extensions instead of their completion is exact.

Define the Hazewinkel homomorphism [H1], [H2], [11]
H:Up /Ny, pUr — Gal(L/F)™®

by H(u) = o where u = Nf/ﬁ(v) and ¢(o) = o(m)/7 = v/w(v) mod V(L/F). This map can be

extended to finite and infinite Galois extensions [H1], [H2], [I1].
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The shortest way to deduce properties of IN and H is to work with both maps simultaneously.
For a finite Galois extension L/F the composition H o IN coincides with the epimorphism
Gal(L/F) — Gal(L/F)® and the composition N o H is the identity map of Ur/N;, /FUL.
Hence NN is an epimomorphism with the kernel equal to the commutator group of the Galois group.

This approach with appropriate modifications and generalizations works well in ( p-) class field
theories of local fields with perfect residue field [F3, H1], higher local fields [F1], [F2], [F4],
complete discrete valuation fields with residue field of characteristic p [F5].

In this paper we shall define noncommutative reciprocity maps for arithmetically profinite Galois
extensions of local fields extending the approach discussed above. For Fontaine—Wintenberger’s
theory of arithmetically profinite extension and fields of norms see [W], [FV,Ch.III,sect.5]. For
simplicity we treat the case of totally ramified extensions, however, the constructions of this work
can undoubtedly be defined for arbitrary Galois arithmetically profinite extensions, in particular,
arbitrary finite Galois extensions of local fields.

We use terminology "the field of norms" for finite extensions as well, meaning just the set of
norm-compatible sequences in subextensions. In this case by Uy(r k) we mean the group of
norm-compatible sequences in the group of units of subextensions in L/K.

We shall work with maps Ny, Nz /p and Hy/p. The map Ny, p is a generalization of the
map N. It injects the Galois group Gal(L/F) of a finite or infinite arithmetically profinite totally
ramified extension L of a local field F' into a certain subquotient U;(/L7F) /Uniz/F) of the group
of units U NCLTF) of the field of norms N(L/F)= N (f / 13) of the arithmetically profinite extension
L / F which is a natural Gal(L /F)-module.

The map Ny ,r is a 1-cocycle. It is compatible with the ramification filtration on the Galois
group and the natural filtration on local fields.

We shall study the image of Ny ,r and show that there is a bijection

for a certain subgroup Y7 ,p of U;(/IIF) which contains Up(z,/r). To check the properties of

Np,r we shall define a map

LTTO
:H:L/F.UN(/L7F)/YL/F — Gal(L/F)

which acts in the reverse direction. The latter is a generalization of the fundamental exact sequence.

The set U°_— /Y] with a new group structure given b

N7 VLT group given by
zxy = 2Ny p(@)(Y)

is isomorphic to Gal(L/F’).

Recall that the field of norms NV (/L7 F) is isomorphic to F;ep (X)), so UN(/L7F) is isomorphic to

F,P[[X]]*. Thus, every Galois group of a totally ramified arithmetically profinite extension L/F in
isomorphic to a certain subquotient of F, P[[X]]* which is endowed with the new (noncommutative
in general) group structure on it.

The classical abelian reciprocity isomorphism is the ﬁ-component of the Nz, and Hp, p. If

R/F is the maximal abelian subextension of L/F, then the }Az—component of the Ny, and Hp,
is in fact the metabelian reciprocity map introduced by Koch and de Shalit [K], [KdSh].
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Let I be alocal field with finite residue field. Let ¢ in the absolute Galois group G of F' be
an extension of the Frobenius automorphism of the maximal unramified extension F"' over F'.

Let F'¥ be the fixed field of . Itis a totally ramified extension of F' and its compositum with
F" coincides with the maximal separable extension of F'. We shall work with Galois extensions of
F' inside F'¥. The reason why in the noncommutative theory one is deemed to work with extensions
inside F'¥ is explained in [KdSh, 0.2].

From abelian local class field theory and a compactness argument one deduces that there is a
unique norm-compatible sequence of prime elements (7g) in finite subextensions of F'¥/F', see
for instance [KdSh, Lemma 0.2].

Recall that a separable extension L of a local field K is called arithmetically profinite if the
subgroup GG is of finite index in G for every x (where G7 is the upper ramification group
of Gk ). Equivalently, L/K is arithmetically profinite if it has finite residue field extension and
the Hasse—Herbrand function hj, /i (x) = lim hg /i (z) takes real values for all real x > 0 where
E/K runs through all finite subextensions in L/K, see [W], [FV, Ch. III, sect. 5]. For an
infinite arithmetically profinite extension L/K the field of norms N = N(L/K) is the set of all
norm-compatible sequences

{(ag):ap € E*,E/K is afinite subextension of L/K }

and zero, such that the multiplication is componentwise and the addition (ag) + (bg) = (cg) is
defined as cp = limps Npsyp(an +bpr) where M runs through all finite subextension of E in L.
An element of the field of norms has E-component for every finite subextension E/K of L/K.
The field N is alocal field of characteristic p with the residue field isomorphic to the residue field
of L and a prime element ¢ = (mg) which is a sequence of norm-compatible prime elements of
finite subextensions of L/K. If the extension L/F is totally ramified, then the discrete valuation
UN(L/F) 18 given by vy r)((ag)) = vr(ar) = ve(ag). Every automorphism 7 of L over K
induces an automorphism 7 of the field of norms: 7((wg)) = (t7g). If M is a separable extension
of L, then one defines N(M, L/K) as the compositum of all N(F’'/K) where F’ runs through
finite extensions of L in M.

For Fontaine—Wintenberger’s theory of fields of norms see [W], [9, Ch. III, sect. 5]. For a
finite subextension M /K of an arithmetically profinite extension L/K the extension L/M is
arithmetically profinite; for every subextension M /K of an arithmetically profinite extension L/K
the extension M /K is arithmetically profinite.

One of the central theorems of the theory of fields of norms tells that the absolute Galois group of
N(L/K) coincides with G(N(L**P, L/K)/N(L/K)) and the latter is isomorphic to G(L**P/L),
see [W, 3.2.2]. Every abelian totally ramified extension is arithmetically profinite.

If L/K is finite, then denote by N(L/K) the set consisting of norm-compatible sequences in
the multiplicative groups of finite subextensions in L /K and of 0. By Uz, k) We mean the group
of norm-compatible sequences in the group of units of subextensions in L/K.

Let L C F¥ be a Galois (possibly infinite) totally ramified arithmetically profinite extension
of F'. The canonical sequence of norm-compatible prime elements (7g) in finite subextensions
of F¥/F supplies the canonical sequence of norm-compatible prime elements (7g) in finite
subextensions of L/F and therefore the canonical prime element X of the local field N(L/F).

Denote by ¢ the automorphism of N(L/F)"" and N (/L7F) corresponding to .

Using solvability of Galois extensions in the local situation fix a tower of subfields F' = Ey —
E,— E,— ..., suchthat L =UE;, FE;/F is a Galois extension, and F;/E;_; is cyclic of prime
degree p for i > 1, E|/Ey is cyclic of degree relatively prime to p.
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Let N (f / E») be the field of norms of the arithmetically profinite extension LE/ E: It can
be identified with the completion N (ﬁEi) of the maximal unramified extension N(L/E;)"" of
N(L/E).

For a local field K the symbols Uk, U; x denote, as usual, the group of units of the ring of
integers and the higher groups of units.

<&
DEFINITION 1. Denote by UN(L ) the subgroup of the group U NTLJF) of those elements whose

ﬁ-component belongs to Up.

Recall that every element of the group of units of a local field with separably closed residue field
is (¢ — 1)-divisible, see for instance [I12, Lemma 3.11].

To motivate the next definition we interpret the map N for a finite Galois totally ramified
extension L/F' in the following way. Since in this case both 7y and 7, are prime elements of L',
there is ¢ € Upuw such that my = mpe. We can take & = 0. Then WZ_] =el=9¢ Letne UZ
be such that n¥~! = . Since (n7¢ e~ 1)?—1 = (nlo=De)¥—1 we deduce that ¢ = n7¢~1yl=2% ),
with p € Up. Thus, for £ = n7¢~!

N(0) = Ny/pmy = N pé mod Ny ypL*, glv =791

DEFINITION 2. Define the map

Nipjp:Gal(L/F) = Ul s /Unym)

by
Np/p(o) = (ug)mod Un(z/r),

where U—(u )EU

NIF) satisfies the equation

Then, clearly, (u B ) belongs to U;(/]jF) and is defined modulo Uy (/).

Note that U © / Ny (/) is the direct product of a quotient group of the group of multiplica-

tive representatives of the residue field of L, a cyclic group Z/p®Z and a countable free topological
Z.,-module.

REMARK 1. For a finite extension L/F the ﬁ—component of Nz,r(0) is equal to
L/F§ mod Ny ,rpUr where gl-v = =7n]" ! In other words, the F- -component of Ny p is the
classical Neukirch-Iwasawa map IN.

LEMMA 1. Let M/F be a Galois subextension of L/F and E/F be a finite subextension of L/F.
Then the following diagrams of maps are commutative:

Nr/E o
Gal(L/E) —= UN(/L7E)/ N(L/E)

l l

Nr/r
Gal(L/F) E— UN(L/F)/ N(L/F)s
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N
Gal(L/F) —% U° JUNF)

N(L/F)
Gal(M/F) M5 o U
NIy UN G/ B)-

LEMMA 2. NL/F is injective and NL/F(O'T) ZNL/F(O')O'NL/F(T).

Proof. 1f Np,p(0) = (ug) € Un(r/F), then (uﬁ_)ﬂ"*1 = 1, so o acts trivially on the prime
elements 7, therefore o = 1. OJ

REMARK 2.  The set im(INp,r) isn’t closed in general with respect to the multiplication in
U NCLF) /Un(L/F).- However, Lemma 2 implies that being endowed with a new group structure
given by
zxy =N p(@)QY)
im(INy, /F) 18 a group isomorphic to Gal(L /F).
Let U:,N(/L7F) be the filtration induced from the filtration Un’N(/L-/\F)
For an infinite arithmetically profinite extension L/F with the Hasse-Herbrand function %y, put

—1
Gal(L/F),, = Gal(L/F)"t/e™

on the field of norms.

PropPOSITION 1. Ny, p maps

Gal(L/F), \ Gal(L/F),y  into  U® Unw/m \U®

n,N(L/F) el (T UV

Proof. Let 7 € Gal(L/F),,. Then due to the properties of arithmetically profinite extensions [W,
3.3.2 and 3.3.4] there is a finite subextension Q/F of L/F such that 7, ' € U, g for every
E' > Q.

Choose a solution (ug) of the equation (uﬁ)]_“J = (rg)""! such that u~ € Un,ﬁ/ for

E’ > Q. Then v (((ug) — D) = n for sufficiently large E" > Q [W, 2.3.2.2?%.3.2.3]. Hence
wp) €U, 7

If (rg)™" = (ug)lﬂa with (uz) € UZ+1,N(/L7F)UN(L/F)’ then
(rg) ' e U;l,N(/]:?F), SO w%,‘l € Ups1,p for sufficiently large E’ [W,3.2].

Thus, by [W,3.3.2 and 3.3.4], 7 € Gal(L/F)p41. O

To study the image of N7,/ we shall define after some preliminary considerations amap Hrp,/
which takes values in Gal(L/F).

Recall that the norm map is surjective for finite extensions of local fields with separably closed
residue field, see for instance [Se, 2.2].

DEeFINITION 3. Let o; be a generator of Gal(F;/F;_1). Let vz be the discrete valuation of

E;. Put s; = vg (nf; " — 1). Denote X; = UZ™". Note that X; < U, , 5. The group X;
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is a Zp-submodule of U, 5 . Itis the direct sum of a cyclic torsion group of order p™*, n; = 0,

generated by, say, a; (o; =1 if n; = 0) and a free topological Z,-module Y;. If E is of positive
characteristic then n; = 0.

The following paragraph should replace the paragraph in the published version of this paper.

Let I be of characteristic zero, and let i < 10. If a primitive p th root of unity ¢, equals ugi~!

with u € UE’ then Nﬁi/a_](gp) =1. Henceif ¢, ¢ L \ F then n; = 0. We will call extensions

L/F for which no primitive pth root belongs to L \ F' regular. In particular, every extension in
positive characteristic is regular, and if ¢, belongs to F', then L/F' is regular. For the rest of the
paper we assume that L/F' is a regular extension.

) (2) . ()
DEFINITION 3’. If n; =0, set AW € UN(L/E) to be equal to 1. If n; > 0, let A" € UN(L/E)

be a lifting of «; with the following restriction: AY s not a root of unity of order a power of
i+
p and (this condition can be satisfied by multiplying the E;;-component of A® | if necessary, by
77+~ 1 where v € UE\I is sufficiently small).
it

LEMMA 3. If n; > 0, then B;y1 = A(i) P belongs to X;41.

In addition, if n; > 0, then A can be chosen such that B & (Cp) X7, -
Proof. Clearly N /B Bir1 =1, 80 By = Th llu”m*l with p € Gal(E/E;). We need to
show that p = 1.

Since Am € U‘“ is a primitive root of unity of order a power of p, we deduce that

0<s; < e(E )/(p — 1) hence (sq,p) = 1. Note that if s;;1 is divisible by p, then from [FV, sect.

1 Ch. I] s;;; must be equal to pe(El) /(p— 1), and so s;+1 > s;. Itis well known, however, that
since s; < ;41 they have the same remainder modulo p, so s;4; is prime to p, a contradiction.
Thus, s;41 is prime to p.

n;—1

Let5'=¢=A49 " Then N(p)=(Ng— 56/ mod N /5,Up,,. fe=Ng— s5¢

E;, Ei1/E;
E;, then N(p) belongs to Ng +1/ELUE ls and hence p=1 1If ¢ € E;, then P = aPw where
a € Ug, and w € Ug, is a p-primary element (the extension E;( ¢/w)/E; is unramified of degree
p). If w € Ng,, /g, Ug,,, then N(p) = eP belongs to Ng, /5 Ug,,, and hence p = 1. If

wée Ng,,,/EUE,,,, then s;1 = pe(E; )/(p — 1), a contradiction. Thus, p = 1.

Since ;4 is prime to p, (, belongs to X;,;. On the other hand, 7@“171 Z X, If
AD P2 = (JaP with z € X;,y, then, since NA ~AY = = (p, we deduce that AD = x(k

E /E Ein Ein
with k& prime to p. Replace then A® with A(IZ) such that A(ll) 5= =AY 7rE”'7l. If A(ll)% |
i+

i+l i+l i+l

were in ((p)X;4+1, then we would have A(i)A+I = yCZl,z with [ prime to p and y € X;y1.

Therefore, wg’;'lfl = C;z’kyxfl. Applying Nz we deduce that C;j;k € (¢p) < Xi41 and so

1/ E:

71'%1:1171 € X;.1, acontradiction. Thus, A(lz) is the required element. O

From now one we denote by AD an element of N (/L\/ F) which can be chosen in accordance
with the previous lemma.



Noncommutative local reciprocity maps 69

We assume that if F’ is of characteristic 0 and contains a primitive pth root of unity, then L/F
is of infinite degree.

DErFINITION 3”.  Let 8;;, j € N be free generators of Y; which include 3; whenever 3; is

defined (keeping in mind the right choice of j3; according to Lemma 3). Let B%7) € U NLTE be

.. .. . . i1
alifting of f8;,; (ie. B4z = B;;), such thatif §;; = B;, then B%:) = B%l = A%}:”p for
k>i.

DEFINITION 4. Define a map X; — UN(Z/\&) by sending o Hj ﬁijj, where 0 < ¢ < p™i — 1,

¢j € Ly, to AD° I, BN We get a map

. O'ifl o o
FaUG T = Unare, ~ Unarry

Note that f;(a) 5=

DEFINITION 5. Denote by Z; the image of f;. Z; depends on the choice of the lifting, but is
unique up to an isomorphism. Let

Zyp =2 p({Es, fi}) = {H PAREI IO Zz}

and

Yir={y € Unaim y'"¥ € Zyp}.

LEMMA 4. The product of 2™ in the definition of Zy)r converges. Zrp Is a subgroup of

;(/L7F). The subgroup Yr,/p contains Un(r,/F).

Proof. Let L/F beinfinite. If iy, is the Hasse—Herbrand function of L/F, then h(L JEF)~1(sy)
tend to +oo when ¢ tends to infinity [FV, Ch. III, sect. 5]. So, if ¢(Fx|E;) is the minimal real

number such that hp, /g, () = = for x < q(Ex|E;), then q(Ey|E;), k > i, tends to infinity when
¢ tends to infinity (see [FV, Ch.IIL,(5.2)]). Note that v E(Z%) — 1) > s;, so from [FV, Ch.III, (5.5)]
we deduce that '

V5 (Y = D) > min((1 = p~ ) min q(Bg|Ey), 57).

Hence the product of z* converges.

Due to the previous definitions the subgroup of UN(/L7F) generated by Z; is equal to

{A(i)CHB(i7j)Cj te,¢j € Lyt
J

. ®HP" e _ pirnd ; —
Since A =B » Z1/F is a subgroup of UN(L/F)- -
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Denote by UIIV(/L/\F) the subgroup of elements whose F -component is 1.

The first assertion of the following theorem is a generalization of the fundamental exact sequence.

THEOREM 1. The map

7—1
Gal(L/F) — UN(L/F)/ZL/F’ T— X
is a bijection.

For every (uz ) € U;(/L-/\F) there is a unique automorphism T € Gal(L/F') satisfying

(uﬁi)lf*o = X! mod ARG
If(ua) €Yy/p, then 7= 1.

Proof . The first assertion certainly implies the second; and the proof of the second assertion below
also verifies the first assertion of the theorem.

Assume that u B el Bj_ps U, ¢ Ug,. Then N /B, 1qu =1, so from the fundamental

1—p _ -1 1 . .

exact sequence uﬁj = 7rEj w? " with 7; € Gal(E;/E;_1), w € U}?j . Both 7; and w7’
are uniquely determined by (UE-)' Let w@) = fj(w”jfl).

-1

Now assume that for ¢ > j we get

l—p _ 71—l
e
j<k<i—1 B
with uniquely determined 7;_; € Gal(E;_/F), w'® € fi.(U %’“71). We shall show that a similar

k
statement holds for ug e,

Let 7/_, € Gal(E;/F) be an extension of 7,_;. Then

i<k<i—1
so
— 7 _1—1
ul/fp=€7rj,3’_l H w'®
J<k<i—1
S -
with ¢ in the kernel of N~ BE . From the fundamental exact sequence we get € = 7y, 5 v !
with v; € Uﬁ’ I1<a<|E;: Ez,1|. Write
K
=1 1 o} ! -1 1—7 _
ﬂ_ELi—l 772 —7TEVL i—1 (ﬂ_E i— 1)0' 1

1—7/ | . .
Put 7; = 0{7!_,|E,» Wi =vi(rp, Dyt tof 0 gy (@) :fi(wf" Y. Then

1 <p_7r7'771 H ’LU

<k

It remains to show that 7;, w® are uniquely determined. If p; € Gal(F;/F), v € fi(Ug_*l)

are such that
s = o (z) H
E\ = U)

]<k<z 1
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and 7;|p, | = pilE,_,, then 7; = pp; with p € Gal(E;/E;_) and

p—=1 _  _pi—I\1—p, (3) ;  (4)
e = (T VX /WX
B =g ) v fug

i

Since v%\),w%\) € Ug\i_l, we deduce that the right hand side of the last equation belongs to
V(E;|E;_1). Therefore, from the fundamental exact sequence p = 1. Consequently v%)_ = w%)

i i

i

and v® = w®,
Thus, there is a unique automorphism 7 € Gal(L/F), 7|g, = 7;, satisfying

(up)' P =X""'2 with z € Zpp.

If (ua) €Yy /Fs then from the uniqueness we get 7 = 1. O

COROLLARY. Thus, we get the map

. <&
HL/F- UN(/L-/\F) — Gal(L/F)

definedby Hy,/p((ug;)) = 7. The compositionof Ny, r and Hy,/p isthe identity map of Gal(L/F). I

DEFINITION 6. Define the map

LTTO
%L/F.UN(L-?F)/YL/F — Gal(L/F)

by
Hep((ug) =7,

where 7 is the unique automorphism satisfying (uE)1*W =X""!'mod Z, JF-

Note that U ;(/L?F) /Y1, F is a direct product of a quotient group of the group of multiplicative
representatives of the residue field of L, a cyclic group Z/p®Z and a countable free topological

Z,-module.
LemMA 5. Hp g is injective.

Proof. If (uz)'™% € Zp/p, then (ug) € Yr 5. 0

THEOREM 2. The map Xy p andthemap Ny p: Gal(L/F) — U;aF)/YL/F inducedby Np,p

are inverse bijections.
Proof.  From the definitions 37,5 o Ny = id. Since (uE)I"P = (ufﬁ)lwz with z € Zp/p

implies (ubqi)(u’ﬁ)’l €Yr/p weget Np/p o Hp p =id. It remains to refer to Lemma 2. O

COROLLARY. im(INp/p) N YL/F/UN(L/F) =(1) and im(Ny, /) is a set of representatives

of U:I(/L7F)/UN(L/F) modulo Y1,/ r/Un(L/F).



72 1. Fesenko

Proof. im(Np,p)NYy,p JUN(L /) coincides with the intersection of im(/Ny,,r) and the kernel

of the epimorphism U*° N JUn(L JF) — UN(L/F /YL s Which is trivial according to Theorem
2. The second assertion follows in the same way. O

REMARK 3. To the natural homomorphism A: Gal(L/F) — Aut U;(/L7F) /Unpy, Moz = o,

the 1-cocycle Ny associates a twisted monomorphism Ay which acts from Gal(L/F) into the

group Autg U o )/ Un(r/F) of automorphisms of
<o
_ G
N(L/F)/UN(L/F) as a set defined by

An(@)u =Ny p(o)o(w).

REMARK 4 (ON ABELIAN CLASS FIELD THEORY). To deduce abelian reciprocity map from Theorem
2 it suffices to prove that for an abelian extension L/F the natural epimorphism

N(L/F)/ L/F — UF/NL/FUL, (’U,E\) mod YL/F d uﬁmod NL/FUL

is an isomorphism.

Assume that (uA) eU°® — NTFY up € Np,rUp and show that then (ug) €Yr/r.

Let (vg) € Un/r) with vp = Uz Then uﬁvgl belongs to the kernel of NE/F, so from the
fundamental sequence uﬁvgl =7ngFT lv with v € V(E/F). Then u Y eV(E/F).

Furthermore, let by induction on 4
H w(k) X w® e frueely
E;_ Ex
I<k<i—1
as in the proof of Theorem 1. Then

1-
us? =il H w®
E; B,

' j<k<i—1

with some o € E* Since uE (k) belong to V(E;/F) and the extension E;/F is abelian,

7

from the fundamental exact sequence we deduce that o~ ! € U%’_]. Put w® = fi(a”~"), then
I «®.
E;
J<k<i

Thus, (up) € Y7,r. Inparticular, Y7, doesn’t depend on the choice of E;, f;.

For a totally ramified Galois arithmetically profinite extension L/F' denote by
1 o : 1
U N(/L7F) the subgroup of UN(/L7F) of elements with the ground component 1. Then ¥, F(UN(/L7F)YL /P /YL / F)I

is equal to the commutator subgroup Gal(L/F)" of
Gal(L/F). The latter is mapped by N ,p into a subset of Ujl\f(/L7F)U N P/ Une -

REMARK 5 (ON METABELIAN CLASS FIELD THEORY). Denote by ¢ the cardinality of the residue
field of F'. Koch and de Shalit in [KdSh] constructed a metabelian class field theory which in
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particular describes totally ramified metabelian extensions of F' (the commutator group of the
commutator group is trivial) in terms of the following group (we indicate here only that part of their
group B(F, ) which is relevant for totally ramified extensions)

9(F) = {(u € Up,&(X) € FEPX]") : €07 = {u}(X)/ X}

with a certain group structure. Here {u}(X) is the residue series in F;ep[[X 1]1* of the endomorphism
[u](X) € Op[[X]] of the formal Lubin—Tate group corresponding to 7p, ¢, u

Denote R= F®®NF¥, M = R® N F¥. Since R/F and N(M,R/F)/N(R/F) are arithmeti-
cally profinite, the extension M/F' is arithmetically profinite [W, 3.4.1].

Note thatif 7 = H(u™!) is the automorphism of Gal(R/F) corresponding via abelian class field
theory to u~!, then the equation £(X)#~! = {u}(X)/X can be interpreted as (UA)l’“" =(rp) !
in the field of norms of R/F. This follows from the description of the field of norms construction, as,
e.g., in [W, 3.2.5.11, since
(p — D@ = D/(p(@ — 1D?¢H — (1 —p~H(1 — ¢ 1~2. Hence g(F) can be identified
with the Up X Un(g/p)-torsor n(F) of all pairs (u,(uﬁ)) € Ur X U;@F) which satisfy the
equation (uE)l_V’ = (mg)H@ H-1,

According to Corollary of Theorem 2 every coset of U;@F) modulo Y,;/p has a unique

representative in im(INys ). Send a coset with a representative

(ug) €

N(M/F)

satisfying (u@)lw = (rg)"~! with 7 € Gal(M/F) to

(u’\ 9 (U")

N(R/F))

It belongs to n(F') by Remark 4. Thus, we get a map

g: UN(M/F)/YM/F = n(F).

Now we construct an inverse map to g. For a pair (u, (up) € Up X U;@F) satisfying

(uE)l"/’ = (rg)"~! fix a finite subextension E /F of R/F. We claim that for every finite abelian
subextension Q/E of M/E such that @ is normal over F' there are unique us € U@ and

Q
T € Gal(Q/F) satisfying

- I—p _ 1o~ -
N@/gua—ua us o TlE=TlE

Write ugp = NQ/Eu with u € UA and observe that N@E(ul_ﬁ"wé}_T/) = 1 for a lifting
7' € Gal(Q/F) of 7. The group V(Q/E) is (p — 1)-divisible, so TI'CBT/_I = w¢71ﬂ5_1ﬂ5_1
with w € V(Q/FE). From the fundamental exact sequence for the abelian extension Q)/E we get
ul’“’wé_T/ = wg_lvw’l for some ¢ € Gal(Q/E), v € V(Q/E). Hence us = wow™ ! satisfies

- —1
N@Eu@ =ug, ug TP = WCTQQ , where 7g = o7,

1
If u’Ql Y= ﬂ'Z?Q and N@/EUA = ug, then u@] u’a belongs to the kernel of N@/A’ so from

the fundamental sequence we deduce that (WZ?Q)TQ 2 -l = (ugu’a)l_*" € V(Q/E). Since Q/E

. . ;L b
is abelian, O =TQ; ua =ug.
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Now let E;/F be a subextension of an abelian extension F»/F, let Q1/E;, Q»/E> be abelian
finite subextensions in M/F and let Q1 C @, be normal over F'. Then
Ng, 5. 46, Tl
where u Gy T@ constructed for @),/ E, satisfy the conditions for @), /E}, therefore the uniqueness
implies N5 5 ug5 =ug TQ,1Q, =T0,-
. R o . . = _ H( 71)71 .
Hence the pair (u, (u E)) € Up x UN(/R7F) satisfying (uE) Y = (mp)t uniquely

: R o s o Al-e _ v —1
determines 7y € Gal(M/F) and (uQ) € UN@F) satisfying (uQ) (rg)™ 1.

Thus, we get the inverse map h: n(F) — U;@F) /Ynr to g.

Now it is easy to show that the reciprocity map
n(F) — Gal(M/F)

of [KdSh] coincides with (Hy;/p o h)~! and it associates T]\}l to (u,(up)) € n(F). The map
(go NL/F)*1 is the inverse one.

Thus, without using Coleman’s homomorphism and Lubin—Tate theory (employed in [KdSh])
one can deduce the metabelian reciprocity map as a partial case of Ny, /-, Hp, /. Note that the group

structure on g(F') defined in [KdSh] corresponds to the group structure on im(INps, ) discussed in
Remark 2.

REMARK 6.  Similarly one can deduce the reciprocity map constructed by Gurevich [G] for
extensions L/F for which the n-th derived group of the Galois group Gal(L/F') is trivial.
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