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ABSTRACT. The space of two-dimensional geometric adeles of a surface is far from being a locally compact
space and there is no translation countably additive invariant nontrivial measure on it. At the same time, certain
subquotients of the adeles are direct limits of compact subquotients or inverse limits of discrete subquotients,
compatible in a special way. Using this fact, the paper defines a translation invariant measure and integration
on certain subquotients of the geometric adeles of surfaces. This theory is considerably different from the
theory of integration on analytic adeles of surfaces. After revising aspects of one-dimensional theory, the paper
includes a full definition of two-dimensional geometric adeles. A number of their new topological properties are
established. The new translation invariant measure and integration on selective subquotients of the geometric
adeles is used for integrals of certain functions in a two-dimensional method describing the size of adelic
cohomology groups of surfaces, without using standard adelic complexes. A formula for the Euler characteristic
of the surface and its divisor in terms of integrals over subquotients of geometric adeles is proved. Using the
Euler characteristic, a new two-dimensional adelic intersection number is introduced. For geometric surfaces
it is a positive multiple of the standard intersection number. Several results in the previous study of geometric

adeles are given new proofs. Published in Chebyshevskii sbornik, vol.26, no.4, 2025, pp.184-211.

0. This paper continues the higher adelic study of aspects of geometry of surfaces in [12], by lifting certain
discrete or linear algebraic objects to two-dimensional adelic objects with richer structure and using their
topological properties, as well as the new measure and integration on some of them.

The higher adelic study in [12] for projective irreducible curves and projective smooth surfaces over
perfect fields used topological properties and self-duality of the one-dimensional and two-dimensional geo-
metric adeles to study cohomology spaces of adelic complexes. The latter were proved to be of finite
dimension. An additive adelic formula for the intersection of divisors was established. This formula easily
implied the adelic Riemann—Roch theorem. Adelic objects for number fields and for arithmetic surfaces,
studied in [10], [11], [6], also involve non-linear data associated to archimedean points of fibres. Hence, the
approach in [12] which works in the geometric case using adelic complexes and their linear cohomology
spaces cannot be directly extended to arithmetic schemes, due to the highly non-linear archimedean aspects.

In order to have a universal approach which works both for geometric objects over finite fields and for
arithmetic schemes, new points of view are needed. This paper proposes one of them, based on the use
of topological properties of adelic subquotients and integrals over them, as a two-dimensional extension of
some aspects of the one-dimensional approaches in the Iwasawa—Tate theory, see e.g. sect. 5 Ch. 3 of [13],
and in Borisov’s paper [3].

This is a very different theory from that in [10], [11], but some of results in this paper will be useful for

further research related to the latter.
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Section 1 reviews the one-dimensional case presented in a form suitable for its generalisation to the
two-dimensional case. One deduces the adelic Riemann—Roch theorem from adelic duality and standard
properties of Fourier transform, see e.g. sect. 0 of [12]. In the one-dimensional arithmetic case cohomolo-
gies H'(D) for a divisor D can be infinite or not defined, however one can produce a non-zero numbers
hi(D), i = 0,1, which can be thought of as the volume/size of the cohomology group. These numbers /'(D)
are defined as integrals over an appropriate adelic subquotient not depending on D of a function depending
on the divisor D. For a different but essentially equivalent presentation see [3]. The self-duality of the adeles
implies

h' (D) = h’(Deg1),
where £ is a relevant idele such that Dy is a canonical replete divisor. We establish a formula for the Euler
characteristic of a replete divisor Dy of a global field, corresponding to an idele ¢, with corresponding

function fy
25 (Da) =10g/AfaﬂA-

We also obtain a Riemann—Roch-like formula

An(Da) — xa(D1) = log|a|.

The additive group of two-dimensional geometric adeles is not a locally compact topological space.
It is fundamentally different from the additive group of two-dimensional analytic adeles which admits a
non-trivial R((x))-valued translation invariant measure and integration, [11], used in the study of the zeta
function. Still, both groups are self-dual topological groups or close to such.

Section 2 starts with a full definition of two-dimensional geometric adeles A and subobjects B, C, and
new results about topological properties of their certain subquotients, extending [12] and [6]. In particular, it
includes the proof of discreteness of global elements K in the geometric adeles A and the property BNC =K.

In section 3 we develop and use normalised translation invariant measure and integration on certain
subquotients of the two-dimensional geometric adeles, using their presentation as limits of locally compact
subquotients. These measures are normalised in a way compatible with a distinguished geometric structure
of the adeles. Then we define translation invariant measures on A/B, B, A, B+ C, C.

In section 4, using section 3, we define and study the size of adelic cohomology groups, without using
standard adelic complexes. The newly introduced adelic cohomology numbers 4(D), i = 0, 1,2, for divisors
on surfaces are integrals over certain adelic subquotients that are not dependent on divisors of a function

dependent on divisors. Both in the geometric and arithmetic cases we derive the formula
H(D) = (A D),

where % is an adelic ‘canonical divisor’.
A new formula for the Euler characteristic of a divisor D, corresponding to & € B* in terms of integrals

over certain subquotients of geometric adeles is obtained in 4-3:

2A(Dq) zlog/ Ja I»ic—log/ Jo.A/B HA/B:
c A/B
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for notation see the main text of the paper. This formula can be compared with the one-dimensional formula
mentioned above.

Using the Euler characteristic, we introduce a two-dimensional adelic intersection index on surfaces

[Da, Dg] := x(D1) — X (Do) — X(Dg) + X (Dgp)-

Several first results about this index are included.
In the geometric case, for a divisor D whose support does not include an irreducible proper curve y, with

its divisor Dy, we prove

[D)Dy] = XAM (D’}’) - XA;((),) (O) =logg- degAk(y) (D’y)

This formula is used to show that the intersection index is equal, up to a constant positive multiple, to the
usual intersection index. We also obtain new proofs of several results of [12].

An analogue of this formula in the arithmetic case and the relation of the two-dimensional adelic in-
tersection index to the Arakelov intersection index are open questions; other open problems are stated in
4-6.

1. One-dimensional case

1-1. We start with one-dimensional adeles. Let k£ be a global field, i.e. a number field or the function
field of a smooth, projective, geometrically integral curve over a finite field IF;. Let A be the adelic space
associated to k. Let A(0) be its subspace which is the product of non-archimedean rings of integers with the
full archimedean components in the arithmetic case.

For any non-trivial Haar measure pt of an abelian locally compact group and its element ¢ its module ||
is u(aP)/u(P) for any measurable subset P of non-zero measure; it does not depend on the choice of P and
the scaling of u. For the completion k, of k with respect to a place v denote by | |, the module of k,. Note
that for complex places v the module | |, is the square of the complex absolute value. It is classical that their
product over all places v satisfies the product formula: this product equals 1 on the diagonal image of k*.
For non-archimedean places v the function —log| |,/log#k(v): k5 — Z, where k(v) is the residue field of
v, is a surjective homomorphism and it gives the discrete valuation on k,. Denote this function by v( ), this
should not lead to confusion. For archimedean places v denote by v( ) the function —log]| |,.

For an idele o = (a,) € A*, define the replete divisor

Dg ==Y v(aw)[v],

v runs through all places of k.

In the geometric case, we get the usual divisor. We have log|o| = logg-degDy,.

In the arithmetic case, if v(a,) = 0 for all archimedean places then Dy is a usual divisor.

The homomorphisms from A* to the group of divisors and the group of replete divisors are surjective.
From various perspectives, it is more useful to deal with the ‘covering object’ A*, the locally compact group

of invertible adeles, than with the discrete divisors group.
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For a divisor D = ¥ n,[v] define
AD)={B eA:v(B)=—n},

where v runs through all non-archimedean places of k. In particular, we have A(0) = A(D; ). Define similarly
A(Dy,) for a replete divisor Dy by not imposing inequality restrictions on archimedean components. Then
The additive group of adeles A is the direct limit of A(D) with D running over all divisors.
For a divisor D one can consider the well known adelic complex
/(D) : ko A(D) — A, (a,b) —a—b.
We have
HO(o/ (D)) = kN A(D),
H'(/ (D)) = A/ (k+A(D)).

In the geometric case its cohomologies are finite. In the arithmetic case its cohomologies are not neces-
sarily finite, for example H%(.27(0)) is the ring of integers Oy which is discrete in Oy ®g R. Working with
replete divisors and subsets {§ € A : v(f3) > —n,} for all places v produces finite sets, but its complement
of with respect to the pairing ( , ) defined in 1-2 is zero.

As usual, in this paper when we talk about an isomorphism between groups endowed with topologies we

mean a topological isomorphism, i.e. an isomorphism which is a homeomorphism.

1-2. Let A’ be the set of all elements of A with zero components at archimedean places (so A’ = A in the
positive characteristic case). Denote A(D)"' = A(D)NA'.
Fix a nontrivial character yp of A vanishing on k; associated to it one has the well known continuous

non-degenerate pairing

<a>:<v>W0:AXA—>S1’ <avﬁ>:1//0(aﬁ)a

where S! is the complex unit circle.

One easily sees, e.g. [24], that the additive group of A is isomorphic to its group of characters, that the
complement of k is k, that the complement A (D) of A(D) is A(R — D)’ where & =¥ —n,[v], the sum over
non-archimedean places v, with n, equal to the v-valuation of the different 0, of k,.

Denote by o7 (D)’ the complex

k®AD) — A, (a,b)—>a—b.
Then the character group of H'(.<7 (D)) is isomorphic to H'~/(</ (& — D)'), i = 0,1, while the character
group of the latter is isomorphic to the former group.

In the arithmetic case H'(<7(D)) = 0. For example, if k = Q then H'(o/y(D)) = Ag/(Ag(D) +Q) =0
and H'(/y(D)’) = 0. Using the standard character v, of Aq (specified e.g. in [23], and 4.3 Ch. 3 of [13]),
the complement Ag(0)* is [TZ, x {0}, so H! (3(0)") = Ag/(Ag(0)' + Q) = Ag/(Ag(0)* + Q) equal to
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the quotient ([TZ, x R+Q)/(I1Z, x {0} + Q) ~ R/Z isomorphic to the character group of H°(.%y(0)) =
Z. This can be seen using (G+H)/(G+K) ~ H/(K+ GNH) and the projection on the real component.

1-3. In order (a) to have a generally non-zero number /! corresponding to the zero H' in the arithmetic
case, and (b) not to involve the smaller adelic space A’ in the arithmetic case, one can use integrals of
certain functions instead of the cohomologies (i.e. linear algebra objects). One can view some aspects of the
classical works of Iwasawa [17] and Tate [23], see also Weil [24] and sect. 5 Ch. 3 of [13], as contributing
to (a) and (b) in dimension one. The paper [3] defined numbers /' in a way essentially similar to 1-5 below,

but without using adelic language.

In this paper we proceed as follows.

For an idele o = (a,) € A define
fo(u) = Hfav(uv) A — R, u=(u),
where fy (u,) = fi(a; 'u,) and

charg, (uy) if v is a non-archimedean place,
N (uv) =

2 e )
exp(—e, 7| uvlv/ “) if v is an archimedean place.

Here e, is the R-dimension of the archimedean completion of k£ with respect to v.

Thus, fo(u) = f1(o~'u) and fo(0) = 1. In the geometric case f = chargy ), in the arithmetic case the
restriction of fy on A’ is char,, A(0)-

The map A* 5> o« — {fy : o € A*} factorises through the well defined map from replete divisors
{Dg:ax€ A} totheset {fy:a € A*}.

It is well known that the Gaussian function can be viewed as the archimedean analogue of the char-
acteristic function of the ring of integers (or a proper non-zero fractional ideal) of the non-archimedean
completion of a global field in the sense that for almost all non-archimedean v they are the eigenfunctions

of appropriately normalised local Fourier transforms.

1-4. Then in the geometric case

/fa:/ | = #kNaA(0),
k kNt (0)
where the measure on k and on kN oA (0) is counting. The set kN oA (0) is equal to H%(.o7 (Dy)).

In the arithmetic case we have the integral

_ _ —1,2/e _ . —1..2/ey
/kfa—/kmaA(o)exp( ﬂ;ev\av uly’ ) du Y exp( ﬂ;ev‘av uly’),

uckNaA(0)
where the measure on k and on kN oA (0) is counting, the internal sum is taken over archimedean places.

Now, both in the geometric and arithmetic cases define

h(Dy) = /kfa.

This h(Dg) coincides with the cardinality # H%(.e7 (Dg)) in the geometric case.
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1-5. A real valued function g on A, integrable on k, normalised by the condition g(0) = 1, induces the

gajk: Atk < /k g(a+u)du> < /k g(u)du)

If we apply this to f, we get the integrable function on A /k:

Fanji: atke (/kfa(a+u)du> </kfa(u)du)l.

In the geometric case fy 4 /k = chara(p,))/k-

normalised function on A /k
-1

Both in the geometric and arithmetic cases define h! as

-1
1 —
00w ([ fan)

where the measure on the compact A /k is the probabilistic one. In the geometric case this gives the usual
number:
b (Do) = |A/k: (k+ A(Da)) [kl = #A/(k+A(Da)) = #H' (7 (D).
In the arithmetic case the number h' (Dy,) is more interesting than 0 = H' (.27 (Dy,)).
The adelic complex .7 (D) involves spaces depending on D. In contrast, the integrals defining h/(Dy,)

involve the spaces not dependent on idele & (or the divisor), but the function one integrates does depend on
Dg.

1-6. Both in the geometric and arithmetic cases, the definitions imply

h'(D0) =0 (| fa>l,

where the measure on A is normalised in the following way: it is the product of the counting measure on
discrete k and the dual to it probabilistic measure on compact A /k. Hence this translation invariant measure
on A is self-dual with respect to the standard character y, of A. It is well known that this measure can be
described as the product of the following measures on completions of k: the translation invariant measure
on the non-archimedean completion k, of k which gives the local integers O, the volume |O, : Dv]_l/ 29, is
the different of k,, the Lebesque measure on real numbers and twice of the Lebesque measure on complex

numbers (see e.g. [23]).

1-7. Denote
W (Dg) :=logh!(Dy), xa(Dg):=h"(Dy)—h'(Dg).

Using the previous results, we deduce

XA(Da) =10g/Afa-
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In the arithmetic case for a divisor D = Dy, this is the same as the minus log of the covolume of the lattice
H°(D) = kN A(D) in its realification (kN A(D)) ®7zR = k®z R when the latter is endowed with the product
of the measures on the real and complex completions of k as specified in 1-6. For a replete divisor D, the
number yx(D¢) equals the minus log of the covolume of kN A(E), where E is the divisor corresponding to
the non-archimedean part of « in its realification £ ®z R with respect to the rescaled measure on the latter

corresponding to the archimedean part of c.

1-8. Let £ be an idele such that Dy is K defined in 1-2.
Using 1-6, we get
16.(Da) = log ol +  log] |,
where || is the module of idele ¢ (in the geometric case |a| = g~ 9€P#) and

¢*>~?¢  in the geometric case,

¢ @;/%@ in the arithmetic case,
where g is the genus of a smooth, proper, irreducible, geometrically integrable curve over F, with the
function field k, Dy /g the absolute value of the discriminant of the number field k.
In particular,
x1(Da) = xa(D1) = log|e].
In the geometric case

XA(Doc) _XA(DI) =logq-degDy.

1-9. For a function g on a subquotient E of A call the function g(0)~!g its normalisation.

The group of characters of k is isomorphic to A /k, e.g. [24]. The Fourier transform of a function g on &
is the function on A /k whose value at y+ k € A /k is the integral over k with respect to its counting measure
of the product g(x)y, (xy) with standard character y,. The definition of f and its behaviour with respect to
the Fourier transform on A associated to the character y, and the self-dual measure p on A imply that the
restriction of fy,-1 on k is equal to the normalisation of the Fourier transform of fy 4 x- Hence fy 4 i 1s the
inverse Fourier transform of fi,-1 times the inverse of the value of the Fourier transform of fy 4/ at 0. So

1 = fo.4/k(0) equals the product of [, fyq -1 and the Fourier transform of f, 4 /i at 0, i.e. fA/k foa k- Thus,
. =1,
/kfka 1/A/kfa,A/k

hl(Da) :hO(DEor‘)a

ie.

and
X(Da) = =X (Deg-1)-
This and the last formula in 1-8 immediately imply the Riemann—Roch theorem. Of course, the argument

in this subsection is closely related to the summation formula based on the adelic duality:

[ fa= [ #0)
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1-10. There is another important normalisation of the measures on k and A /k which takes into account
!/

the integral subspace A(0)": choose the newly normalised measure [yey On A/k so that the volume of
(A(0)' +k)/k is 1 and choose the dual to it atomic measure on k. Note that in order for an analogue of the
argument in 1-9 to give a similar duality formula for 4° and 4', the measures on A /k and on k should be
dual to each other, i.e. volume of A /k times the volume of any point of k should be equal to 1. The product
of the newly normalised measures gives the same self-dual measure with respect to W, on A as before.

In the geometric case the previous volume of A/(A(0) + k) is g exp(—xa(D1)) = ¢® and so the volume
of (A(0)+k)/k is g%, hence Unew(A/k) = g8 and the new atomic measure of a point of k is g~8. In the
arithmetic case, similarly to 1-2, the previous volume of A/(A(0) + k) equals to the volume of (O ®z
R) /Oy with the previously normalised archimedean measures, hence it equals exp(—xa(D1)) = [Dy/q /2,
so the volume of (A(0)" +k)/k is |©k/@]_]/2, hence Unew(A/k) = |®k/@\]/2 and the new atomic measure

of a point of k is |©k/@|71/2-

From now on we will use the notation [ for log [;.

For the newly normalised measures we have
MewDa)= [ 1
new \" & A a Hnew,
MewDa) == "[
new\'“a) — Ak oAk Hnew,

Xnew(D(x) = K/A Salnew = )C(Da)-

Similarly to 1-9, we get
h{ww(Da) = th\;{;(DEa*I)v Xnew(D(x) = *Xnew(DEorl)'
The function Ay with respect to the new normalisation of the measures satisfies h{,ew = h/ — ¢ where

¢ = 10g tnew (A /k); in particular ¢ = ' (D) in the geometric case.

Following the same technique, while using another natural normalisation of the measures, one can estab-

lish the relative Riemann—Roch theorem for arithmetic and geometric curves. See [24] for details.
2. Geometric adeles on surfaces

We continue to use the notation of 1-1.

2-1. Let S be either (1) a proper, smooth, geometrically integral surface over a finite field IF, (geometric case)
or (2) a regular, integral, proper and flat over B = Spec(Oy), k a number field, scheme with fibre dimension
one, whose generic fibre is a smooth projective, geometrically irreducible curve C over k (arithmetic case).
Denote by K the function field of S.

Geometric adeles on S, without the archimedean data part, were first (correctly) defined in [2] and their
first study was conducted by various researchers. In case (1) they were studied using their topology in [12].

The full definition in case (2) was first given in [6], it includes the archimedean data. The definition in [6]
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needs to be corrected: at real archimedean data one uses the two-dimensional local fields with the coefficient
field R, see below.

In the geometric case we use the word ‘curves’ for irreducible proper curves. In the arithmetic case we
use the word ‘curves’ for irreducible proper vertical curves, irreducible regular horizontal curves together
with their archimedean points, and all ‘archimedean fibres’ S, = S Xpk,, v is an archimedean place and k,

is the completion of k.

Recall that two-dimensional local fields are complete discrete valuation fields whose residue field is a
one-dimensional local field (non-archimedean or archimedean), for surveys of various results about them
see [14] and unpublished [21].

In this subsection we will define the objects A(y) and A, for curves y on S, and then geometric adeles A. It

will take some time.

DEFINITION. Let y be an ‘archimedean fibre’ y = S, over k,. Define K|, as the function field of S,. The field
K is canonically embedded in K. For a closed point x of y define &, , as the completion of the local ring of
S, at x and define K, , as 0, , ® K. The field K, is canonically embedded in the two-dimensional local field
K.

Define the object A, as the usual (one-dimensional) adelic ring of the curve S, over k, and define AS as

the subring of adeles with integral local coordinates.

DEFINITION. Let y be a curve that is not an ‘archimedean fibre’. Denote by K, the fraction field of the
completion &) of the local ring of S at y. The field K, is a complete discrete valuation field with the ring of
integers 0y, its maximal ideal .7, and residue field k(y). The field K is canonically embedded in K.

For a closed point x of S denote by &, the completion of the local ring at x. For a closed point x of a
curve y consider the localisation of &, at the local equation of y at x and complete it with respect to the
intersection of its maximal ideals, denote the result by O, and let K, , be its quotient ring. The ring O
(resp. K, ) is isomorphic to the product of all & ; (resp. K, ;) where z runs through all minimal prime ideals
of the completion of the local ring of y at x, i.e. through all formal branches of y at x. Denote by .#, , the
intersection of maximal ideals of 0, ,.

For a horizontal curve y the field k(y) is canonically embedded in €. Let x be a closed point of y, with a
local branch z of y at x, or let x be an archimedean point of y (then z = y), in both cases we get a place w of
k(y). Define O ; as the projective limit of Oy /.4 @y () k(y)w, r > 0, where k(y),, is the completion of k(y).
Define K, ; = K, as 0, ; ® K. When x is a closed point, this produces the objects canonically isomorphic
to the objects above.

In all these cases K, is canonically embedded in K, .. The fields K, ,, K, are two-dimensional local
fields.
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DEFINITION. Define Ag as the subring of [],c, 0%y, including archimedean points x on horizontal curves
y in the arithmetic case, such that for every positive integer r for almost all closed points x of y the (x,y)-
component is in Oy + . . Define the adelic object A, associated to the curve y as the minimal subring of

the product of K ,, for all points x (archimedean included) of y, containing Ag and K.

Then the ring A, is the direct limit of Aj = ///y’Ag, reZ.
Similarly to sect. 1 of [12], in the case when k(y) and K are of the same characteristic, the definitions

imply that Ay ~ Ay, ((#;)) where #, is a local parameter of 0.

DEFINITION. The ring of adeles A is the restricted product of the rings A, for all curves y with respect to
their closed subrings A, i.e. the additive group of A is the restricted product of the additive groups of A,
for all curves y with respect to their closed subgroups AB and the multiplicative group of A is the restricted
product of the multiplicative groups of A, for all curves y with respect to their closed subgroups of invertible

elements of Ag.

Thus, the ring A is a subring of the product []K, , of all two-dimensional local rings K, ,, and it can be

viewed as specified by the adelic restricted product conditions described above.

DEFINITION. For a closed point x of S denote by K, be the minimal subring of A which contains K and &,
it is a subring of K, , for any curve y passing through x. The ring K is canonically embedded in K, and K is

canonically embedded in K, ,.

2-2. We now define the topological structures. Similarly to the one-dimensional adeles, topological consid-

erations play an important role in the study of two-dimensional adeles.

Recall that a linear topology on a group is a translation invariant topology in which the identity element
of the group has a basis consisting of some subgroups. For a group with a topology, the strongest linear
topology weaker than the original topology is called its linearisation.

The topologies of the groups in section 1 are linear. For groups related to two-dimensional adeles one

needs to work with linearised topologies.

The induced topology on a subgroup from a linear topology on a group is linear. The quotient topology
on the quotient group of a group with linear topology is linear. It is well know that the product topology
of groups endowed with linear topologies is linear and the inverse limit topology of groups endowed with
linear topologies is linear.

Recall that an abelian topological group G is the linear direct limit of abelian topological groups G; if it

is their direct limit algebraically, its topology is linear and their preimages of its open subgroups in each G;
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are open subgroups of G;. In other words, the topology of the linear direct limit is the linearisation of the
topology of the direct limit. The linear direct limit topology on groups showing up in the two-dimensional
theory can be not equivalent to the direct limit topology, see e.g. Example following the second definition
in 6.2 Part I of [14].

DEFINITION. The topology of the restricted product [}, G; of linear topological groups G; with re-
spect to their closed subgroups H; is defined as the linear direct limit topology of G = ling, where
Gy =1lics Gilligs H; are endowed with the product topology (hence linear), and J runs through finite subsets
of I.

DEFINITION. For a closed point x of S define the topology of &, as the .#-adic topology, where .# is the
maximal ideal of &. This is a linear topology and we also get the linear topology of the .#,-module a0,
and of (a0 + . 4",) [ ", a € O, where M is the maximal ideal of &, .. Define the linear topology

of O, ./ /", as the linear direct limit topology of (a0 + . ")/ .#}", with a running through all elements

2

of O .. Define the topology of &, ; as the inverse limit topology of the linear topologies of O, ./.Z", it is
linear. Define the canonical topology of K, ; as the linear direct limit of the linear topologies of b0 ., b runs

through all elements of K ..

DEFINITION. Suppose that k(y) and K are of the same characteristic. Then one can view O/ A @p(y) k(¥)w
is a finite dimensional vector space over the topological field k(y),,, so it has its canonical topology and it
is linear. Define the topology of O . as the inverse limit topology of the linear topologies of &,/ MY p(y)
k(y)w, and the topology of K, . is the linear direct limit topology of the linear topologies of b0, ;, b runs

through all elements of K ..

The latter definitions in the equal characteristic case, unlike the definitions before them, also work
for archimedean points x of y, thus defining the canonical topologies of the archimedean (viewed two-
dimensionally) objects O ., K, ., K.

When x is a closed point of S, it is an easy verification that the topologies in the latter definition coincide
with the previously defined topologies.

In the equal characteristic case these topologies are equivalent to the topologies defined in [12].

For a variety of different topologies on higher local fields see [9].

The canonical two-dimensional topology on the additive group of two-dimensional local fields induces

the usual one-dimensional topology on the additive group of their residue fields.

DEFINITION. Define the canonical topology of the additive groups of Ay and A, as the induced topology

from the product topology of the canonical linear topologies of K, ,. It is linear.

The definitions imply that AJ is isomorphic to the inverse limit of linear topological groups Aj/ A;,*"",
s > 0, endowed with the quotient topology, and that the canonical topology of A, is the linear direct limit of

the topologies of A{.



12 WERONIKA CZERNIAWSKA, IVAN FESENKO

For an ‘archimedean fibre’ y the two-dimensional topology of A, takes into account the topology of the

archimedean completion of , so in particular it is different from the one-dimensional adelic topology of A,.

DEFINITION. Define the canonical topology of the additive group A as the induced topology from the
product topology of the additive groups of A,. It is linear.

DEFINITION. Endow closed subgroups of the additive group A with its canonical topology, with the induced
topology; it is linear. One immediately checks that the latter on the subgroups on which the topology was
already defined is equivalent to it. Endow the multiplicative group of invertible elements E* of a subring E

of A with the induced topology from the product E x E via EX — E X E, &+ (a, o™ 1).

One easily checks that in positive characteristic the topology of A is equivalent to the topology defined in
[12].

2-3. The ring of adeles A has two important subobjects: B associated to all curves on S and C associated to

all closed points and archimedean points on S.

DEFINITION. Define the subobject B as the intersection of the product []K, of the fields K|, for all curves

y as in 2-1, with A inside the product []K, , of all two-dimensional local rings K, ,.

DEFINITION. To define subobject C in the arithmetic case, we need, in addition to the definition of K, for a
closed point x of S in 2-1, to define the ring K, for a closed point x of an ‘archimedean fibre’ S,. Consider two
cases. If x is algebraic over k (i.e. k(x) is a finite extension of k) then x lies on the unique horizontal curve
y containing x. The field K, 5, is a complete discrete valuation field whose residue field and the coefficient
subfield is also the coefficient subfield of K, ,, while a local parameter of S, at x serves as a local parameter
of the complete discrete valuation field K, . Thus, the complete discrete valuation fields K, s, and K, are
canonically isomorphic. Define K as the diagonal in the product of K, and K, ,. If x is a transcendental
point of S, (i.e. k(x) is not an algebraic extension of k) define K as the ring of integers of K, s, with respect
to its discrete valuation.

Define the adelic subobject C as the intersection of the product [] K, of the rings K,, for all closed points
of § and closed points of ‘archimedean fibres’, with A inside the product [] K, of all two-dimensional local

rings K, .
This definition corrects the definition in [6] of the subobject C in the archimedean case.

The function field K of S is canonically diagonally embedded in B and in C and in A. For the inclusion

in C note that the image of K is in the ring of integers of K, s, for transcendental points x.

One defines similarly rational adeles A” whose (x,y), (x,S,), (w,y)-components are in K. The rational

adeles are dense in A.
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DEFINITION. Define the subobject A(0) as the intersection of A with the product of AS for all curves that

are not ‘archimedean fibres’ and of A, for ‘archimedean fibres’ in the arithmetic case.

DEFINITION. Define B, = K,,. Define B; as the intersection of B, with A; inside A,.

2-4. We now define a non-trivial character y of A, its continuity follows from the definitions.

DEFINITION. In the geometric case a non-zero @ € Q%( /F produces the residue map A — F,, [12]. Com-
q

pose it with the trace to IF,, and an injective homomorphism from [, to pth roots of unity in the complex

1
K/

associated residue map A — A; composed with a non-trivial character Wy: Ay — S' vanishing on k to get a

unit circle S' in order to get a character y of A. In the arithmetic case for a non-zero ® € Q . use the
character y of A, sect. 28 of [11], [22], [6]. Recall that at closed points x of an ‘archimedean fibre’ S, one

adds the minus sign in front of the residue map for the local object associated to x on S, [6].

The character y of A vanishes on B and C, due to the additive reciprocity law for curves and points of S,
[11], [22], [6].
Using the character y of A we get the pairing

()=, y: AxA— S (a,b)— y(ab).

This pairing is continuous and non-degenerate, see [12] and [6].

Using this pairing and similar pairings for A,, K, ,, it was established in [12] (its argument has an obvi-
ous extension to the arithmetic case as well) and [6], that the additive topological group of Ky, A,, A is
isomorphic to the group of its characters endowed with the compact-to-open topology. In other words, those

groups are algebraically and topologically self-dual.

2-5. The paper [18] established an extension of Pontryagin duality from a category of locally compact
abelian groups to the categories of countable direct limits of locally compact abelian groups and of countable

inverse limits of locally compact abelian groups. Similarly to (3) of Theorem in sect. 2 of [12], we have

PROPOSITION. For every subgroup B of A its complement B+ with respect to { , ) is a closed subgroup.
For every closed subgroup B of A we have (BY)* = B and B is topologically isomorphic to the group of
characters of A/B*. For two subgroups B,C we have (B+C)+ = B-NC*. For two closed subgroups B,C
we have (BNC)*+ = B+ +C* and B+ C is closed. For two closed subgroups B D C the group X (B/C) of
characters of B/C is topologically isomorphic to X (C+/B*).

Proof. Objects A’, B', A(D), A(D)’, B(D)" will be defined in 2-8. The definition of B’ implies that it is
isomorphic to the countable inverse limit of B'/B(D)’ with respect to all divisors D. It will be established
in 2-9, without using this proposition and its use, that A’/B’ is isomorphic to the countable direct limit of
compact (A(D)' +B’)/B’ with respect to all divisors D. Hence, by Th.1 and Th.2 of [18], characters of
these groups separate closed subgroups and points outside them, and characters of these groups extend from

closed subgroups to those groups. Hence A’ has the same properties, and hence A has the same properties.
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Then the arguments of Prop. 8, Prop. 11 and Prop. 12 of [4] imply the property in second sentence, which

then implies the rest of the properties. O

Papers [22] and [6] established the strong additive reciprocity

THEOREM. The (orthogonal) complement B+ of B with respect to the pairing { , ) coincides with B, and
the complement C* of C with respect to the pairing ( , ) coincides with C.

The argument in [6] works for the subobject C defined in this paper. Indeed, since one chooses a non-
zero differential form in Qg to define the character y of A, the conductor of the character y;, s, at every
transcendental point x is the ring of integers of K g , since polynomials over K do not have zeros in tran-
scendental over K points; hence the complement of the ring of integers of K, 5, with respect to Y, s, equals

it; thus, the argument of [6] implies that the complement of C with respect to (, ) equals C.

The previous theorem implies that B and C, as the orthogonal complements, are closed in A.

2-6. The homomorphism from the characters of the group A/(B + C) to the characters of A" /(BNA" +
CNA"), induced by A" — A, is injective since its kernel is closed and the closure of A" is A. Theorem of
sect. 2 of [12] shows that BN C = K in the geometric case. Exactly the same argument as in its proof works

in the arithmetic case. Hence

PROPOSITION. BN C = K both in the geometric and arithmetic cases.

Using Theorem 2-4 and similarly to the proof of Theorem of sect. 2 of [12] we deduce

COROLLARY. The complement K+ of K with respect to { , ) is the closed group B+ C. The group of

characters of K is isomorphic to A/(B+ C) both in the geometric and arithmetic cases.

2-7. For an archimedean place v let k|, be the algebraic closure of k,. Denote S|, = (S, x; C)(C) where
the product is taken with respect to the embedding of k in C corresponding to v. The morphism S, — S/,
induces the morphism Ag, — Ag.

DEFINITION. Let y = §,. Let u, be the canonical (1,1)-form on the Riemann surface S, [7]. Then the
Uy-volume of the surface is 1.
Let | |, be the unique extension of the normalised absolute value | |, on k,, defined in 1-1, to k}, such that
its restriction on k, coincides with | |,.

Introduce
L= A = D 4+) CR, u(a) = exp( [ loglay ()l (), 00,

where @, (z) is the value (i.e. its image modulo the maximal ideal of & g ) of the z-component of the adele
a, viewed as an element of A at the point z € S}, with the exception of finitely many points where it does
not belong to &, s and its value is not determined. The value 1,(ay) is defined when the function log|a(z)[;
of z is integrable against ;. The domain of 1, is a proper subset of A,. This domain includes B, = k,(S,).

The image of 1, is [0, o).
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Then 1,(a,By) = 1,( )1, (By) when the factors on the right are defined.

2-8. Discrete subgroups of divisors can be viewed as surjective images of appropriate subgroups of locally

compact (non-discrete) multiplicative adeles.

DEFINITION. For an idele ot = (aty) € B* define the replete divisor

Dy = _Zvy(ay)b’]

of S, where y runs through all curves in the geometric case and through all curves in the arithmetic case as
in 2-1. Here vy is the discrete (surjective to Z) valuation of B, associated to a local parameter t, of curve y
and

b (a) 1= v(1,(0)) = ~log 1, (e)}, = —e, [ Toglop )¢ 1 (2)
for the ‘archimedean fibre’ y = S, over an archimedean place v, e, was defined in 1-3.

Then vy(04,By) = vy(ay) +vy(By)-

The zero divisor is D;.
In the geometric case we get the usual divisor.
When o € K*, the replete divisor Dy, is minus the Arakelov divisor of a.

The maps

B* > ar—— Dg

are surjective homomorphisms to the group of divisors in the geometric case and to the group of replete
divisors in the arithmetic case. The substantial difference with the one-dimensional case is that it is not
the group of invertible elements of the full ring A, but of the ring B, which is used to lift divisors to the

topological adelic level.

Below, except 4-6, D will denote a usual divisor, while the notation D, will stand for a replete divisor

(which in the geometric case is the usual divisor).

DEFINITION. Similarly to 1-1, for a divisor D = Y n,[y] define the subgroup

AD)={B eA:v(B) > —ny},

where y runs through all curves in the geometric case and through all horizontal and vertical curves in the

arithmetic case. In particular, A(0) = A(D,).

This definition can be extended to replete divisors by ignoring their ‘archimedean fibres’ components;
then for a replete divisor Dy we have A(Dy) = aA(0).

The topological group A is the direct limit of its closed subgroups A (D) where D runs over all divisors.

DEFINITION. Denote by A’ the subobject of A of adeles which have zero components on ‘archimedean

fibres’. In the geometric case A’ = A.
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In the arithmetic case denote by A% the part of A for ‘archimedean fibres’ and by A* the part of A on

curves outside ‘archimedean fibres’. In the geometric case A%/ is empty and A" = A. Then
A=A"xAY A =A% Xx0.
For any subset G of A define
G(D):=GNA(D), G :=GnA
So G'(D) = G(D)'.
Thus, B’ is isomorphic to B¥, the part of B based outside ‘archimedean fibres’. The diagonal image K*'

of K in A" is isomorphic to K. The object C’ coincides with C at non-archimedean points and it is zero at

archimedean points of horizontal curves and at closed points of ‘archimedean fibres’.

In the arithmetic case from 2-6 we deduce B NC' =K' =0.

DEFINITION. Let % be the divisor such that the complement A(0)* of A(0) with respect to (, )y is
A(x).

In the geometric case the divisor %  is linearly equivalent to the canonical divisor. In the arithmetic case
it does not correspond to the canonical sheaf of § over B: the definition of the pairing in 2-4 involves the non-
trivial character Yy, so the sheaf associated to .#" is different from the algebraic geometric relative dualising
sheaf of S over B, since the latter does not take into account the full two-dimensional geometric-arithmetic

situation involving the arithmetic character .

Then
A(D)t =A(D°), where D° =% —D.
Similarly to the proof of Theorem of sect. 2 of [12], the results of 2-4 imply that
B(D)'+C(D) = (B(D°)NC(D))*
and hence it is closed.
2-9. For every curve y which is not an ‘archimedean fibre’ we have isomorphisms
ALJATT ~ Ay, B /BT k().

Since Ayy)/k(y) is compact, the group Af / BJ is the inverse limit of compact groups and hence is compact.
For an ‘archimedean fibre’ y = S, over an archimedean place v the quotient A, /By = Ay (s,)/ky(Sy) is k-

linearly compact in its one-dimensional adelic topology, see e.g. sect. O of [12]. Therefore we deduce

LEMMA. The quotient A(D)' /B(D)" is compact. The quotient (B(D)'+C(D)")/B(D)’ is a closed subgroup
of compact A(D)' /B(D)" and hence compact and so is C(D)' /K (D)" ~ (B(D)'+ C(D)")/B(D)’.

Hence A’ /B’ is the direct limit of compact (A(D) +B')/B’.

COROLLARY. C(D)’ is compact.
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Proof. In the arithmetic case C(D)' = C(D)'/K(D)’ is compact and K’ = 0. In the geometric case K(D) is
finite, see [12]. O

THEOREM. K is discrete in A. The group of its characters, isomorphic to A/(B+ C), is compact.

Proof. In the geometric case see [12]. The discreteness of K in A follows from is by the discreteness of
KNA(D) in A for every divisor D. In the arithmetic case K NA(D) is a finitely generated Ox-module:
indeed, KN A(D) is isomorphic to the Zariski H°(D), [2], [22]. The latter is a finitely generated O;-module,
see e.g. Th. 5.2 Ch. III of [16]. Consider K N A(D) as a subobject of K ®g R = [IB, C [TA, (with
respect to the diagonal embedding), the product is taken over all ‘archimedean fibres’. The group K NA(D)
is a discrete subset of a finite dimensional R-space (K NA(D)) ®g R with its topology induced from the
topology of [TA,. Hence KN A(D) is discrete in A. O

2-10. For a divisor D, a two-dimensional analogue .2Zs(D) of the one-dimensional adelic complex .27 (D) is
K®B(D)®C(D) — B®CdA(D) — A,
(ao,a1,az) = (ao —ar,az — ap,ar — az) and (ao1,ap2,a12) = do1 +do2 +ain.
The complex .2Zs(D) is quasi-isomorphic to the complex
C(D) — A(D)/B(D) — A/(B+C),

the maps from <75(D) are given by the minus projection to the third term, the projection to the third term
and the quotient, the quotient; for the geometric case see [12].

The cohomology objects are
H'(/5(D)) ~ KNA(D),
H'(</5(D)) ~ (B+C)(D)/(B(D) +C(D)),
H*(5(D)) = A/(B+C+A(D)).

The group H°(.2Z(D)) is discrete and the group H?(.2Z5(D)) is compact by 2-9. We have isomorphisms
H'(a/5(D)) = ((B+C)N (B+A(D)))/(B+C(D)) ~ (B+A(D)) N (C+A(D))/(K +A(D)), see [12] for
the geometric case, the arithmetic case is similar.

It is shown in [12] that the adelic cohomology spaces are of finite dimension over F, in the geometric

case, so they are finite. They are not finite in general in the arithmetic case, for example H°(.2%(0)) = Oy.

For a divisor D one can also consider the following complex .7 (D):
K®B(D)®C(D) — B®CoHA(D) — A.
Similarly to the above, the complex <7 (D) is quasi-isomorphic to the complex
C'(D) — A'(D)/B'(D) — A/(B+C).

We have
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H°(e# (D)) ~KNA'(D) (which is zero in the arithmetic case),
H'(</(D)) = ((B+C)NA'(D))/(B'(D) +C'(D)),
H*(o{(D)) =A/(B+C+A'(D)).

PROPOSITION. The character group of H'(<Zs(D)) is isomorphic to H*~/(a#{(D°)) for j =0,1,2.

This follows from using the continuous and non-degenerate pairing (, ), Theorem in 2-4 and the de-
scription of the complement of A(D) in 2-8. See [12] in the geometric case. In the arithmetic case
use arguments similar to [12]. For example, the group of characters of H!(<Z/(D)) is isomorphic to
(B+A(D°))N(C+A(D°))/(K +A(D°)) isomorphic to H' (aZ5(D°)).

We deduce

COROLLARY. H?(<75(D)) = A/(B+C+A(D)) is finite in the geometric case and zero in the arithmetic

case.

Lemma 2-9 implies that H! (<7 (D)) is compact. So in the geometric case, H'(<7(D)) is simultaneously

compact and discrete by the previous proposition, hence finite.

2-11. Recall that A, A’ and A, are not locally compact groups. Otherwise two-dimensional local fields
associated to S would have been locally compact but they are not. For example, every open subgroup (and
hence closed) of the additive group of a two-dimensional local field F is not compact. Indeed, in the equal
characteristic case, such a subgroup contains a subgroup of the form V = ¥ % Uité N F with U; being open
subgroups of the one-dimensional residue field and U; C U;4 for all i, however for V to be compact, U;
should be 0 for almost all negative i since otherwise V has a cover by open V; =} V; jté NF,whereV; ; =U;
forall i > —j and V; ; is a properly smaller open subgroup of U; for all i < — j, which does not have a finite
subcover. One argues similarly in the mixed characteristic case.

The space F is not a Baire space: it can be represented as the union of a countable collection of compact
subsets with empty interior (of type };~;, Kité with compact Kj).

The quotient A/B is not locally compact. Indeed, otherwise its character group isomorphic to B would
be locally compact and then A would be locally compact, a contradiction. Similarly, A/C is not locally
compact. Since C/K is homeomorphic to A/B and B/K is homeomorphic to A/C, they are not locally
compact and neither are B and C.

Since A, is not locally compact, the similar argument shows that A, /B, is not locally compact, at the

same time the quotient A, /By, is the direct limit of compact spaces A} /By.
3. Selective integration on two-dimensional geometric adeles

3-1. We will define finitely additive translation invariant measures on certain subquotients of A important for
applications. They are either direct limits of compact subquotients or inverse limits of discrete subquotients.

Normalisation aspects will be important, but still allowing a degree of flexibility.
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One can develop a more general theory of translation invariant measures on subquotients of A, but since
this general theory is not needed in this paper, we do not include it.

Some of the finitely additive translation invariant measures defined below are tensor product of the rel-
evant measures on all curves y. However, note that none of them is the tensor product of measures on
(two-dimensional) local fields associated to x € y, unlike the one-dimensional measure on A in 1-6 and the

measure on two-dimensional analytic adeles in [11].

First, we will define the normalised translation invariant finitely additive measures s/ g, Up/, Ha’ O
objects A’/B’,B’ /A’

DEFINITION. Recall that A’ /B’ is the direct limit of compact subquotients (A (D)’ +B')/B’, with D running
through all divisors. This subquotient is isomorphic to (A(D)'+B)/B and to A(D)'/B(D)’, Define the set of
measurable subsets of A’ /B’ as the ring of sets generated by measurable subsets of compact (A(D)' +B’) /B’
for all D (so each such measurable subset is a measurable subset of some compact (A (D)’ +B’)/B’). In order
to define a finitely additive translation invariant measure on A’ /B’, we need to fix the normalisations of the
Haar volumes ¢p of compact (A(D)" 4+ B’)/B’ so that they respect the direct limit with respect to D. For

D = 0 choose a non-trivial Haar measure on compact (A(0)’ +B’) /B’ so that its volume is
co =co(A',B)

is 1. If E is the divisor of a curve y then the quotient (A(D+E) +B’)/(A(D)' +B’) is canonically iso-
morphic to the quotient A(D+E)'/(A(D)' +B(D+E)") non-canonically isomorphic to compact Ay /k(y)
with its normalised volume mg equal to 1, as in 1-6. Using this as a step to pass from one divisor to another,
define the volume cp of compact (A(D)’ +B’) /B’ so that the relations cpi g = cpmg hold for all divisors D.

Hence
cp = Co ngl_, where D = Zr,-D,-

and D; are divisors of curves. Due to the choice of ¢y and mp,, we have cp = 1. Due to this formula, the
measure of a measurable subset of (A(D)’ +B’) /B’ as a subset of (A(D)"+B’) /B’ is equal to its measure as
a subset of (A(D+E)'+B’) /B’ for any effective divisor £. Now define the measure g5, /g of a measurable
subset of A’/B’ as its normalised measure in any compact (A(D)' +B’)/B’ which it is a subset of. This a

translation invariant finitely additive measure [ia/ /g

DEFINITION. The group of characters of compact (A(D)’+B) /B is the discrete space B/B(D°) ~B’/B(D°)/,
while B’ is the inverse limit of the latter with respect to all divisors D. Define the translation invariant finitely
additive measure ug on B’ by duality to the definitions in the previous paragraph. In other words, similarly
to 1-10, the measures on the compact subquotient group and its dual group with respect to the character y
from 2-4 should satisfy the property: the volume of the compact group times the volume of any point of its
dual group is 1. So the normalisation of the volume of (A(D)’ 4+ B’) /B’ corresponds to the atomic measure

on B'/B(D°)" in which every point has volume c,,', which is 1 in our choice.
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DEFINITION. Now define the translation invariant finitely additive measure fa on A’ as the tensor product
of the defined measures on A’/B’ and on B’. Similarly to the first paragraph of 1-10 this measure does not

depend on the choice of positive cg, and it is self-dual with respect to .

Similarly, we define the normalised translation invariant finitely additive measures (5 /g . UB,. HaA, for

every curve y. The definitions imply that (s g, [p', Has are their tensor products.

Next, we will define the normalised translation invariant measures Wgcy /B> KB+C)> KB /aK> HA'/(B+C)'s
Uk, Ma/B+c) on objects (B+C)'/B’, (B+C)’, B'/AK, A’/(B+C)', K, A/(B+ C), where AK is the
isomorphic image of K in A’. The general procedure is the same as above. Below in this subsection for
the quotient object Q/R which is the direct limits of compact subquotients (Q(D) + R)/R we normalise the
normalised measure on (Q(0) 4+ R)/R by asking that its volume c¢o(Q,R) is 1, and we will take the atomic

measure on the group of characters of Q/R in which gives every point has volume co(Q,R)~!.

DEFINITION. The quotient (B+ C)'/B’ of A’/B’ is the direct limit of subobjects (B+ C)(D)'/B(D)" ~
(B+C)(D) +B')/B’ of the compact object (A(D)' +B’)/B’, with their induced measure. Similarly to
the previous material define the translation invariant finitely additive measure on (B + C)’/B’ using the
normalised measures on ((B+ C)(D)'+B’)/B’. Define the normalised measure on (B+ C)’ as the tensor

product of this normalised measure on (B + C)’/B’ and the normalised measure on B'.

The group of characters of (B + C)’/B’ is isomorphic to (B+A*)/(K +A*), where A* = 0 x A%, The
latter quotient object is isomorphic to ((B+A*)/A*)/((K +A*)/A*) ~ B’ /AK. The space of characters of
((B+C)(D)'+B)/B is isomorphic to B/ (BN (K +A(D°)). This way the quotient B'/AK is the inverse limit
of discrete spaces B/ (BN (K + A(D°)). Similarly to the previous, define the normalised measure {ig:/ax on
B’ /AK by duality.

The quotient object A’/(B+ C)" of A’/B' is the direct limit of compact (B4 C)' +A(D)")/(B+C)’ ~
A(D) /(B+C)(D)', the latter are quotients of A(D)’/B(D)’. Normalise the measure of A(D)’'/(B+ C)(D)’
so that its tensor product with the already normalised measure of (B + C)(D)'/B(D)’ is the already nor-
malised measure of A(D)'/B(D)’. Thus we get the translation invariant finitely additive measure s /gcy

on A’/(B+ C)’, similarly to the previous material.

The space of characters of A’/(B+ C)’ is isomorphic to (K + A*)/A* ~ K. Similarly to the previous,
define the translation invariant measure Ug on discrete K by duality, using the normalised measures on
(B+C)'+A(D)")/(B+C)". It is an atomic measure.

The quotient A/(B + C) is isomorphic to the group of characters of K, define t15 /c) on A/(B+C) by

duality to the atomic measure g on discrete space K.

The definitions imply
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LEMMA.
Ha = Ha/p @ Uy = HarjB+c)y © HB+C)s
Hp+cy = HB+c)y /B © Up,
Mar/p = Ha’/B+C) @ WB+C) /B 5
Hp = HUprjakx @ HK -

The space of functions which we will integrate against the defined measures will be spanned by the

characteristic functions of divisors and their products with characters.

3-2. The current understanding of the archimedean fibres part of the developing theory leads to the following

DEFINITION. For an ‘archimedean fibre’ y = S, using the surjective partially defined map 1, from 2-7,
define

e 1%
HA, =1, HR,

where Up is the Lebesque measure on real numbers.

The space of integrable functions is g o 1, where g are integrable functions on k,. We have

J 8B, = [ ) ps.

Y

Choose a fundamental domain in A, for A, /By = A, (,)/k,(y) and define p4 /g, as the restriction of s,
on it.

Define pig, so that the property s, = Ua, /B, ® U, holds.

DEFINITION. Define Fourier transform .%, A, in a similar way, using 1, i.e.

Fa,(goly) == T (g) oy,

DEFINITION. Extend the previous definitions from one ‘archimedean fibre’ to all ‘archimedean fibres’.

This supplies the measure and integration on A%/, B4 and A% /B%/, with the relevant properties, including

Mpar = Hpas jgar @ HUpa -

3-3. The strong approximation theorem and the definition of C imply A = A’ + B+ C. Hence the embedding
A’ — A induces the isomorphism A’/(B+C)’ ~ A/(B+ C). Hence A’/(B+ C)’ is compact and its group
of characters AK is discrete in A’.

We also deduce that (B+C)/(B+C) ~ A/A’ ~ A%, The quotient of A/B by (A’ +B)/B ~ A’ /B’ is
isomorphic to A/(B+A’) ~ A% /B%/, and the quotient of (B+ C)/B by ((B+C)'+B)/B ~ (B+C)'/B’
is isomorphic to (B+C+A’)/(B+A') =A/(B+A’) ~ AY /BY.
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DEFINITION. Define, using 3-1 and the preceding material of this section, the normalised translation in-

variant measures
MA := UA D Hpar,

MUB = Up @ Hgas,
Ha/p = Ha/p @ Hpes /Bas
MB+C = HBrcy @ Hpar,
HB+C)/B - = HB+C)y /B @ Hpar par -

Using C(D)/K(D) =~ (B(D) + C(D))/B(D) C A(D)/B(D) and /g, define the normalised translation
invariant measures [Lc k. Then define fic = Uc/x @ Uk-

Define the normalised translation invariant measure g,k so that the formula ug = g x ® pk holds.

Define the normalised translation invariant measure g c)/c S0 that the formula upc = g c)/c ® lc
holds.

Define the normalised translation invariant measure g c)/k so that the formula ug,c = Upc)/x @ Uk
holds.

Using 3-1 we deduce

LEMMA.

HA = HA/B O UB, UB+C)/k = HB+C)/B O UB/K = UB+C)/Cc © UC/k-

3-4. Similarly to 1-5, we have the following

DEFINITION. Let R C Q be subquotient objects of A. Suppose that the normalised measure on R is de-
fined. For a real valued function g on Q, integrable on R, normalised by the condition g(0) = 1, define the

normalised function

~1
soms OR— R gk ( [ stat ) ([emn)
Note the abuse of notation: this function may depend on R, not just on the quotient Q/R.

When R = 0 and pig 1s an atomic measure, we will use the notation g for g o, the restriction of g to Q.

. . [
From now on we will use the notation ‘[, for log [;.

From the definitions and an extension of the Fubini property from integrals over compact and discrete

groups to their limits, we deduce

LEMMA. Let R C Q be two subquotient objects of A, on which the normalised measure is defined. Let for a
real valued function g on Q, normalised by the condition g(0) = 1, the two integrals on the right are finite.

Then
£/ 80/R = g/g_ Z/gR
o/ 0 R
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4. Numbers /(D) is dimension two, and the Euler characteristic

4-1. We will be working with the following functions on adeles and their quotient subobjects.

DEFINITION. For an idele o = (at;) € B* define the function

u) = Hfay(uy): A— R, u=(uy),uy €Ay,
y

where fy (uy) = fi(0t 'uy) and

charyo (uy)  for non-archimedean and horizontal curves y,

h (“y) =
exp(—e, 7|1, (uy)[ 2/ “) for an ‘archimedean fibre’ y = S, over an archimedean place v,

ey s defined in 1-3, 1, is defined in 2-7.

Compare with 1-3.
The map B* 5 o0 — { fo : @ € B*} factorises through the well defined map from divisors/replete divisors
{Dg:axeB*}totheset {fp:axcB*}.

The function f is normalised: fy(0) = 1.

The restriction of fi on A’ is charg gy

Following the definitions, for an ‘archimedean fibre’ y and o, € B’ we have

L 4
/A fo Ha, = /A fita, +logty(0y) = logty(ay) = —vy ().
Yy Y
For subobjects R C Q of A’ we get

Jo,0/r = char(ryo(D,))/r = char(riaa0)ng)/r

if ur(RN aA(0)) is finite positive.

4-2. The definitions in 3-1 and 2-9 imply that the integrals fA/ B+C) Ja.A/(B+C) HA/(B+C)s fA/B Ja.A/BHA/B

Yigrcym fuBro)ymhBoyB ok facik ek Uk fabks ‘fc fotic are finite, while ‘fy fo pia is
not.

In the geometric case we also have
[ ek =tosme(CD). [ s itasn = Tozkan(AD) /B(Da))
Keeping in mind the cohomology spaces in 2-10 and extending 1-10, introduce

DEFINITION. For o € B* define

: / Jo bk,

h*(Dg) := — /A/(B o JoA/B4+C) HA/(B+C)-
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This integrals are defined in view of the properties of the adelic objects discussed in sect. 2.

Note the minus sign for 42, compare with the minus sign in the definition of 4! in 1-6, 1-7.

Denote
cx := px({0}) > 0.

In the geometric case we obtain,
(D) = f/ Sfo ik =logug ({0}) + log#K N aA(0) =logc, + log#K N aA(0)
K
=logc, + log#H(o#5(Dy,)).

In the arithmetic case, KN oA (0) is a finitely generated o;-module. Similarly to 1-4, we obtain
1Da) = [ fapx=tog [ exp(-x el (5 0} ew)
K KNaA(0) m !

=logc.+log( Y exp(—mY elis, (a5 u) 3/6")),
uckKNaA(0) v

the internal sum is taken over archimedean places v. Compare with the one-dimensional formula in 1-4.

This formula for 4 agrees with the proposed formula in [15].

For a divisor D we have H!(<5(D)) ~ (B + C)(D)/(B(D) + C(D)). 1t is isomorphic to the quotient
of (B+ C)(D)/B(D) by (B(D)+ C(D))/B(D), and the quotient (B(D) + C(D))/B(D) is isomorphic to
C(D)/K(D).

DEFINITION. For o € B* define

W' (Dg) = 7

-
B0/ Ja,(B+C)/B H(B+C)/B ok Ja.c/x hejk-

Even though (B + C)/B ~ C/K, the functions fy gic)/B and fg c/k are different, and h'(Dy) is in

generally non-zero; see about the abuse of notation in 3-4.

REMARK. In the geometric case, comparing with 2-10, we immediately deduce that
hj(Da) = log#Hj(%(Da)) +n;

for an appropriate constant n;. In particular, nyp = logc,.

4-3. Now, for the Euler characteristic we get

xa(Da) = X(Da) = h° (D) — h' (Do) + h*(Dg)
=—£/ fBCB.uBCB_E/ JoA/B+C) HA/(B+C
iy lemremlmiem = i) Ba/mic)

+ 7faﬂK+ £/ Jo.c/x hejk-
K C/K
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Using Lemma 3-3 and 3-4 we obtain

THEOREM.
¢ V4
2(Do) = / follc— / Fan s lA/B:
C A/B

Compare with the formula in 1-7.

4-4. Using the character ¥ of A and the pairing (, ) in 2-4, we can use the natural extension of harmonic
analysis on abelian locally compact groups, to work with Fourier transforms of functions on direct limits of
compact subquotients and dual inverse limits of discrete subquotients.

Let k € B* be such that the divisor /¢~ defined in 2-8 is equal to Dx.

Let E be a discrete subquotient of A’ and let G be a compact subquotient of A isomorphic to its character
space, compatible with the pairing (, ) of 2-4. Let the normalised measures U¢ and Ly be defined and they
are related to each other in the dual way, similarly to 3-1. Similarly to 1-9, we deduce from the definitions
that f.o1 g on E is equal to the normalisation (i.e. the value at 0 is 1) of the Fourier transform .7 (fo, ) of
fo.G- Hence fi ¢ is the inverse Fourier transform .’ (fyq-1 ) of fiq-1  times the value .7 ( fo,)(0) of the

Fourier transform of fy ¢ at 0. So

] = fa’G(O) == yl(fk(x*],E)(O)f}\(fa,c)(O%

with the first factor on the right hand side equal to [ fi.o-1 £ UE and the second factor equal to [; fo.c UG-

Thus,
1
/fk(x*],E.uE: (/ fa,GMG) :
E G

This formula immediately extends to the direct limits of compact and the inverse limits of discrete subquo-
tients of A’. It also extends to the archimedean fibres, since the Fourier transform there is defined using the

Fourier transform of functions of real numbers and 1, is multiplicative.

PROPOSITION.
W*(Da) = h'(Dig1),  h'(Da) =h' (Dg1)-

Proof. To deduce the first assertion, apply the previous formulato E = K and G=A/(B+C).

The deduce the second assertion, use the preceding displayed formula and Lemma 3-3 to obtain

¢ i
/(B+C)/B fo,(B+C)/B H(B+C)/B /C o fa.c/x Be/x

l l
S . + -
Jox Sxa-1B/Kk UB/K ooy Jxa-1,(B+C)/c H(B+C)/C
= — ¢ f 1 u + é/ f —1 Hu
C/K ko~!1,C/K HC/K (B1C)/B ka1, (B+C)/B *(B+C)/B-
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The previous Proposition immediately implies

THEOREM.

X(Da) = X (Dyq-1)-

REMARK. In the geometric case, from the normalisation of the measures in 3-1 and 3-3 we get 2! (D;) =
h*(Dy) = 0, hence

W (Dq) =log#H'(e#5(Dq)) —log#H’ (o/5(D1)), j=1,2.
So, using the notation of Remark 4-2,
ng=logc,, ny=—log#H'(at5(Dy)), ny=—log#H?(ats5(Dy)).

Then the Proposition implies 2°(Dy,) =log#H®(.27s(Dg,)) —log# H®(.<7s(#")). In particular, the constant ¢,
satisfies ;! = #H(.a%(.#)). Using Proposition 2.10, ng = n,. So, (D) equals log g times the (dimension

over F,) Euler characteristic of the complex .2Z5(D) plus the constant n; + 2ny.

4-5. We can now define the intersection index using the adelic Euler characteristic of the previous subsec-

tion.
DEFINITION. For o, B € B* define the index

[Da, Dg] := x(D1) — % (Do) — X(Dp) + X (Dgp)-

This also gives an induced pairing for replete divisors.

It is a symmetric form.

For y € K* =B* NC* we deduce, using translation invariance of the integration, that

‘ _ ¢ _
/Cfaylic— /Cfau& /A/Bfa%A/B Ha/B /A/Bfa,A/B Ha/B:

hence [Do,Dg| = [Day,Dg), so the pairing for replete divisors is invariant with respect to translation by

principal divisors.

THEOREM. In the geometric case, for a divisor D whose support does not include an irreducible proper

curve 'y we have
Aa(D) — Xa(D — Dy) = Xa,,, (Dly) —logmp, ,

the numbers m were defined in 3-1.

Hence

The index [, | is logq times with the intersection pairing.
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Proof. For D = Dy, Dy = Dg and f = fo, § = fop-1, We have

L l l l
2A(D) — xa(D—Dy) = /flic— /gllc— / Sa/Bla/p+ / SA/BHA/B-
C C A/B A/B

Note that the differences of the first two and of the last two integrals do not depend on the normalisation of
pc and of pa /g. By 2-9, C(D) and A(D)/B(D) are compact. Using 4-2, we obtain

AA(D) — xa (D — Dy) = log uc(C(D)) —log uc(C(D — Dy))

— (logua/s(A(D)/B(D)) —log s /s(A(D —Dy)/B(D —Dy))).
Then

Xa(D) — xa(D—Dy) = 10g/A Ip), —log (Ay) [k(y)) = Xy, (Dly) —logmp,,
k(y)

due to the isomorphism C(D)/C(D — Dy) =~ Ay, (D|y) established in Lemma in sect. 4 of [12] and the
isomorphism (A (D) +B)/(A(D —Dy) +B) =~ Ay /k(y), and using 1-7 and 3-1.

Using the properties stated before the theorem and arguing similar to the proof of Th. 4 of [12] (this
argument works fine with mp_not necessarily equal to 1), one deduces that that the index [, ] is logg times
the intersection pairing.

Note that the normalisation mp, = 1 in 3-1 is not needed for the last two statements in the theorem. O

4-6. We end with more remarks and open questions.

REMARK. In the arithmetic case, one similarly establishes a formula relating [D, D,] and deg Ay (D|y) when
D is a divisor and y is a vertical irreducible curve on S. An open problem is the compute the index for a
replete divisor D and a horizontal irreducible curve y, the scheme theoretical closure of a rational point of
Sy (1) where [ is a finite extension of the number field &, with a morphism s: Spec(0;) — § and a replete
divisor DIy = s3(D) of Spec(0;).

REMARK. In the arithmetic case note the very substantial difference of the role of x and the behaviour
of h' — h>~" from the role of the canonical sheaf and behaviour of the usual cohomology. The Arakelov
adjunction formula (e.g. as in [8] or 3.3 Ch. V of [19]) involves the canonical sheaf of S over B. However,
from the point of view of the two-dimensional adeles it is more natural to involve the divisor %~ defined
in 2-8, since unlike the canonical sheaf it takes into account two dimensions: the geometric and arithmetic

ones. An open problem is to prove an adjunction formula involving 7 .

REMARK. The one-dimensional Riemann—Roch formula is xa (Dy) — xa(D1) = log|a| of 1-8. Theorem

4-4 and the definition of index [ , | immediately imply the two-dimensional Riemann—Roch formula
XA (D) = xa(D1) = =27 [Dgi, Dyg1]-

In the geometric case this is the Riemann—Roch theorem in sect. 4 of [12]. An open problem in the arithmetic
case is to obtain an adelic two-dimensional Riemann—Roch formula and compare it with the version in [8],

based on the use of the canonical sheaf.
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