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Abstract One of the aims of this paper is to attract the attention of quantum theorists
to certain areas of arithmetic geometry whose ideas and concepts and analogues
of objects may find applications in quantum physics. Proposing or drawing these
interdisciplinary links is novel and may open up new research directions. We dis-
cuss several analogies between some developments in arithmetic geometry, once
stemming from Grothendieck and now including the IUT theory of Mochizuki, and
some aspects of quantum theory including quantum computing. These analogies
were spotted recently and it is hoped that related developments may be fruitful.

In the appendix we also propose a new abc-ABC question about an asymp-
totic symmetry of the moduli space of Frey–Hellegouarch elliptic curves over ra-
tional numbers. This question goes beyond the standard abc inequalities conjec-
tures/questions. We prove that the positive answer to the question and the effective
abc-inequalities established in [27] using enhanced IUT theory imply the stronger
version of the effective (1 + 𝜀)-abc inequality.
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theoretic algorithms, algorithmic anabelian geometry, IUT theory, abc inequalities,
effective abc inequalities, elliptic curves over rational numbers, improved founda-
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Introduction

Quantum theory in its standard formulation uses mathematics mostly known
at the time of its creation, i.e. 100–60 years ago. Serious foundational problems
and paradoxes of quantum theory affect its further developments and applications,
including quantum computing and communication. It is reasonable to expect that
the use of modern mathematics to produce mathematically improved versions of
quantum theory may lead to the resolution of those foundational problems.

There is huge potential for utilising concepts and visions of modern arithmetic
geometry in developments of quantum theory including quantum computing. The
following examples will serve as a partial evidence for this opinion. In order to de-
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velop implications of these analogies, we need researchers with expertise in quantum
theories and in anabelian geometry and IUT.

In sections 1–3 we discuss, using a simple language in order not to frighten
potential readers, analogies between some ideas and concepts in arithmetic geometry
whose applications in quantum theory may be fruitful. Most of these analogies are
not mentioned in the published literature. The author expresses his gratitude to
E. Demler, N. Gisin, A. Lvovsky, I. Martin, A. Ustyuzhanin for interesting quantum
discussions, to S. Mochizuki for numerous discussions of the IUT theory, and to the
referee for valuable suggestions.

In the appendix we propose, using very simple mathematics, new questions about
an asymptotic symmetry of the moduli space of Frey–Hellegouarch elliptic curves
over rational numbers. These questions are motivated by the study of options to
derive stronger effective abc-type inequalities from the already established ones. No
knowledge of anabelian geometry or the IUT theory is assumed.

1 Topos-theoretical approach to quantum theory

Non-locality and contextuality (Bell, Kochen–Specker) in quantum mechanics may
help obtain quantum advantage over classical computational models in quantum
computing. This is closely related to the use of non-Boolean logic in quantum
theory.

The notion of topos was introduced in the early sixties by Grothendieck with the
original first aim of bringing a topological or geometric intuition in parts of number
theory where actual topological spaces do not occur [20], [15]. Grothendieck realised
that many important properties of topological spaces 𝑋 can be naturally formulated
as properties of the categories Sh(𝑋) of sheaves of sets on the spaces. It is important
that the map 𝑋 −→ Sh(𝑋) is an embedding of continuous structures into categories
which are discrete structures. The crucial unifying notion of topos is to provide
the common geometric intuition for many areas of mathematics and to connect
continuous with discrete. See the talk of L. Lafforgue [19] for more mathematical
and historical details.

A topos has various features similar to the category of sets. Somehow similar to
quantisation of a classical physical theory, constructions in topos theory can often be
understood by looking at them first in the category of sets or geometrical categories
and then lifting to the general case.

However, unlike sets, the law of excluded middle does not need to hold in a
topos. Toposes incorporate non-Boolean logic in an organic way. A topos has an
internal logical structure that is similar to the way in which Boolean algebra arises
in set theory, but instead of two truth values 1 and 0, goes outside Boolean logic
with truth values are in a larger set. Topos theory is a math theory that can ‘speak’
of indeterminism. It may also address the issue of ‘real numbers are not real for
physicists’, mentioned in the papers and talks of Gisin [3], [15].
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Isham, Döring and others proposed a partial reformulation of quantum theory in
terms of topos theory [17], [18], [4], [5], [6], [7], [8], [9], [12], [13]. The reason
for their choice of topos theory is that the latter in the first approximation looks like
sets theory and is equipped with an internal logic. Their topos theoretical approach
to quantum theory builds locally on the topos of presheaves of commutative (hence
classical) sub-algebras of the algebra of all bounded operators on the quantum the-
ory’s Hilbert space. This reformulation in several aspects looks like classical physics,
propositions can be given truth values without using concepts of measurement or
external observer, using the internal non-Boolean logic of appropriate toposes. The
non-existence of classical explanations for quantum phenomena can be viewed as
corresponding to the non-existence of global points or sections of certain toposes.

2 Etale fundamental group, section conjecture and stabiliser
formalism in quantum computing

No quantities show up in category theory and topos theory. What matters is the form
of a category and its structure. The notion of a geometric morphism in topos theory
has allowed to build general cohomology theories which cannot be otherwise pro-
duced. The first example was étale cohomology theory. The Grothendieck definitions
of étale sites, étale fundamental group and étale cohomology use toposes.

For any geometrically integral (quasi-compact) scheme 𝑋 over a perfect field 𝑘
one has its étale fundamental group 𝜋1 (𝑋). For example, if𝐶 is a complex irreducible
smooth projective curve minus a finite set of its points, over an algebraically closed
field of characteristic 0, then 𝜋1 (𝐶) is isomorphic to the profinite completion of the
topological fundamental group of the Riemann surface associated to 𝐶.

A hyperbolic curve 𝐶 over a field 𝑘 of characteristic zero is a smooth projec-
tive geometrically connected curve of genus 𝑔 minus 𝑟 points such that the Euler
characteristic 2 − 2𝑔 − 𝑟 is negative. The étale fundamental group of a hyperbolic
curve is highly (in appropriate strict mathematical sense) nonabelian, its centre
is trivial. Grothendieck asked a famous questions whether hyperbolic curves over
number fields are anabelian, i.e. whether one can restore the curve from its étale
fundamental group. A partial positive answer was obtained by Tamagawa [29] and
the full positive answer was obtained by S. Mochizuki [21], [22], [23]. This was the
foundation of anabelian geometry of hyperbolic curves over number fields and their
non-archimedean completions. Most of the further development of this anabelian
geometry in the last 30 years has not been digested by mathematicians outside Japan.

A point 𝑥 in 𝑋 (𝑘) for a field 𝑘 , i.e. a morphism Spec(𝑘) −→ 𝑋 , determines,
in a functorial way, a continuous section from the absolute Galois group 𝐺𝑘 of
𝑘 to 𝜋1 (𝑋), well-defined up to composition with an inner automorphism, of the
surjective map 𝜋1 (𝑋) −→ 𝐺𝑘 . Grothendieck’s section conjecture asks whether,
for a geometrically connected smooth projective curve 𝑋 over 𝑘 , of genus > 1,
the map from rational points 𝑋 (𝑘) to the set of conjugacy classes of sections,
𝑥 ↦→ 𝐷𝑥 = Stab(𝑥), is surjective. Injectivity was already known. Various other
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similar conjectures, such as a combinatorial section conjecture, were established by
Mochizuki and his collaborators. There are forthcoming discoveries of relations of
the section conjecture to some fundamenal open problems in number theory.

One of the key issues for quantum algorithms is whether they can run in poly-
nomial time, instead of exponential time. Controlling loss of information/error
correction is crucial. In quantum error correction one uses stabiliser groups in finite
dimensional complex spaces.

A map
𝑠 ↦→ 𝐷𝑠

from quantum states 𝑠 in a 2𝑛-dimensional vector space over C to their stabiliser
group 𝐷𝑠 (unitary matrices acting trivially on 𝑠) is injective. However, 𝐷𝑠 has too
many generators, about 4𝑛.

Gottesman, Aaronson–Gottesman [1] considered the intersection 𝐷𝑠 ∩ 𝑃𝑛 where
𝑃𝑛 is the group of 𝑛-qubit Pauli operators: all tensor products of matrices(

1 0
0 1

) (
0 1
1 0

) (
0 −𝑖
𝑖 0

) (
1 0
0 −1

)
and their scalar products with roots of order 4. The number of elements of 𝑃𝑛 is
4𝑛+1. This intersection 𝐷𝑠 ∩ 𝑃𝑛 has a much smaller number of generators than 𝐷𝑠 .

It is easy to show that on the subset of quantum states that are stabilised by exactly
2𝑛 elements of 𝑃𝑛 the map

𝑠 ↦→ 𝐷𝑠 ∩ 𝑃𝑛

is still injective, [1]. This subset is further characterised as obtained from |0〉⊗𝑛 by
CNOT, Hadamard, and phase gates only.

Recently, Hoshi, Mochizuki and Tsujimura obtained results about the injectivity
of the section map

𝑥 ↦→ 𝐷𝑥 ∩ 𝐺𝐿

from closed points 𝑥 of hyperbolic curves over number fields to (conjugacy classes of)
the intersection of their stabiliser groups (decomposition groups) with the absolute
Galois group of various infinite extensions 𝐿 of the number field 𝑘 , [16]. Notice the
similarity with the injectivity of the map 𝑠 ↦→ 𝐷𝑠 ∩ 𝑃𝑛 in quantum stabiliser theory.

Note that the variety of decomposition groups and absolute Galois groups in
number theory is much larger than the Clifford group (the group of unitary matrices
that normalise 𝑃𝑛) and 𝑃𝑛 in quantum computing. One perspective is to investigate
whether analogues of the decomposition groups and absolute Galois groups in arith-
metic geometry may provide new classes of groups useful for quantum computing
and lead to new computational models. This may help to go beyond the Clifford
ground in quantum computing, an important task indicated by the experts.

At the same time, there is a substantial difference between profinite decomposition
groups and discrete stabiliser groups in quantum computing: the centre of the former
is trivial while the centre of Clifford group is infinite but the quotient group by its
centre is finite. However, when one works with those arithmetic stabiliser groups, one
often considers them as the projective limit of their quotients which are extensions



On new interactions between quantum theories and arithmetic geometry 5

of a finite group by an infinite abelian group and such quotients modulo their centre
are finite groups.

3 On some similarities between IUT and quantum theory

Algebraic geometry involves locally the correspondence between affine varieties
and commutative rings with two algebraic operations. Anabelian geometry for hy-
perbolic curves over number fields and other fields is a correspondence between
these geometric objects and their arithmetic fundamental groups (or slightly more
complicated objects). Fundamental groups are non-commutative, but they have one
algebraic operation, not two. This opens the perspective to try to perform defor-
mations of these geometric objects not seen by algebraic geometry, using the fact
that there are more maps, group homomorphisms and variations of those between
topological groups in comparison to ring homomorphisms between commutative
rings.

The IUT theory, discovered by Mochizuki, provides, for certain hyperbolic curves
(e.g. an elliptic curve minus a point), a new fundamental understanding of how to
bound from above the deviation from commutativity of certain crucial diagrams
associated to arithmetic deformation aspects of IUT. IUT is a new arithmetic defor-
mation theory that is entirely unavailable in the standard arithmetic geometry dealing
with ring structures. IUT is a non-linear algorithmic theory which addresses such
fundamental aspects as to which extent the multiplication and addition on integers
(or rings of algebraic integers) cannot be separated from one another. Arithmetic
deformations in IUT are not compatible with ring structure. Deformations are coded
in certain links, ring structures do not pass through the links, groups of symmetries
such as Galois and étale fundamental groups do pass. To algorithmically restore
certain rings from some groups that pass through a link in IUT, one uses deep results
of anabelian geometry about number fields and hyperbolic curves over number fields
and their non-archimedean completions. The anabelian algorithms produce from a
given input data an object within a set of possible output objects. Several indetermi-
nacies are used to weaken the input data in the algorithm, while mildly increasing
the set of possible output objects (container) until that increased set includes the
object in the original input data.

There are many analogies and relations between IUT and other areas of number
theory, see 2.14 of [10]. We now list several intriguing similarities between IUT and
quantum theory, by involving some basic concepts and ideas of IUT, those which can
be stated in a relatively simple form and do not require an expertise in IUT. These
similarities are even more amazing given the fact that representation theory plays no
role in IUT and plays a fundamental role in quantum physics.

• In IUT, multiplication and addition are related to two symmetries, geometric and
arithmetic symmetries, see e.g. §3.6 of [24], sect. 2.7 of [10]. These two dimensions
are reminiscent of the two parameters, one of which is related to electricity, the other
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to magnetism. In particular, those two were employed in the experimental study of
layers of hexagonal lattices in the growth of graphene and boron nitride layers.

• One of the key issues for quantum algorithms is whether they can run in
polynomial time, instead of exponential time. The aspect of reducing exponential to
polynomial is crucial for IUT.

• In mono-anabelian geometry and IUT one algorithmically reconstructs objects
from étale fundamental groups. IUT produces upper bounds on the change of the
relevant data passing through the theta-link, using the action of étale fundamental
groups which pass through the link unaffected. As discussed with practitioners, using
appropriate group (that goes intact through the algorithmic process) action on a flow
of information to control its loss may be useful in quantum computing and quantum
computers.

• IUT works with two types of topological monoid structures: étale-like (coming
from groups of symmetries) and frobenius-like (coming from ‘ordered’ objects)
and their interactions, see e.g. §2.7 of [24], §3.2 of [25]. A monoid is a set with
binary associative operation and an identity element. For example, the multiplicative
monoid Z𝑝 \{0} of non-zero elements of 𝑝-adic integers Z𝑝 of the fieldQ𝑝 of 𝑝-adic
numbers is a submonoid of the group of invertible elements of Q𝑝 . It splits into the
product of the group of units Z×𝑝 and the monoid of non-negative integer powers
of 𝑝. The latter monoid is totally ordered. The monoid Z𝑝 \ {0} is an example of
a frobenius-like object in IUT, 𝑝𝑛 can be informally viewed as having ‘mass’ 𝑛. A
more interesting example of a frobenius-like object comes at the level of algebraic
closures. Denote by 𝑂 the ring of integers of an algebraic closure 𝐾 of Q𝑝 . The
absolute Galois group 𝐺 of Q𝑝 is an example of étale-like object in IUT. Consider
the monoid (𝑂 \ {0}, 𝐺) of non-zero elements of 𝑂 with respect to multliplication,
under the action by the group 𝐺. By class field theory, the maximal abelian quotient
of 𝐺 is isomorphic to Z×𝑝 times the procyclic group Ẑ generated by 𝑝. The totally
ordered cyclic group Z is a subgroup of its profinite completion Ẑ, the latter is not a
totally ordered group, and the image of 𝑝𝑛 in it has no longer non-zero ‘mass’. The
embedding of positive integers in Ẑ plays an important role in explicit class field
theory, see e.g. sect. 2 Ch. III of [11].

One can prove that the map that sends (𝑂 \ {0}, 𝐺) to 𝐺 induces an isomorphism
from the group of automorphisms of (𝑂 \ {0}, 𝐺) to the group of automorphisms of
𝐺. If one replaces 𝑂 \ {0} with the group of units 𝑂×, the group of automorphisms
of (𝑂×, 𝐺) is isomorphic to the product of Ẑ× and automorphisms of 𝐺, for more
details see Examples 2.12.1 and 2.12.2 of [24].

Étale-like structures are functorial, rigid and invariant with respect to the links
in IUT, while frobenius-like structures are used to construct the links. Relations
between these two types of structures are of crucial importance in IUT. One of such
relations is given by a generalised Kummer map. For example, there is the classical
Kummer isomorphism Q×

𝑝/Q× 𝑛
𝑝 ' 𝐻1 (𝐺, 𝜇𝑛) where 𝜇𝑛 are roots of unity of order

𝑛 in 𝐾 . The object on the right hand side of the Kummer isomorphism is solely
dependent on the étale-like object𝐺 and 𝑛, while the object on the left hand side is a
frobenius-like object which has the quotient generated by 𝑝 modulo 𝑝𝑛. Generalised



On new interactions between quantum theories and arithmetic geometry 7

Kummer maps restore multiplication of sufficiently small fields such as number fields
and their non-archimedean completions. The substance of anabelian geometry is to
further construct a non-trivial algorithm to restore the addition and the ring structure.
The Kummer map embed the frobenius-like object Z𝑝 \ {0} into the étale-like object
𝐻1 (𝐺, 𝜇) where 𝜇 are all roots of unity in 𝐾 . This étale-like object can be viewed
as a container for the frobenius-like object Z𝑝 \ {0}. An automorphism of (𝑂×, 𝐺)
produces from a Kummer map Z×𝑝 → 𝐻1 (𝐺, 𝜇) another one, the corresponding
diagram of maps is commutative up to indeterminacy of the action by a suitable
element of Ẑ×, for more details see Example 2.12.2 of [24]. Involving appropriate
indeterminacies to make diagrams commutative is important in IUT.

Étale-like objects, unlike frobenius-like objects, pass unmodified through certain
non-ring-theoretical links in the IUT theory. For example, the theta-link rescales 𝑝
to its fixed positive integer power and this is not compatible with the ring structure.
In §2.2 of [24] frobenius-like and étale-like structures are compared with nonzero
mass objects and zero mass objects. Depending on the context, the same structure
can be a frobenius-like object or an étale-like object.

From a certain perspective, the analogues of these two non-archimedean mathe-
matical structures are particles and waves in archimedean mechanics. Interaction of
frobenius-like and étale-like structures via Kummer maps in IUT may be sometimes
viewed a little analogous to the relation between particles and waves in quantum
mechanics.

• In IUT passing to a set-theoretic subquotient by taking the log-volume at the
very last stage of the algorithm, see (LVsQ) in §3.9, (Stp7) and (Stp8) in §3.10 of
[25], sounds a little similar to a measurement of a quantum system with the wave
function collapsing.

Appendix

The IUT theory [26] has applications to the proofs of non-effective abc inequalities
for number fields. A recent paper [27] extends the IUT theory and deduces, for the
first time, several effective abc inequalities. In the remaining part of the paper
we set new questions about an asymptotic symmetry of the moduli space of Frey–
Hellegouarch elliptic curves over rational numbers, in relation to how one can deduce
from the established effective abc inequalities some stronger abc type inequalities.
These questions go beyond the previously asked abc inequalities conjectures. No
knowledge of [27] is required.

For a non-zero integer its radical rad is the product of its prime divisors taken
each with multiplicity one and its odd radical rad′ is the product of its odd prime
divisors taken each with multiplicity one.

One of the established effective abc inequalities in [27] is
for every 𝜀 > 0 there is an effectively described constant𝐶 ′

𝜀 such that for all relatively
prime positive integer numbers 𝑎, 𝑏, the inequality
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log(𝑎 + 𝑏) < 1.5(1 + 𝜀) · log rad(𝑎𝑏(𝑎 + 𝑏)) + 𝐶 ′
𝜀

holds.

The constant 𝐶 ′
1 is slightly larger than 8.5 · 1029. Note the constant 1.5 instead

of the more common constant 1 in most abc inequality conjectures. The appearance
of 1.5 is due to lack of some information at archimedean places. A version of the
previous inequality is also established in [27] over quadratic imaginary fields.

Another established effective abc inequality in [27] is
for every 𝜀 > 0 there is an effectively described constant𝐶𝜀 such that for all relatively
prime positive integer numbers 𝑎, 𝑏, the inequality

log(𝑎𝑏(𝑎 + 𝑏)) < 3(1 + 𝜀) · log rad(𝑎𝑏(𝑎 + 𝑏)) + 𝐶𝜀

holds. The constant 𝐶1 is slightly larger than 1.7 · 1030. The number 1030 is ap-
proximately the ratio of the average diameter of galaxy to the average diameter of
atom.

The second abc inequality implies the first one. The second inequality was stated
as a conjecture by Szpiro in [28] in 1990.

One can ask how to deduce an effective (1+𝜀)-abc inequality from these effective
abc inequalities without a further strengthening of IUT and its applications. Towards
this aim, let’s consider the following situation.

An elliptic curve overQwith all its 2-torsion pointsQ-rational is isomorphic over
an algebraic closure of Q to a (Frey–Hellegouarch) curve 𝐸𝑎,𝑏 with affine equation

𝑦2 = 𝑥(𝑥 + 𝑎) (𝑥 − 𝑏)

for some coprime non-zero integers 𝑎, 𝑏. It can be written in the Weierstrass form as

𝑌2 = 𝑋3−27𝑐4𝑋−54𝑐6, 𝑐4 = 16(𝑎2+𝑎𝑏+𝑏2), 𝑐6 = 32(𝑏−𝑎) (2𝑎+𝑏) (𝑎+2𝑏).

Its discriminant Δ = (𝑐3
4 − 𝑐

2
6)/1728 = 16(𝑎𝑏(𝑎 + 𝑏))2. The minimal discriminant of

𝐸𝑎,𝑏 is the same if 16 does not divide 𝑎𝑏𝑐 or if 𝑎 ≡ −1 mod 4 and 𝑏 ≡ 0 mod 16,
and 16−2 (𝑎𝑏(𝑎 + 𝑏))2 if 𝑎 ≡ 1 mod 4 and 𝑏 ≡ 0 mod 16.

In particular,

(𝑎2 + 𝑎𝑏 + 𝑏2)3 = ((𝑏 − 𝑎) (2𝑎 + 𝑏) (𝑎 + 2𝑏)/2)2 + 33 (𝑎𝑏(𝑎 + 𝑏)/2)2. (†)

The 𝑗-invariant of the Weierstrass equation is

𝑗𝑎,𝑏 = 28 · (𝑎
2 + 𝑎𝑏 + 𝑏2)3

(𝑎𝑏(𝑎 + 𝑏))2 = 26 · ((𝑏 − 𝑎) (2𝑎 + 𝑏) (𝑎 + 2𝑏))2

(𝑎𝑏(𝑎 + 𝑏))2 + 26 · 33.

If 16 does not divide 𝑎𝑏(𝑎+𝑏) then cond(𝐸𝑎,𝑏) < 212rad′(𝑎𝑏(𝑎+𝑏)). If 16|𝑎𝑏(𝑎+
𝑏) and say 4| (𝑎 − 1), 16|𝑏 then cond(𝐸𝑎,𝑏) = rad(2−4𝑎𝑏(𝑎 + 𝑏)) 6 rad(𝑎𝑏(𝑎 + 𝑏)).
If 16|𝑎𝑏(𝑎 + 𝑏) and say 4| (𝑎 + 1), 16|𝑏 then cond(𝐸𝑎,𝑏) 6 24+2𝑙rad′(𝑎𝑏(𝑎 + 𝑏))
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where 𝑙 is the maximal power of 2 dividing 𝑏. All this is very well known. See e.g.
sect. 12.5 of [2]. Note that the statement "Since 𝐸 has multiplicative reduction at all
primes 𝑝 |Δ" in the top line of its p.434 is incorrect as the example of 𝐸1,16 shows,
but the inequality for the LHS and RHS of the next displayed inequality on that page
is correct.

Now let in addition 0 < 𝑎 < 𝑏, 𝑎, 𝑏 are still coprime. Put 𝑐 = 𝑎 + 𝑏. Define

𝐴 = (𝑏 − 𝑎)/𝑑, 𝐵 = (2𝑎 + 𝑏)/𝑑, 𝐶 = 𝐴 + 𝐵 = (𝑎 + 2𝑏)/𝑑,

where 𝑑 = gcd(𝑏 − 𝑎, 2𝑎 + 𝑏) (= 1 or 3). Then 0 < 𝐴 < 𝐵, and 𝐴, 𝐵 are coprime.
We have

𝑎2 + 𝑎𝑏 + 𝑏2 = 𝑑2 (𝐴2 + 𝐴𝐵 + 𝐵2)/3,
𝑎𝑏(𝑎 + 𝑏) = 𝑑3 (𝐵 − 𝐴) (𝐴 + 2𝐵) (2𝐴 + 𝐵)/33,

(𝑏 − 𝑎) (2𝑎 + 𝑏) (𝑎 + 2𝑏) = 𝑑3𝐴𝐵(𝐴 + 𝐵).

The map 𝜙 : (𝑎, 𝑏) ↦→ (𝐴, 𝐵) is an involution: 𝜙2 = id. The involution 𝜙 corre-
sponds to 𝑥 ↦→ (2 + 𝑥)/(𝑥 − 1) on P1 sending 𝑏/𝑎 to 𝐵/𝐴.

Thus we have an involution map on the moduli space of Frey–Hellegouarch
elliptic curves: 𝐸𝑎,𝑏 ↦→ 𝐸𝐴,𝐵. The map 𝜙 relates the two terms on the RHS of (†).

From (†) one gets

(𝐴2 + 𝐴𝐵 + 𝐵2)3 = 33 (𝐴𝐵(𝐴 + 𝐵)/2)2 + ((𝐵 − 𝐴) (2𝐴 + 𝐵) (𝐴 + 2𝐵)/2)2 .

We also have 𝑗𝐴,𝐵 = 123 𝑗𝑎,𝑏/( 𝑗𝑎,𝑏 − 123) = (12−3 − 𝑗−1
𝑎,𝑏

)−1.

Question (abc-ABC question). Are the following equivalent statements true?
1. rad(𝑎𝑏𝑐) and rad(𝐴𝐵𝐶) are effectively asymptotically equal, i.e. for every 𝜀 > 0
there are constants 𝔠𝜖 , 𝔠

′
𝜖 , effectively depending on 𝜖 , such that for all relatively

prime positive 𝑎 < 𝑏

rad(𝑎𝑏𝑐) < 𝔠𝜖 · rad(𝐴𝐵𝐶)1+𝜖 , rad(𝐴𝐵𝐶) < 𝔠′𝜖 · rad(𝑎𝑏𝑐)1+𝜖 .

2. For every 𝜖 > 0 there is a positive constant 𝜅𝜖 such that for all positive coprime
integers 𝑎 < 𝑏

rad((𝑏 − 𝑎) (2𝑎 + 𝑏) (𝑎 + 2𝑏)) < 𝜅𝜖 · rad(𝑎𝑏(𝑎 + 𝑏))1+𝜖

with 𝜅𝜖 effectively dependent on 𝜖 .
3. rad(Δ(𝐸𝑎,𝑏)) and rad(Δ(𝐸𝐴,𝐵)) are effectively asymptotically equivalent.
4. rad(𝑐6 (𝐸𝑎,𝑏)) and rad(Δ(𝐸𝑎,𝑏)) are effectively asymptotically equivalent.

The proof of the equivalences is immediate. The author does not know the proof
of either a positive answer or a negative answer to this abc-ABC question, and several
experts in arithmetic of elliptic curves were in a similar situation.
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The positive answer to the Question signifies a new asymptotic symmetry of the
moduli space of elliptic curves over Q all of whose 2-torsion points are Q-rational.

Fix a positive integer 𝑚. The second abc inequality above implies that for every
positive 𝜀 for all non-zero integers 𝑎, 𝑏, 𝑐 such that 𝑎 + 𝑏 + 𝑐 = 0 and gcd(𝑎, 𝑏, 𝑐)
divides 𝑚 we have

log |𝑎𝑏𝑐 | < 3(1 + 𝜖) · log rad(𝑎𝑏𝑐) + 𝐶𝜖 + 3 log𝑚. (♯)

In view of (†), consider the equation

𝑥3 = 𝑦2 + 33𝑧2

where 𝑥, 𝑦, 𝑧 are positive integers such that gcd(𝑥, 𝑦, 𝑧) |3. We use the standard
notation 𝑓 <<𝜖 𝑔 for real functions on positive real numbers depending on parameter
𝜖 > 0 which means | 𝑓 (𝜖, 𝑥) | 6 𝐶 (𝜖)𝑔(𝜖, 𝑥) for a real 𝐶 (𝜖) depending on 𝜖 .

Applying (♯), we obtain 𝑥3𝑦2𝑧2 <<𝜖 rad(𝑥𝑦𝑧)3(1+𝜖 ) . Since 𝑦2 · 33𝑧2 6 𝑥6/4,
we deduce 𝑦𝑧 <<𝜖 rad(𝑥𝑦𝑧)1+𝜖 . Assume that 𝑦2 6 33𝑧2, then we deduce 𝑦 <<𝜖

rad(𝑥𝑦𝑧) (1+𝜖 )/2. Since 𝑥3 6 2 ·33𝑧2, we get 𝑥6𝑦2 6 𝑥3 ·2 ·33𝑧2 · 𝑦2<<𝜖 rad(𝑥𝑦𝑧)3(1+𝜖 )

and 𝑥6𝑦6 <<𝜖 rad(𝑥𝑦𝑧)5(1+𝜖 ) , so 𝑥𝑦 <<𝜖 rad(𝑧)5(1+𝜖 ) . Substituting the latter
in the RHS of 𝑦 <<𝜖 rad(𝑥𝑦𝑧) (1+𝜖 )/2, we obtain 𝑦 <<𝜖 rad(𝑧)3(1+𝜖 ) . From
𝑥6𝑦2<<𝜖 rad(𝑥𝑦𝑧)3(1+𝜖 ) we deduce 𝑥3<<𝜖 𝑦

1+𝜖 · rad(𝑧)3(1+𝜖 ) so 𝑥3<<𝜖 rad(𝑧)6(1+𝜖 ) ,
hence 𝑥 <<𝜖 rad(𝑧)2(1+𝜖 ) . Thus, (♯) implies: if 𝑦2 6 33𝑧2 then 𝑥 <<𝜖 rad(𝑧)2(1+𝜖 ) .
Similarly, if 𝑦2 > 33𝑧2 then 𝑥 <<𝜖 rad(𝑦)2(1+𝜖 ) . All the implied constants are explicit
functions of 𝐶𝜀 .

Now, for positive coprime 𝑎 < 𝑏 denote 𝑥 = 𝑎2 +𝑎𝑏+ 𝑏2, 𝑦 = (𝑏−𝑎) (2𝑎+ 𝑏) (𝑎+
2𝑏)/2, 𝑧 = 𝑎𝑏(𝑎 + 𝑏)/2. Then 𝑥3 = 𝑦2 + 33𝑧2. Note that since 𝑎 and 𝑏 are coprime,
gcd(𝑥, 𝑦, 𝑧) divides 3, so we can apply the previous paragraph to 𝑥, 𝑦, 𝑧. We deduce
from the previous paragraph: if ((𝑏 − 𝑎) (2𝑎 + 𝑏) (𝑎 + 2𝑏))2 6 33 (𝑎𝑏(𝑎 + 𝑏))2 then
3𝑐2/4 6 𝑎2+𝑎𝑏+𝑏2 <<𝜖 rad(𝑎𝑏𝑐)2+𝜖 and hence 𝑐 <<𝜖 rad(𝑎𝑏𝑐)1+𝜖 ; if ((𝑏−𝑎) (2𝑎+
𝑏) (𝑎+2𝑏))2 ≥ 33 (𝑎𝑏(𝑎+𝑏))2, i.e. ((𝐵− 𝐴) (2𝐴+𝐵) (𝐴+2𝐵))2 6 33 (𝐴𝐵(𝐴+𝐵))2,
then 𝐴2+𝐴𝐵+𝐵2 <<𝜖 rad(𝐴𝐵𝐶)2+𝜖 and hence 𝑐 <<𝜖 rad(𝐴𝐵𝐶)1+𝜖 . All the implied
constants are explicit functions of 𝐶𝜀 .

Therefore, the inequality (♯) implies:

Theorem 1. For every positive 𝜀 there is an effectively described constant 𝐾𝜀 such
that for all coprime positive integers 𝑎, 𝑏 and their sum 𝑐 = 𝑎+𝑏 and 𝐴, 𝐵, 𝐶 defined
for 𝑎, 𝑏 as above

log 𝑐 < (1 + 𝜖) · log max{rad(𝑎𝑏𝑐), rad(𝐴𝐵𝐶)} + 𝐾𝜀 .

Using Theorem 1 we obtain

Theorem 2. Assume that the abc-ABC Question has positive answer. Then for every
positive 𝜀 there is an effectively described constant 𝐿𝜀 such that for all coprime
positive integers 𝑎, 𝑏 and their sum 𝑐 = 𝑎 + 𝑏 the inequality
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log 𝑐 < (1 + 𝜀) · log rad(𝑎𝑏𝑐) + 𝐿𝜀

holds.
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