On just infinite pro-p-groups

and arithmetically profinite extensions of local fields

Ivan Fesenko

0. Introduction.

Let F' be alocal field of characteristic p > 0 with perfect residue field k. The wild group
R = Aut; F is the group of wild continuous automorphisms {0 : (0 — 1)Or C M%} of the
local field F'. A choice of a prime element ¢ of a local field F' determines an isomorphism
of Aut; F' and the group of formal power series f(t) =t + ast? + ... with coefficients from
k with respect to the composition (f o g)(t) = f(g(t)). We shall write Ry for R to specify
the residue field.

The group Ry plays an important role in the theory of pro-p-groups. Recall that an
infinite pro-p-group is called just infinite if it has no proper infinite quotients. It is easy to
show that every finitely generated pro-p-group has a just infinite quotient. Just infinite
groups of finite width (the lower central series have bounded orders) are split into three
families (see for instance [18]): (i) those which are analytic over Z,; (ii) those which are
analytic over other infinite commutative noetherian local rings which are integral domains
with finite residue field; (iii) the rest. The wild group Rj belongs to the latter family
(for a complete proof see section 5 of [32]). If Fontaine-Mazur—Boston’s conjecture holds
(see [2]), every just infinite pro-p-quotient of the Galois group of the maximal unramified
outside a finite set of primes of a finite extension of Q none of which lies over p should
belong to the third family.

Group theoretists sometimes call Rj the Nottingham group. It has been investigated
by group theoretical methods (D. Johnson, I. York, A. Weiss, C. Leedham-Green, A.
Weiss, A. Shalev, R. Camina, Y. Barnea, B. Klopsch) and number theoretical methods
(Sh. Sen, J.-M. Fontaine, J.-P. Wintenberger, F. Laubie).

This paper consists of two parts.

In the first part, sections 1 — 5, we apply Fontaine—Wintenberger’s theory of fields
of norms to study the structure of the wild group Rjy. In particular we provide a new
short proof of R. Camina’s theorem which says that every countably based pro-p-group

(i.e. with countably many open subgroups) is isomorphic to a closed subgroup of R, .
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The proof is an immediate corollary of Proposition of section 5: every pro-p-group with
countably many open subgroups is realizable as the Galois group of an arithmetically
profinite extension of a local field of characteristic p. Lubotzky—Wilson’s theorem is
deduced as another corollary. It is interesting to investigate which finitely generated pro-
p-groups are realizable as the Galois group of an arithmetically profinite extension of a
local field of characteristic 0. Due to Sen [25] p-adic Lie groups are; another realizable
set of groups T'[r| is provided in this work.

In the second part, sections 6 — 8, we study specific subgroups 7'[r] of Rp,. Fix a
power p" and define T' = T[r] = {Z@o a;t'*?"" 1 ag = 1,a; € F,}. These subgroups of Ry,
have various bizarre properties, sometimes similar to those of p-adic Lie groups. At the
same time, the commutator subgroup is unusually small and the abelian quotient is of
exponent greater than p which is important for number theory applications. Section 6,
the longest in this work, is filled with combinatorial arguments required for the study of
T'[r]. Subgroups T'[r| are torsion free and don’t belong to the first family of just infinite
pro-p-groups; most likely they are in the third family.

In section 7 we realize the group 7[r] for r > 2 as the Galois group of an arithmeti-
cally profinite extensions of p-adic fields. We answer affirmatively in section 8 Coates—
Greenberg’s problem on deeply ramified extensions of local fields stated in [5].

I am thankful to Moshe Jarden and Shankar Sen for their suggestions which helped
greatly improve the exposition and to Marcus du Sautoy for several discussions. For a
leisurely introduction to various topics related to this work see [33].

This study of deeply ramified extensions and Coates—Greenberg’s problem was initiated
by a dinner question of Jiirgen Neukirch in June 1994 during a number theory conference
in Oberwolfach and following conversations with John Coates and Ralph Greenberg. I

am very grateful to them for numerous discussions and continuous encouragements.

1. The wild group.

Let vp be the discrete valuations of F' = k((t)). We use simultaneously two interpreta-
tions of R = Ry: as formal power series ¢ + ast?+ ... with respect to the composition and
as wild automorphisms of F'. When we use formal power series f, g their multiplication is
denoted by f o g, when we use automorphisms o, 7T their product in R is denoted by o7.

For a formal power series f(t) denote i(f(t)) = min{i > 2:a; # 0} — 1. Let R; = {f(¢) :
i(f() = i}

Denote [0, 7] = o101

771, The following property of commutators is useful
o7, pl = [o [, pll[7 pllo, p]-
As usual, we denote by dots terms of higher order. For a,b € k
[t +at’, t + b)) =t 4+ ab(i — jHI~1 4.

Therefore, RR; are normal subgroups of R. The group R being the projective limit of finite

p-groups R/R; is a pro-p-group. From the commutator formula one immediately deduces



that [R,, R;] = Rutm if m — n is relatively prime to p and [R,,, Rin] = Rptm41 if m —n
is divisible by p, see for example [7], Prop. 12. In addition, R < R,),, see the proof of
part (1) of the theorem in section 6. Thus, [R, R] = [R, R|R? = R3. The group Ry, is
a pro-p-group with 2 generators, generated by any two elements of Ry \ Re and Rs \ Rs,
hence by ¢ + t? of infinite order and ¢/(1 — t) of order p (note that any of their quotients
isin Ry \ R3).

Moreover, the group R is a so called hereditarily just infinite group: every non-trivial
normal closed subgroup GG of an open subgroup is open. Indeed, to use the commutator
formula above put 0 =t + at'™!, o7 =t +at't + ..., p=t+ bt/ Then [t + at'T! +
cooy b+ b =t + ab(i — §)t"ITE + ... Hence the set H = [t + at'™' + ..., R;] has the
property R, < Ry41H for u > j+i,(p,u —i) = 1. Then for an odd p and sufficiently
large [ the group G contains some ¢+ at' + ... and t +at'*! + ..., so G contains R,, for
sufficiently large w. For p = 2 use in the property (t + at’) o (t + at') =t +a*t* =1 + .. ..

For additional remarks and illustrative examples see [33].

2. Theorem of Sen.

For a closed subgroup G of R put G; = GNR; for i € N, G, = G, for v € R. Denote
ea(z) = [ |Gdicy:y| The group G is called an arithmetically profinite subgroup of R if
lim, oo pa(x) = 400, see [27]. If this is the case, define ¥ (z) as the inverse function
to oG (r) and put G(x) = Gy (2)- The points of discontinuity of the derivative of ¢ are
called breaks of (&; the points of discontinuity of the derivative of )¢ are called upper
breaks of G.

A theorem of Sen [24] says that the subgroup of GG generated by an element o of infinite
order is arithmetically profinite and i(¢?") = i(¢?" ') mod p". For generalizations and

other proofs see [29], [20], [19]. For a leisurely discussion of Sen’s theorem see [33].

3. Flelds of norms of arithmetically profinite extensions.

Let K Dbe a local field with perfect residue field k = ki of characteristic p. A Galois
extension L/K is called arithmetically profinite if the upper ramification groups G(L/K)”*
are open in G(L/K) for every x. Equivalently, L/K is arithmetically profinite if it has
finite residue field extension and the Hasse-Herbrand function hp k() = limhg k()
takes real values for all real x > 0 where F//K runs through all finite subextensions in
L/K, see [30]; [9], Ch. III, sect. 5.

For an infinite Galois arithmetically profinite extension L/K the field of norms N =

N(L/K) is the set of all norm-compatible sequences
{(ag) :ag € E*,E/K is a finite subextension of L/K}

and zero, such that the multiplication is componentwise and the addition (ag) + (bg) =
(ck) is defined as cg = limas Ny g(ans+bar) where M runs through all finite subextension
of F/ in L. For the properties of the fields of norms see [27]; [30]; [9], Ch. III, sect. 5.



In this paper with sections 7 and 8 excluded all Galois arithmetically profinite ex-
tensions are totally ramified p-extensions; therefore the Galois group comnsists of wild
automorphisms only.

The field N is a local field of characteristic p with the residue field k7, and a prime ele-
ment ¢ = (7g) which is a sequence of norm-compatible prime elements of finite subexten-
sions of L/ K. Every automorphism 7 of L over K being wild induces a wild automorphism
o of the field of norms: o((7g)) = (T7E).

A Galois infinite subextension of a Galois arithmetically profinite extension is arith-
metically profinite. Let F'/K be a Galois totally ramified p-extension and F' contain L
which is an arithmetically profinite extension of K. If |F : L| < 400, then F/K is an
arithmetically profinite extension. The field of norms N(L/K) can be identified with a
subfield of N(F/K); the extension N(F/K)/N(L/K) is an extension of local fields. If F
is a Galois extension of L, then one defines N (F, L/K) as the compositum of all N(F'/K)
where F” runs through Galois extensions of K in F with |F’ : L| < 4+00. One of the central
theorems of the theory of fields of norms says that the absolute Galois group of N(L/K)
coincides with G(N(L*P,L/K)/N(L/K)) and the latter is isomorphic to G(L*P/L), see
(301, (3.2.2).

The functor of field of norms W = W, /K associates to an infinite Galois arithmetically
profinite extension L/K its field of norms N(L/K) and the closed arithmetically profinite
subgroup G of the group Ry = Aut; N(L/K) which is the image of the Galois group of
L/K; the upper ramification filtration G(L/K)" is mapped onto the filtration G(z) of G,
see [30], (3.3).

For a finite Galois totally ramified p-extension N/K of local fields of characteristic p the
Galois group G(N/K) is isomorphic to a subgroup of Ry = Auty; N. The extension F'/K is
arithmetically profinite if and only if N(F,L/K) is an arithmetically profinite extension
of N(L/K); then the image of the group G(N(F,L/K)/N(L/K)) under Wy (p,/K)/N(L/K)
in Ry, coincides with the image of G(F/L) as a closed subgroup in G(F/K) in Rj under
Wk, see [30], (3.2).

4. Theorem of Wintenberger.

A theorem of Wintenberger ([29]) says that for every abelian closed subgroup G of the
group Ry there exists a Galois arithmetically profinite extension L/K of local fields such
that W(L/K) = (k((t)), G).

For example, the group topologically generated by an element o of infinite order in IR
comes from an arithmetically profinite Z,-extension L/K. It is easy to deduce that the
sequence i(oP")/p" is increasing. Denote pe/(p — 1) = limi(oP")/p™. Then either e = 400
or e € N. In the first case K is of positive characteristic, in the second case K is of
characteristic O and its absolute ramification index is e. By the proposition in section 6
e(t) = (p — 1)i is finite for 7(t) = t + t1+Pi,

An observation due to Fontaine [10] is that e = 400 if and only if o belongs to the

topological closure of the torsion (the set of torsion elements) of R. Indeed, assume that



the group G topologically generated by o comes from a Galois arithmetically profinite
extension L/K of fields of characteristic p with a generator 7. Let K, be the subextension
of L of degree p" over K. Map K, isomorphically onto N by sending a prime element
Tk, of a norm-compatible sequence of prime elements of finite subextensions in L/K to
t. Let N,, C N be the image of K under this homomorphism, and let o,, (of order p™) be
the image of 7. Then i(co,, 1) tends to +00 when n grows. Conversely, if o is the limit
of a sequence of automorphisms ¢, of finite order, then the upper breaks u; of G = @
satisfy u;+1 > ul (see for instance [16]), therefore ¢ = +oc.

Wintenberger and Laubie studied p-adic Lie subgroups in R which are in the image of
the functor W, see [27], [28], [15].

5. Theorem of Camina and Theorem o Lubotchy and Wilson.

The wild group R is not p-adic Lie, since for instance for every n relatively prime to
p there is 0 € R, \ R, 11 such that o = e (it suffices to observe that given a natural
number relatively prime to p there a cyclic totally ramified extension of degree p of a
local field of characteristic p with the ramification break equal to that number). Another
way to argue is to use the property of p-adic Lie groups to contain an open subgroup of
finite rank (i.e. an open subgroup for which the supremum of the number of generators
of its closed subgroups is not infinity), see [6], Cor. 9.36. The group R doesn’t contain
an open subgroup of finite rank, since the number of generators of R; tends to infinity
when ¢ tends to infinity.

For more properties of IR see Remark in section 6.

Proposition. Let G be a countably based pro-p-group. Then there exists a Galols arithmeti-
cally profinite extension L of F,((X)) such that G(L/F,((X))) is 1somorphic to G.

Proof. Let G = lim G; where G; are finite pro-p-groups such that the kernel of the epi-
morphism G;y1 — G; is of order p. Assume that G; is isomorphic to G(K;/F,((X))).
It is well known that the pro-p-part of the absolute Galois group of F,((X)) is a free
countably generated pro-p-group. Non-positive powers of X of degree relatively prime
to p form a basis of the vector space F,((X))/p(F,((X))), where p(z) = aP — x, over
I, (see, for instance, arguments in [9], Ch. IV, (5.4)), so it is of infinite dimension.
Hence the imbedding problem (G;y1 — G; = G(K;/F,((X)))) has a solution K;(3) with
p(B) = a € K;, see for instance [12], Th.1’. Following the method of Camina [3] replace «
by a1 = a+c with ¢ € F,((X)). Then K, = K;(1) with p(f1) = a; is a solution of the
same imbedding problem. Let 7; be a prime element of K; and O; be its ring of integers.
Due to the Artin—Schreier theory the kernel of F,((X))/p(F,((X))) — K;/p(kK;) is finite
dimensional, so for every k the kernel of F,((X))/o(F,((X))) — K;/(p(K;)+7F0;) is finite
dimensional. Then the ramification break of K;,1/K; can be made arbitrarily large by
choosing ¢ not in p(K;) + 7, O; for sufficiently large k. Therefore one can construct an

arithmetically profinite extension L/F,((X)) as desired. [



Corollary 1 (Camina). Every countably based pro-p-group 1s 1S0mMorphic to a closed sub-
group of Ry, .

Proof. Apply the functor W to the extension L/F,((X)). O

Remark 1. According to the proof given in this paper every countably based pro-p-group is
isomorphic to infinitely many different closed arithmetically profinite subgroups in the clo-
sure of the torsion of Rp,. Note that if 7 € G(L/F,((X))) is of infinite order, then the fixed
field L. of 7 is an arithmetically profinite extension of F,,((X)). If it is infinite, the image
of 7 in R, can be identified with the image of 7 € G(N(L, L, /F,((X)))/N(L-/F,((X))))
in RIFP- The latter belongs to the closure of the torsion of RIF,, as was indicated in the
previous section. Varying the set of upper ramification breaks as in the proposition every
infinite countably based pro-p-group can be embedded in infinitely many ways into R;

the images have different sets of breaks.

Remark 2. In Camina’s proof every finitely generated pro-p-group is realized as the Galois
group of a totally ramified p-extension with specific properties of its ramification breaks,
then it is embedded into Ry, (actually in the closure of the torsion). Then Lubotzky—
Wilson’s theorem is applied (see Corollary 2) to handle the general case of a countably
based pro-p-group. One can use Example 2.4 of [8] to show that the closed subgroups of
R given by Camina’s construction are not in general arithmetically profinite subgroups

of R.

Remark 3. Discussions with D. Segal and B. Klopsch show that every closed subgroup
G of R which is in the image of the functor of fields of norms has Hausdorff dimension
(for the definition see [1]) equal to zero. Indeed, the non-decreasing sequence of the set

of breaks (s;) of G satisfies > (s; — s;_1)/p’ = +00, hence liminfi/s; = 0.

Remark 4. The closure of the torsion of R is different from R, since every automorphism
with finite e (see the previous section) doesn’t belong to the closure of the torsion of R
(by the way, the closure of the group generated by the torsion of R coincides with R for
p > 2). The same arguments as in the proof of Remark 1 show that every closed subgroup
of R which is in the image of W and isn’t a virtually-pro-p-cyclic group (i.e. it doesn’t
contain Z — p as a finite index subgroup) is inside the closure of the torsion of R. Hence
there is an infinite chain of closed subgroups of R: G; = R > G > ... such that all G,
are isomorphic to each other and each next is contained in the closure of the torsion of

the previous one.

Corollary 2 (Lubotzky-Wilson). There is a pro-p-group with 2 generators which contains
as a closed subgroup every countably based pro-p-group.

Proof. The group Ry, does. [

Problem. Given a free pro-p-group G with finite number of generators does there exist a
Galots arithmetically profinite extension L of K, |K : Q,| < +oo, such that G(L/K) 18
1somorphic to G2



The affirmative answer will imply that for every finitely generated pro-p-group G there
is a closed subgroup inside the group Rp, isomorphic to GG which comes via the functor
of fields of norms from a Galois arithmetically profinite extension of local number fields.

We shall show in the next section that this is true for specific closed subgroups 1" of R

which are different from pro-p-cyclic groups.

6. Subgroups T'[r] of the wild group.

For m > 2 define the following closed subgroups in the wild group R = Ry,

Sm = {Z aittt™ i ag =1,a; € IE‘p}.
i>0
For m relatively prime to p the group of principal units 1+ ¢" F,[[t""]] is uniquely m-
divisible, therefore one can associate to an element o € R considered as a wild automor-
phism of F,((t™)) (o(t™) = t™ f(t™) with f(t) € 1+ tF,[[{]]) an automorphism 7 € S,
considered as a wild automorphism of F,((t)): 7(t) =t ?/f(t™). Hence S,, is isomorphic
to R and Sy, is isomorphic to Sp-.

Fix r > 1, put ¢ = p" and denote
T=T =5, Ti={f(t)eT: f(t)et+tT F,[1]}.

To initiate the study of the structure of 1" we first state and prove five auxiliary lemmas.
The reader can skip their proofs and look first at the main theorem at the end of this
section.

We shall use the following notation: j = jp”(j ) where 7 is relatively prime to p.

Lemma 1. Fix s satisfying 1 < s < 7. Leti > j > ¢ and i be relatively prime to p. Let
Im, Jm SQTISTY the Tollowing conditions:
@D im 24 Jm 27—
(i) ip, 18 Telatively prime to p;
1) Jm = J Vi =4 Qm + D%lm > qJ +P°1 [ iy > 4;
GV) U 4 + @Jm < J + @i, TheN iy, = 1yt + 5,q Wit INtegers vy, > 1, sy, > 0.
Let Uy, Wiy Ty Yy 2 0 MVON-NEGATIVE INTEGETS SUCH ThAL v, > 0 1 and only 1 wyy, > 0,
T > 017 and oY if Y > 0, aNd 2y, > 0 ONY 1 7, > 0. Let g diVide zp, 1 2m < qJ.
Then the equality

> Omim + Win@im) + > (@mm + Ym@imp" ™ + 20) =T+ qj,  p* i < I < ptiypt|I

implies that

I =p*i;

1f p® < g then up to renumbering terms vy = p*,wy = 1, iy = i,j1 = j, aAd vy = Wy, = 0
Jjorm>1 2y =Yn=2n=0J0rm =1,

if p° = g, then either up to renumbering terms vy = q,w; = 1, i1 = 4,51 = j, and
U =Wy =0F0rm > 1, p, = Ym = 2, = 0 JOr m = 1 07 UP TO Tenumbering terms x; = q,



y1 =1, 11 = 14,51 = 7 (S0 j 18 relatively prime to p) and vy, = Wy, = 2, = 0 Jor m > 1,
Tm = Ym =0 JOr m > 1.

PT00J. Let not all v, be zero. From (i) we deduce i,, + ¢jm > ¢ + q(j — ¢) which is > ¢j
due to i > ¢2. Then Z,;, = Ym = 2m = 0 for m > 1 and > (Vimim + Wmqjm) = I + qJ.

If all Vi + Wimqjm are smaller than j + gi, then from (iv) we deduce Y Unin =
(O~ vmrm)i+ (O vmSm)q. Since i is relatively prime to p, p° divides ) v, Ty, and therefore
S Umim = p®i. Then I+ qj > p®i + q(O_ wmjm). From (i) 27, = 2(j — q) > j, therefore,
up to renumbering, wi = 1, v, = wy, =0 for m > 1 and v141 + qj1 = I + qj. From (ii) we
deduce that p® divides vy, so vi1t1 + qj1 = p°i1 + ¢j1, and the latter is > p°i + qj whenever
i1 # i by (iii). Hence 41 = ¢ and by ({ii) j; = j,v1 = p®, I = p’i.

If not all vy im + Wimqjm are smaller than j + gi, then let, up to renumbering, vi%; +
wiqj1 = j + qi. From (i) and i > j > ¢®> we deduce that i,, + qjm = i+ q(j — q) > ¢j,
U = Wy, = 0 for m > 1 and vyi; + wi1qjs = I + qj. Now (ii) implies that p®|v; and then
v1i1 + wiqj1 = pi1 + qj1 which is > p®i + qj if i # i by (iii). Hence i1y = i and by (iii)
Jj1=7g,v1 =p°,wy = 1,1 =p°.

Let all v,, be zero. From (i) and ¢ > j we deduce that 2¢i,, > ¢i + qj. Then, up to
renumbering, y; = 1 and z,, = Y, = 2 = 0 for m > 1. Hence from 2153 —i—qz'lp"(jl) +21 =
I + qj we derive that j; is relatively prime to p and ¢|z;. Now from (ii) we deduce
that p° divides z;. Hence p®i +qj > I + qj > p°j1 + qi1. Furthermore, (p° + q)i; >
(p® + q)i > p®i + qj due to (i) and i > j; therefore j; < i;. Now p®j; + qiy > p®iy + qjp if
p° < q, and p*i1 + qj1 > p°i + qj if i1 # i by ({ii). Therefore, i1 = i,p° = ¢ and by (i)
n=j5r1=¢n=1,2=0I=q. U

Lemma 2. Let ¢ > j. Let t(1 +a(t)) € Tj, t(1 +b(t)) € T;. Denote by a(t) and 5(t) the
nverse series in T to t(1+ a(t)) and t(1 4 b(t)) respectively. Then

. t ey _ t o i
o) = o med B[, A= e mod #E[1]

and

[t(1+a(t)),t(1 +b(t))] =

t(a(t) —a(B(t))  t(b(t) — bla(t))) 1402 (i+5)+q

t+ Q1a) Q1) mod 1+ C+D+aR (1)),
Proof. Note that for fi(t) € 1+ t7F,[[t9]], f2(t) € 1+t Fp[[¢]]
(V) (t£1(1) o (tfa(t)) = t1(1) f2(t)  mod DT [[¢]).

Call fi(t), f2(t) the reduced parts of £f1(t)) and ¢ f2(t)). Then the previous formula shows
modulo which degree the reduced part of the product of two elements in 7' is the product
of their reduced parts.

Now, since a(t), 8(t) € t + t'T1F,[[t?]], we deduce that

a(t) =t/(1+a(t)) mod T IF,[[1]],  B(t) =t/(1+b(t)) mod I+ IF,[[¢]],
(@0 B)(t) = a(t)/(1 +b(t)) mod ¢+ F,[1]
(Boa)(t) =B(t)/(1+alt) = /(1 +a(t))(1+b(t) = (a0 f)(t) mod t*+T+ I F,[[1]].



We have [t(1 + a(t)),t(1+b(t))] =t + c(a(5(t))), where

(t) = t(1 + a(t)) o t(L + b(t)) — t(L + b(1)) o (1 + a(t))
t(14+06(t))(a(t +tb(t)) —a(t)) — t(1 + a(t))(b(t + ta(t)) — b(t)).

Let a(t) = > 45, art? and let b(t) = D s bit?. Then

t(1+ (1)) (a(t +tb(t) — a(t)) = t<1 +) bltql> > aytt <(1 +)° bite " — 1).

1> k>j 1>i

2/, .
Working modulo ¢4 ("+))+4F [[¢]] and substituting a series in the previous expression,
we can ignore terms of degree > ¢*j when substituting in ¢, terms of degree > qj when
substituting in the first and second sums, terms of degree > j when substituting in the

third sum. From the congruences for «(t), 3(t) obtained above we get

(t(140(t))(alt +tb(t)) — a(t)) o a(t) o B(t)
= ((t+tb(t)) o B(t) o au(t)) - ((al(t +tb(t)) — a(t)) o B(t))
=t/(1+a(t) - (a(t) — a(B(1))) mod t'FT IR [7]).

a(t) - (a(t) —a(B(t)))

Similarly,

t(1+a(t)) (bt +ta(t)) — b(t)) = t<1 + Z aktqk) Z byt <(1 + Z aktqQk)l _ 1).

kzj 1Zi kz=j

2. .
Working modulo !¢ (i))+4F [[t]] and substituting a series in the previous expression,
we can ignore terms of degree > ¢*i when substituting in ¢, terms of degree > ¢i when
substituting in the first and second sums, terms of degree > ¢ when substituting in the

third sum. Then

(t(1+ a(t))(b(t + ta(t)) —b(t)) o a(t) o B(t) = B(t) - (b(t + ta(t)) — b(t)) o a(t)
= 1/(1+b(t)) - (b(t) — b(a(t))) mod ¢+ DR, [[1],

which completes the proof. [

Lemma 3. Leti > j > ¢* and let i be relatively prime to p. Let a; = a,b e Fy. Let ay € F)
and ay = 0 Jor k mon-strictly between j + 1 and gj which are not dwisivle by q.
Then
[t+ ) apt' T ¢ bt ]
k=j
is congruent modulo t1+4°(+)+aF [[£] to
(a)
t+ Z ey 1O wmain) | Z d,, '+ @mim+ymaip™ )+ zm)
Jm2J Jm 2]
WNETE Uy, Wiy Ty Yy Zrm TOGETNET WILN 4y, = 7 AN Jpy = J SATISTY The cONALLIONS 0F Lemma,
1for every s=1,...,r;
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(b)
¢+ Z e, t1H@i+Y) o 14 i)+ Fp[[t]
v
where the coefficients e, Satisfy the following conditions:
(1) Tr+gqj <j+qi and e, # 0, then v = s,i + r,q With integers s, > 1,r, > 0;
(b2) eps; = —iab# 0 Jor 0 < s <7 and eq; = (j — i)ab.

Proof. Use Lemma 2 with a(t) = >, arpt?, b(t) = bt?. Let a(t) and B(t) be the same
as in Lemma 2; then a(t) =t + ) ; ct1t9%, ¢; = —a by Lemma 2. We get

[t art' T bt ] =
k>3

t+ 1;@@)(@@) —a(B(t)) - 1+tb(t)(b(t) = b(o(t))) mod T EHIE, (7).

Since a(t) belongs to F,[[t7]], a(8(t)) = a(t/(1 + b(t))) mod t*¢° (+)+4F [[] by Lemma
2. Now

[t+ > apt™ 9t 4 bt =

k>j
t (1+btq2i)k_1> bt ( 2 >
t+ apt™ : - (1= (1) cxt? )
L2 s axta® (,; * (1 + bta*i)k 1+ bt ( ,; k)
t — 2. n(k) [ ARKE 20, -
=t+ apt®kbtd P + ——d(t) mod 't EHIFTaF 117]],
ER e (kz ‘ )+ gt (1]
where
— Z! l lm qg(l k +"'+l'mk7n)
=2 TRy Py TR TR L :
0<ly+++lm<i

The first large term in the previous expression for the commutator consists of terms of
degree 1+Q(fk+flk1 +-- +fmkm)+q22pn(k) with kvklv B '7km = j: f P ]-» fl) s 7fm Z 0.
Due to the restrictions on ay terms of degree < 1+ q2(i + j) are of the type

1+ qfj+ @%ip™ 9D +q(fiky + - + fukly)

with f > 1, f1,..., fm =0, q|k},..., k., > j/q. This can be rewritten as 1+q(zj+yqip™) +
z) where z,y >0, z > 0, g|z.

The second large term in the previous expression for the commutator consists of terms
of degree 1 + fqi + ¢*>(lhik1 + -+ + lmkw) with f > 1, ky, .ok >4, 1+ + 1 > 0. We
can rewrite this as 1+ qj +q(fi+q(l1k1 + - -+ lmkm — j)) or as 1+ q(vi + gk) where k > 7,
v > 0.

Now parts (a) and (bl) follow. To deduce part (b2) apply Lemma 1 t0 &y =1, Jm = J
using part (a). Hence for 1 < s < r the coefficient ¢,s; comes from the second large
expression in the three line formula; the coefficient ey comes from the both terms. The

coefficient e; is calculated directly. U
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Lemma 4. Leti>j. Let ag,b € F,. Then

(1) the commutator [t+3, ; aptttak, AP byttt 9] belongs 1o Tiyq; and even 1o T 1y;+1
Ti=7,

@ 170> j(qp"® — 1)/(g— 1) then

. . n(i) ;
[+ art™ 4 bt T = —2a,bt T mod Ty 41
k>

Proof. Apply Lemma 2 to calculate the first commutator. It is congruent modulo 7} (;4)4+1

to

t tqkz qk b tql ql
R Zk> axtk D al POT) =13 Zm 1435, bit? 2 bi )

k>3 1>

where «(t), 5(t) have the same meaning as in Lemma 2. By the same lemma

B(t) =t — bt mod t'TITIF,[[]], alt) =t —a;t' 9 mod t'TUTIF,[[H]],
SO
a(t)? =9 — jajtql+q2jp"(” mod 2+ "V +a F|[t]]
and
B(t)TF = ik — Fpgakta’in"™ o gaktatin" TR )

Since ¢j 4+ q + ¢%ip" ¥, qi + ¢ + ¢jp" V) > q(i+ qj + 1), the first commutator is congruent

modulo Tj44j41 to
_ it a2ipn(d) _ itg2ipn(d)
t (ljbijt1+qj+q ip _ ajbﬂtl-‘rql-‘rq Jp

and so belongs to T;,; and even to Tj 441 if i = .

To deduce (2) use the first formula in this proof. From the previous calculations

. 2.
ax(t? — B(t)") € t'TITTNR [[t]
1+ Z,m aytik é
and ;
t . . . . (i . . n(d
W(tm —a(t)?) = iajbt1+q’+q23p O hod pltataitaipt® F,[[t]].

Thus, to deduce (2) it remains to use qj+q%i > q+qi+q%jp™ D iff (g—1)i > j(gp™D —1). O

A natural number [ is said to be associated to a subgroup H of T'if T} < T;11 H.

Lemma 5. Let H be a non-trivial closed normal subgroup of an open subgroup G of T.
Then

(1) for every n > 0 there is [, such that all p"l > I, with [ relatively prime to p are
assoctated to H.

(2) For every a € F; and every j > max(lo, ..., l.—1) relatively prime to p there is a series
t+ sy okt T 0 H, a; = a, satisfying the Jollowing property: if j +1 < k < ¢j + ¢%,
q fk then a; = 0.
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Proof. The group G contains some 7). Fix n > 0. Take any j = p™J with (7,p) = 1
such that some element f(t) = t 4 at'T%"7 + ... belongs to H. Then [f(t),T}:] < H.
From Lemma 4, (2) we deduce that for u > ug relatively prime to p the element [f(¢),t+
btitar ] = ¢ — abutitap"utd®p" g belongs to H. Hence p"(u + ¢p™J) is associated
to H and there is [, such that all p"”l > [, with [ relatively prime to p are associated

to H. We work with the wild group over F,, so if p"l > [,, with [ relatively prime to

p, then for every a € [, there is a series ¢ + at'ter"l 4 ... ¢ H: just use the relation
h(t) o h(t) =t + 2et't9* 4 ... for a series h(t) =t +et'tiF . ...
Let j > max(lp,...,l,—1) be relatively prime to p. Assume that for j' > j there is a

series fj/(t) =t + 3 ;5 bttt € H with by = a, by = 0 for k between j + 1 and j' not
divisible by ¢. If ¢ doesn’t divide j' + 1, then since j' + 1 > max(lp,...,l.—1) there is a
series g(t) =t + > )5y cpt!T* € H with cjip; = —bji11. Now by (V) in the proof of
Lemma 2 we deduce that the series fj41(t) = fir(t)og(t) =t+3_ ;- dit' T € H satisfies
the property: diy = a, d = 0 for k between j + 1 and j' 4+ 1 not divisible by ¢. Induction
implies (2). O

Theorem. Letp > 2.

(1) If o € T;\Tiy1 then o € Ty \ Tpiy1, the tntersection of T' with the closure of the torsion
of R 1s trivial.

(2) [T3, T3] < Tgq1yit1 anad the group T;/Tiq41); 1S abelian of exponent pq.

(3) [T, T|T? > Tyy2, the number of generators of T' 1S at most ¢ + 1.

(4) T 1is not a p-adic Lie group.

(5) A mon-trivial normal closed sugroup of an open subgroup of 1" 1S open.

PT0O].
(1) For a € F =F,((t)) one has vp((c — 1)a) > vp(a) +i(c) with equality when vp(«a)

is relatively prime to p. Therefore
i(0") = vp((o? = 1)) = 1 = vr((o = (1)) =1 > pi(o),

hence RP < Ry, and i(0?) = vp((oc — 1)P(t)) — 1 = pi(o) for i(o) = qi.

(2) From part (1) of Lemma 4 [T, T;] < T(441)i+1. Then (1) implies that T;/T 441y, is

abelian of exponent pq.

(3) From Lemma 4, (2) we know that if ¢ > j and ¢ is relatively prime to p, then
[t + at!T9 ¢ + bt +9] = ¢ — jabt!t9i+9° 4 Therefore T} < Tj4y[T,T) for all | > q + 2
relatively prime to p. By (1) T}; < T); 117" and the assertion follows.

(4) If T were a p-adic Lie group, then by [6], Th. 9.34 it would contain an open
subgroup GG which is a uniformly powerful pro-p-group, so in particular GP = {g” : g € G}
would be a subgroup of [G, G|, see [6], Prop. 2.6. However, the subgroup [G, G] contains
some elements ¢ + 179 4 .. with i relatively prime to p which are obviously not in GP.

Alternatively, the group 1" doesn’t contain an open subgroup of finite rank (and so it isn’t
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p-adic Lie by [6], Cor. 9.35), since the cardinality of T;/[T;,T;]T7 tends to infinity when

1 tends to infinity.

(5) The proof of this assertion uses Lemma 1, Lemma 3, Lemma 5 and the congruence
(V) in the proof of Lemma 2. Let j > max(q¢?lo,...,l,_1) + q where [, are defined in
Lemma 5 (1). Let ¢ > j, and let ¢,5,¢ — j be relatively prime to p. Let T; < G. The
main purpose of the following arguments is to find in H a product of several commutators
which is equal to ¢ + oqit1+q2i+q2j +..., 04i #0, and deduce that ¢(i + j) is associated to
H.

In the course of the proof we shall pick up elements 0,/ (t) = t+at't9' 4...c H,a#0,
as in Lemma 5 (2) applied to j' > j — ¢. Then qj’ + ¢®> > ¢j and therefore the coefficient
of t1+4* in 0,/(t) for k < qj, q [k is zero.

Let 0;(t) =t+at't™ +... € H, a # 0, be as in Lemma 5 (2). Then for b # 0 Lemma 3
shows that

[0;(1),t + bt =t 4 3 e, glHalai+y)

v>i
——_— Z e 1 AVmitwmain) Z d, 1@ imtymaip" ) +2m)
Jm2J Jm2J
modulo 174" (i+1)+4 F_[[t]], where in particular the following properties are satisfied:
b ifr+qj<j+qiande, #0, then v =r,i+ s,q with integers r, > 1,5, > 0;
for 0 <s<r #(s) epsi #0.

From Lemma 3 it follows that for every e; € I there is an appropriate b such that the
commutator’s second term is e;t'1t9(47+)  Denote the commutator by wo(i, 4,1+ qJ, €;).

Let 0;_,(t) =t+at'*9=P) 4 ... € H, a # 0, be as in Lemma 5 applied to j — p instead
of 7. Then Lemma 3 shows that

[0;_p(t), t + ct!talitan)] = ¢ 4 Z el ti+ataitv—ap)
v2i+qp
=+ Z ¢ (itap)twmain) | Z d;ntl-qu(fcmjm+ym¢J(i+qp)p"(jm>+zm)
Jmz2j—p Jm2j—p
modulo t174¢° (/)4 | [[t] with the standard properties. If €/, # 0 and v+ q(j —p) < j +4i,
then v+ q(j —p) <j—p+q(i+gp), so from b for i + qp,j — p we get v =1r,(i + qp) + s,.q
and v — qp = 1,0+ q(s, + p(r, — 1)) with integers r, > 1,5, > 0.

The congruence (V) in the proof of Lemma 2 and the trivial inequality q(¢%j + ¢i) >
¢*(i+j) shows that the reduced part of the product in 7" of [0;(¢), t+bt' %] and [0;_, (), t+
cti+a(i+ap)] modulo 114° (i+3)+a F,[[t]] is given by the usual product of their reduced parts.
Hence for an appropriate c € I,

[0;(8),t + bt 0 [0, (8), t + et AT = ¢ 4 N7 f pltaladt) pod ¢ @R ().
v>i
From Lemma 1 applied to (im,jm) € {(i,=> 7)} U{(i + ¢p,> j — p)} and the natural

observation

Jra>vtqitretqg=vi+qi+trvat+qi=(rv, +1u)i+ (Su, + 5w +J5)a+qj
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we deduce that f, satisfy b and #(1) — §(r).

Lemma 1 shows that f, for v divisible by p and satisfying ¢ < v < pi are zero. Let f,,
be the first non-zero coefficient in terms of degree > 1+ ¢%j +¢i and < 1+ ¢j + ¢?i in the
last congruence. Since fy,; # 0, we get vy = i + 5,9 < pi. Assume that 1y < pi, then 1

is relatively prime to p. Consider the product
[0j (t)a t+ bt1+qi] ° [ej—p<t)7 t+ Ct1+q(i+qp)] o WO(ruoi + $u,9, J, Vo + 47, _fuo)'

Note that if v+¢qj < j+¢qi, then v+qj < j+qup and r,vp+5,q = 1,70+ (T, Sy, + S) With
integers r,r,, > 1,7,5,,+s, > 0. Lemma 1 applied to (4, > j), (i+¢gp, > j—p), (0, > j) and
relation (V) in the proof of Lemma 2 imply that the latter product is congruent modulo
¢+ (i+i)+g Fpllt]] to t+>_,~4, g, t1T9@+Y) and g, satisfy b and #(1) — #(r).

Repeating, if necessary, we get a product of several commutators, call it ws (4, j,pi +
qJj, hpi), such that

wi(i, §,pi+ qj hps) =t + Y byt TG mod e TR, (7))
v2pi
where h,, satisfy b and f(1) — #(r).

Proceed by induction using Lemma 1, Lemma 3 and the relation (V) in the proof
of Lemma 2. Assume that for 1 < n < s < r we have already constructed elements
wn (1,7, p™ + qJ, kpri) in H as products of appropriate commutators of the type discussed
in Lemma 3 so that in particular

wn (i, 4, "+ @, kpms) = £+ Z k t1Falaity) o d 1+a i+ +a Fp[t]
vEpni
where k, satisfy b and §(n) — §(r).

To eliminate the term ¢kt T9(97+P") for s < r multiply by ws(i-+q, j—p*, p%i-+qj, —kps)
and apply Lemma 3, Lemma 1 for s+ 1,...,7.

To eliminate the term [,t'79(%+¥) where p%i < v < p°th, v = p"U with 7 being
relatively prime to p first deduce from Lemma 3, Lemma 1 and (V) that 0 < n < s and
hence ¥ > i. Then use Lemma 3 and Lemma 1 for s + 1,...,r and either multiply by
wn(V,j,v+qj, —1,) ifv+qj > j+qi or by wn(rup~"i+s,qp~", j,v+qj, 1) if v+qj < j+di,
v =r,i+ s,q. Note that (r,p~",p) =1 by Lemma 1.

Each time the coefficients of the new product of commutators satisfy b and f(s+1)—#(r).
Hence in H we get the element

ws+1 (1, 7, p" T + qf, mper1;) =t + Z m T mod ¢ i)t F,[[t]]
vepstli
where m,, satisfy b and f(s+ 1) — (7).
Thus, by induction we produce
wr (%, 4,91+ qJ, 04i) =t + Z o 1 TA@IHY)  od 1 ()t F,[[t]]
v>qi
with o4 # 0. We conclude that ¢(i + j) is associated to H.

Keeping in mind the restrictions on ¢, j at the beginning of this part and Lemma 5 (1)

we deduce that all sufficiently large [ belong to H. Since H is closed, 7} is contained in

H for sufficiently large [ and H is open. U
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Remark. Remark 4 in section 5 and the property (1) of the theorem show that no closed
non-pro-p-cyclic subgroups of 1" are in the image of the functor W. Section 4 implies that
pro-p-cyclic subgroups of 1" come from arithmetically profinite Z,-extensions in charac-

teristic O only.

7. Extensions of local number flelds with the Galots group 7.

Recall that a Galois extension L/F is called deeply ramified if the set of its upper
ramification breaks is unbounded. The theory of deeply ramified extensions of local fields
and its applications in Kummer’s theory of abelian varieties was developed in [5] by J.
Coates and R. Greenberg. For various examples of deeply ramified extensions and their

relations with arithmetically profinite extensions see [8].

Theorem. Letr >2 and g =p". Let F' be an unramijled extension of Q, of degree > q.
(1) There 1s o Galots extension L of F' which 18 deeply ramified and G(L/F’) 18 isomorphic
to T'[r].

(2) The extension L/F 1s arithmetically profinite.

(3 If FC K CFECL with finite K/F and tnfinite Galots E/K, then G(E/K) 18 not a
p-adic Lie group.

Proof. (1) According to Shafarevich’s theorem [26] the pro-p-part G(F(p)/F') of the ab-
solute Galois group of F is a free pro-p-group with |F': Q,| + 1 generators.
By part (3) of the theorem in the previous section 7' = T'[r| is isomorphic to the quotient
of G(F(p)/F), so there is a Galois extension L/F with the Galois group isomorphic to 7.
Denote by F; the fixed field of the subgroup in G(L/F) corresponding to 7;. Let F""P

be the maximal unramified p-extension of F.

For a finite Galois extension E/K and an automorphism o # 1 of F/K denote by
tp Kk (o) the maximal rational number x such that o doesn’t belong to the upper ram-
ification group G(E/K)" for every v > z. Denote by u(E/K) = max{tg/k(c) : 0 €
G(E/K),o # 1} its maximal upper ramification break (see for instance [9], Ch. III,
sect. 5). Following Sen [25] we say that an abelian extension M /K is non-small if
u(M/K) > pe(K)/(p — 1) where e(K) is the absolute ramification index of K. We are
going to apply Lemma 3.7 in [25] to certain subgroups G,, of T". We shall check that all
conditions of Lemma 3.7 in [25] are satisfied.

Due to (1), (2) of the theorem in the previous section 7)/7, decomposes into the
direct product of the cyclic group of order ¢ generated by ¢ + t1+49, the cyclic group
of order ¢ generated by ¢ + t'129 and an abelian group. Therefore the Galois group
of the extension F,/F, N F'""P decomposes into the direct product of the cyclic group
of order ¢ and an abelian group. Since the field F;, N F""P is absolutely unramified,
local class field theory implies that F,/F, N F'""P is non-small. Put I = G(L/L N F""P).
Then I as a normal closed subgroup of 7' is of finite index in 7" by (5) of the theorem
in section 6. Put G, = Tpn-1 NI, G = G;. Since Tpn /T, is abelian by part (2)
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of the theorem in section 6, G, /Gn+2 is abelian for every n > 1. The abelian field
extension Fy(L N F"P)/L N F"P is non-small, since Fy/F, N F""P is non-small. Finally,
from part (1) of the theorem in the previous section we deduce that (,, coincides with
{0 € G: 0P € G41}. Thus, all conditions of Lemma 3.7 in [25] are satisfied. Therefore
by Lemma 3.7 in [25] u(Fpn+1 (L N F"P)/L N F"P) = u(Fpn (L N FP) /LN FYP) + e(F)
for p" > q. In particular, the extension L/F is deeply ramified.

(2) The extension L/F is arithmetically profinite: every subgroup G(L/F)* of T is
non-trivial by (1) and closed normal, therefore it is open of finite index by property (5)

of the theorem in section 6.

(3) Normal extensions F of K in L are either finite over K or coincide with L and

therefore G(F/K) is not p-adic Lie by part (4) of the theorem in section 6. [

8. Problem of Coates and Greenbery.

The following problem was stated in [5], p. 144:

IS 1t true that for every finite extension K of Q, there exists a deeply ramified Galots
p-extension M of K such that that mo subfleld M’ of M 18 an infinitely ramijled
Galots extension of a finite extension @ of Q, with G(M'/Q) being a p-adic Lie
group ?

This problem is related to Fontaine—Mazur’s conjecture on unramified Galois represen-
tations of a number field and its generalization by Boston [2]. Note that results of [23] and
[25] (the proof of Serre’s conjecture) imply that every infinite p-adic Lie extension (i.e.
the Galois group being p-adic Lie) in characteristic 0 with finite residue field extension is
deeply ramified, and moreover, arithmetically profinite.

Using the theorem of section 7 one can provide the affirmative answer on Coates—
Greenberg’s problem by taking the normal closure of KL over K as M.

Indeed, the extension M /K is deeply ramified. If ¢ is the Frobenius automorphism of
KF over K and ¢ is its lifting to the algebraic closure of (Q,, then M is the compositum of
a finite number of fields K¢"(L), 0 < n < |KF : K|. Each ¢"(L)/F is a normal extension
with the Galois group isomorphic to 7.

Let R; and R, be infinite Galois extensions of a finite extension R of QQ,, and let
G(R1/R) be isomorphic to 7. We are going to show that if G(R1R2/R) has an open
subgroup which has an infinite p-adic Lie quotient, then G(R2/R) has an open subgroup
which has an infinite p-adic Lie quotient. Applying that to M and K¢™ (L) we then deduce
that if there is a subfield M’ of M which is a Galois extension of a finite extension () of
Q, with G(M’'/Q) being infinite p-adic Lie, then T has an open subgroup which has an
infinite p-adic Lie quotient, which contradicts the theorem in section 7.

So let there be a subfield N of RqR>; which is a Galois extension of a finite extension
O of R with G(N/O) being infinite p-adic Lie. We can assume that O/R is a Galois
extension. Let Ry ¢ Ry. Then G(R;/R; N Ry) is a normal non-trivial closed subgroup
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of G(R1/R), so R1/R1 N Ry is infinite. Therefore the group G(R;/R1 N OR) is a normal
non-trivial closed subgroup of G(R;/R), so it and G(OR;/OR) are isomorphic to an open
subgroup of 7. Due to the properties of the group 7' described in the theorem of section 7
the extension NNOR;/OR is of finite degree and so is NNOR; /0. Therefore N/NNOR;
is an infinite p-adic Lie extension and so G(NR;/OR;) is an infinite p-adic Lie quotient
of an open subgroup G(R;R2/OR;1) of G(R1R2/R1). We conclude that G(R3/R) has an

open subgroup which has an infinite p-adic Lie quotient, as required.

Remark. The affirmative answer on the problem stated in section 4 will imply that every
finitely generated hereditary just infinite pro-p-group (every non-trivial normal closed
subgroup of an open subgroup is open) can be realized as the Galois group of an arith-
metically profinite extension of a local number field, therefore providing a collection of

extensions L/F answering Coates—Greenberg’s problem.
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